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Abstract 

    In the present paper we derive some subordination and superordination results 

for p-valent functions in the open unit disk defined by convolution involving 

certain fractional derivative operator. Relevant connections of the results, which 

are presented in the paper, with various known results are also considered.  
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Let ࣢ሺ࣯ሻ denote the class of analytic functions in the open unit disk ࣯ ൌ ሼݖ ׷

�ȁݖȁ ൏ �ͳሽ and let ࣢ሾܽǡ ݂ ሿ denote the subclass of the functions݌ א �࣢ሺ࣯ሻ of the 

form: 

݂ሺݖሻ ൌ ܽ ൅ ܽ௣ݖ�௣ ൅ ܽ௣ାଵݖ�௣ାଵ ൅ ������ሺܽڮ א ԧǡ ݌ א ܰሻ 

Also, let ܣሺ݌ሻ be the class of functions ݂ א �࣢ሺ࣯ሻ of the form 

݂ሺݖሻ ൌ � ௣ݖ ൅෍ܽ௣ା௡ݖ�௣ା௡
ஶ

௡ୀଵ

�ǡ݌����������� א ܰ�������������������������������������������ሺͳǤͳሻ 

and set  ܣ ؠ ሻݖሺͳሻ. For functions ݂ሺܣ א   ሻ given byݖሻ, given by (1.1), and ݃ሺ݌ሺܣ

݃ሺݖሻ ൌ � ௣ݖ ൅෍ܾ௣ା௡ݖ�௣ା௡
ஶ

௡ୀଵ

��ǡ݌���������� א ܰ�������������������������������������������ሺͳǤʹሻ 

The Hadamard product (or convolution) of  ݂ሺݖሻ  and  ݃ሺݖሻ is defined by 

ሺ݂ כ ݃ሻሺݖሻ ൌ � ௣ݖ ൅෍ܽ௣ା௡ܾ௣ା௡ݖ�௣ା௡
ஶ

௡ୀଵ

ݖ���������� א �࣯�Ǣ ݌��� א ܰ���������������������������ሺͳǤ͵ሻ 

 

Let ݂ǡ ݃ א ࣢ሺ࣯ሻ, we say that the function ݂��is subordinate to ݃�, if there exist a 

Schwarz function ݓ, analytic in ࣯, with ݓሺͲሻ ൌ Ͳ and ȁݓሺݖሻȁ ൏ �ͳ�ǡ ሺݖ� א ࣯ሻ, 

such that ݂ሺݖሻ �ൌ �݃ሺݓሺݖሻሻ for all ݖ� א ࣯. 

This subordination is denoted by ݂ ط ݃  or  ݂ሺݖሻ ط ݃ሺݖሻ. It is well known that, if 

the function ݃ is univalent in�࣯, then ݂ሺݖሻ ط ݃ሺݖሻ  if and only if ݂ሺͲሻ �ൌ �݃ሺͲሻ 

and  ݂ሺ࣯ሻ ؿ ݃ሺ࣯ሻ. 
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Let  ݌ሺݖሻǡ ݄ሺݖሻ א ࣢ሺ࣯ሻ, and let Ȱሺݎǡ ǡݏ Ǣݐ ሻݖ� ׷ � ԧଷ �ൈ ࣯� ՜ ԧ. If ݌ሺݖሻ and 

Ȱሺ݌ሺݖሻǡ ሻǡݖԢሺ݌ݖ ሻǢݖԢԢሺ݌�ଶݖ  ሻ satisfies theݖሺ݌ ሻ are univalent functions, and ifݖ�

second-order superordination 

݄ሺݖሻ ط Ȱሺ݌ሺݖሻǡ ሻǡݖᇱሺ݌ݖ ሻǢݖᇱᇱሺ݌�ଶݖ   ሻ����������������������������������������������ሺͳǤͶሻݖ

then ݌ሺݖሻ is called to be a solution of the differential superordination ሺͳǤͶሻ. (If 

݂ሺݖሻ is subordinatnate to ݃ሺݖሻǡ then ݃ሺݖሻ is called to be superordinate to ݂ሺݖሻ). 

An analytic function ݍሺݖሻ is called a subordinant if ݍሺݖሻ ط�  ሻݖሺ݌ ሻ for allݖሺ݌�

satisfies ሺͳǤͶሻ . An univalent subordinant ݍ෤ሺݖሻ that satisfies ݍሺݖሻ ط  ሻ  for allݖ෤ሺݍ

subordinants ݍሺݖሻ of ሺͳǤͶሻ is said to be the best subordinant. 

Recently, Miller and Mocanu�ሾ͹ሿ obtained conditions on ݄ሺݖሻǡ  ሻ and Ȱ forݖሺݍ

which the following implication holds true: 

݄ሺݖሻ ط Ȱሺ݌ሺݖሻǡ ሻǡݖᇱሺ݌ݖ ሻǢݖᇱᇱሺ݌�ଶݖ ሻݖ ฺ ሻݖሺݍ ط  ሻݖሺ݌

with the results of Miller and Mocanu ሾ͹ሿ, Bulboaca ሾ͵ሿ investigated certain 

classes of first 

order differential superordinations as well as superordination-preserving integral 

operators 

ሾͶሿ. Ali et al. ሾʹሿ used the results obtained by Bulboaca ሾͶሿ and gave the sufficient 

conditions for certain normalized analytic functions ݂ሺݖሻ to satisfy 

ሻݖଵሺݍ ط
ሻݖᇱሺ݂ݖ
݂ሺݖሻ

ط  ሻݖଶሺݍ

where ݍଵሺݖሻ and ݍଶሺݖሻ are given univalent functions in ࣯ with ݍଵሺͲሻ ൌ ͳ and 

ଶሺͲሻݍ ൌ ͳ. Shanmugam et al. ሾͳ͵ሿ obtained sufficient conditions for a normalized 

analytic functions 
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to satisfy 

ሻݖଵሺݍ ط
݂ሺݖሻ
ሻݖԢሺ݂ݖ

ط  ሻݖଶሺݍ

and 

ሻݖଵሺݍ ط
ሻݖଶ݂ᇱሺݖ
ሺ݂ሺݖሻሻଶ

ط  ሻݖଶሺݍ

where ݍଵሺݖሻ and ݍଶሺݖሻ are given univalent functions in ࣯ with ݍଵሺͲሻ ൌ ͳ and 

ଶሺͲሻݍ ൌ ͳ. 

Let ΍ܨΌሺܽǡ ܾǢ ܿǢ �ݖ ሻ  be the Gauss hypergeometric function defined forݖ א ࣯ by, 

(see Srivastava and Karlsson ሾͳ͹ሿ) 

΍ܨΌሺܽǡ ܾǢ ܿǢ ሻݖ ൌ ෍
ሺܽሻ௡�ሺܾሻ௡��௭೙
ሺܿሻ௡�݊Ǩ

�

௡ୀ଴

����������������������������������������������������ሺͳǤͷሻ 

where �ሺߣሻ௡�is the Pochhammer symbol defined, in terms of the Gamma function, 

by 

ሺߣሻ௡� ൌ
īሺߣ ൅ ݊ሻ
īሺߣሻ

ൌ ൜ͳ����������������������������������������������������������ǡ ݊ ൌ Ͳ
ߣሺߣ ൅ ͳሻሺߣ ൅ ʹሻǥ Ǥ ሺߣ ൅ ݊ െ ͳሻ��ǡ ݊ א Գ������������ሺͳǤ͸ሻ 

 for  ߣ ് Ͳǡെͳǡെʹǡǥ                                      

We recall the following definitions of fractional derivative operators which were 

used 

by Owa ሾͳͲሿ, (see also ሾͳͳሿ) as follows: 

Definition 1.1 The fractional derivative operator of order ߣ is defined by,  

ሻݖ௭ఒ݂ሺܦ���� ൌ
ͳ

īሺͳ െ ሻߣ
݀
ݖ݀

න
݂ሺߦሻ

ሺݖ െ ሻఒߦ
ߦ݀

௭

଴
����������������������������������������ሺͳǤ͹ሻ 
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where�Ͳ ൑ ߣ� ൏ ͳǡ ݂ሺݖሻ is analytic function in a simply- connected region of the 

z-plane containing the origin, and the multiplicity of�ሺݖ െ  ሻିఒ�is removed byߦ

requiring log (ݖ െ ݖ  ሻ to be real whenߦ െ ߦ ൐ ͲǤ 

Definition 1.2 Let Ͳ ൑ ߣ ൏ ͳ, andߤ��ǡ ߟ א Թ. Then, in terms of the familiar 

*DXVV¶V� K\SHUJHRPHWULF� IXQFWLRQ� � ΍FΌ , the generalized fractional derivative 

operator  ܬ଴ǡ௭
ఒǡఓǡఎ  is 

଴ǡ௭ܬ
ఒǡఓǡఎ�݂ሺݖሻ ൌ

݀
ݖ݀

�ቆ
ఒିఓݖ

īሺͳ െ ሻߣ
න ሺݖ െ Όܨሻ�΍ߦሻିఒ݂ሺߦ ൬ߤ� െ ǡߣ ͳ െ Ǣߟ ͳ െ Ǣߣ ͳ
௭

଴

െ
ߦ
ݖ
൰  ቇ��ሺͳǤͺሻߦ݀

 

where ݂ሺݖሻ is analytic function in a simply- connected region of the z-plane 

containing the origin with the order ݂ሺݖሻ ൌ ܱሺȁݖȁఌሻ�ǡ ݖ ՜ Ͳ, whereߝ� ൐

���ሼͲǡ ߤ െ ሽߟ െ ͳǡ�and the multiplicity of  ሺݖ െ   ሻିఒ  is removed by requiringߦ

����ሺݖ െ ݖ  ሻ  to be real whenߦ െ ߦ ൐ ͲǤ 

Definition 1.3 Under the hypotheses of Definition 1.2, the fractional derivative 

operator ܬ଴ǡ௭
ఒା௠ǡఓା௠ǡఎା௠�݂ሺݖሻ  of a function ݂ሺݖሻ  is defined by 

଴ǡ௭ܬ
ఒା௠ǡఓା௠ǡఎା௠�݂ሺݖሻ ൌ

݀௠

௠ݖ݀
଴ǡ௭ܬ�
ఒǡఓǡఎ�݂ሺݖሻ������������������������������������������ሺͳǤͻሻ 

Notice that 

଴ǡ௭ܬ����������
ఒǡఒǡఎ݂ሺݖሻ ൌ ሻǡ�����������Ͳݖ௭ఒ݂ሺܦ ൑ ߣ ൏ ͳ����������������������������������������ሺͳǤͳͲሻ 
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With the aid of the above definitions, we define a modification of the fractional 

derivative operator  ܯ଴ǡ௭
ఒǡఓǡఎ݂ሺݖሻ  by 

଴ǡ௭ܯ
ఒǡఓǡఎ݂ሺݖሻ ൌ

Ȟሺ݌ ൅ ͳ െ ݌ሻȞሺߤ ൅ ͳ െ ߣ ൅ ሻߟ
Ȟሺ݌ ൅ ͳሻȞሺ݌ ൅ ͳ െ ߤ ൅ ሻߟ

଴ǡ௭ܬ�ఓݖ
ఒǡఓǡఎ݂ሺݖሻ���������������������ሺͳǤͳͳሻ 

for ݂ሺݖሻ א ߣ  ሻ and݌ሺܣ ൒ ͲǢ ߤ�� ൏ ݌ ൅ ͳǢ ߟ� ൐ ���ሺߣǡ ሻߤ െ ݌ െ ͳǢ ݌ א ܰ. Then it 

is observed that ܯ଴ǡ௭
ఒǡఓǡఎ݂ሺݖሻ maps ܣሺ݌ሻ onto itself as follows: 

଴ǡ௭ܯ�
ఒǡఓǡఎ݂ሺݖሻ ൌ ௣ݖ

൅෍
ሺ݌ ൅ ͳሻ௡ሺ݌ ൅ ͳ െ ߤ ൅ ሻ௡ߟ

ሺ݌ ൅ ͳ െ ݌ሻ௡ሺߤ ൅ ͳ െ ߣ ൅ ሻ௡ߟ

�

௡ୀଵ

ܽ௣ା௡ݖ௣ା௡��������������������ሺͳǤͳʹሻ 

Let ߮௣ሺܽǡ ܿǢ ݖ  ሻ be the incomplete beta function defined forݖ א �࣯  by 

߮௣ሺܽǡ ܿǢ ሻݖ ൌ ௣ݖ ൅෍
ሺܽሻ௡
ሺܿሻ௡

�

௡ୀଵ

௣ା௡����ǡݖ ݌ א ܰ���������������������������ሺͳǤͳ͵ሻ 

where ܽ א Թǡ���ܿ א Թ̳ሼͲǡെͳǡെʹǡ ǥ ሽ and ሺߣሻ௡  is given by (1.6), and using the 

Hadamard product, we define the following operator  ȳ௣
ఒǡఓǡఎ݂ሺݖሻǣ࣯ ՜ ࣯  by  

ȳ௣
ఒǡఓǡఎ݂ሺݖሻ ൌ ߮௣ሺܽǡ ܿǢ ሻݖ כ ଴ǡ௭ܯ�

ఒǡఓǡఎ݂ሺݖሻ�����������������������������������������ሺͳǤͳͶሻ 

If  ݂ሺݖሻ א  ሻ, then from ሺͳǤͳʹሻ and ሺͳǤͳͶሻ, we can easily see that݌ሺܣ

ȳ௣
ఒǡఓǡఎ݂ሺݖሻ

ൌ ௣ݖ ൅෍
ሺܽሻ௡ሺ݌ ൅ ͳሻ௡ሺ݌ ൅ ͳ െ ߤ ൅ ሻ௡ߟ

ሺܿሻ௡ሺ݌ ൅ ͳ െ ݌ሻ௡ሺߤ ൅ ͳ െ ߣ ൅ ሻ௡ߟ

�

௡ୀଵ

ܽ௣ା௡ݖ௣ା௡��������������������ሺͳǤͳͷሻ 

where  ܽ א Թǡ����ܿ א Թ̳ሼͲǡെͳǡെʹǡǥ ሽǡߣ���� ൒ Ͳǡߤ���� ൏ ݌ ൅ ͳǡߟ���� ൐ ���ሺߣǡ ሻߤ െ

݌ െ ͳ  and  ݌ א ܰ. 
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Notice that, if ܽ ൌ ܿ, then we have ȳ௣
ఒǡఓǡఎ݂ሺݖሻ ൌ ଴ǡ௭ܯ�

ఒǡఓǡఎ݂ሺݖሻǡ���ȳ௣
଴ǡ଴ǡఎ݂ሺݖሻ ൌ ݂ሺݖሻ 

and ȳ௣
ଵǡଵǡఎ݂ሺݖሻ ൌ ௭௙ᇲሺ௭ሻ

௣
 . Also, we observe that the operator  ȳ௣

ఒǡఓǡఎ݂ሺݖሻ  reduces 

to the following operators considered earlier for different choices of  ߣǡ ǡߤ ܽ  and  

ܿ . 

(1) For ߣ ൌ ߤ ൌ Ͳ, we get the operator ܮ௣ሺܽǡ ܿሻ݂ሺݖሻ which is motivated from 

Carlson-Shaffer operator [5]. 

(2) For ߣ ൌ ߤ ൌ Ͳǡ ܽ ൌ ݉ ൅ ܿ and ݌ ൌ ͳ, we get the operator  ܦ௠ା௣ିଵ  

which is the Ruscheweyh derivative operator of order  ݉ ൅ ݌ െ ͳ (see [12, 

15]). 

It is easily verified from (1.15) that 

ݖ ቀȳ௣
ఒǡఓǡఎ݂ሺݖሻቁ

ƍ
ൌ ሺ݌ െ ሻ�ȳ௣ߤ

ఒାଵǡఓାଵǡఎାଵ݂ሺݖሻ ൅ �ȳ௣ߤ
ఒǡఓǡఎ݂ሺݖሻ����������������������ሺͳǤͳ͸ሻ 

 

 

The object of this paper is to derive several subordination and superordination 

results defined by Hadamard product involving certain fractional derivative 

operator. Furthermore, we obtain the previous results of Aouf et al. [1], 

Shammugam et al. [14], Obradovic et al. [8],  Obradovic and Owa [9], and 

Srivastava and Lashin [16] as special cases of some the results presented here. 

 

In order to prove our results we mention to the following known results which 

shall be used in the sequel. 
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Lemma 1.4 [11]  Let ߣǡ ǡߤ ߟ א Թ, such that ߣ� ൒ Ͳ� and  ݇ ൐ ሼͲǡݔܽ݉ ߤ െ ሽߟ െ ͳ.  

Then 

଴ǡ௭ܬ��
ఒǡఓǡఎݖ௞ ൌ

Ȟሺ݇ ൅ ͳሻȞሺ݇ െ ߤ ൅ ߟ ൅ ͳሻ
Ȟሺ݇ െ ߤ ൅ ͳሻȞሺ݇ െ ߣ ൅ ߟ ൅ ͳሻ

 ௞ିఓ���������������������������������������ሺͳǤͳ͹ሻݖ

Definition 1.5 [7]  Denoted by ܳ the set of all functions ݂ that are analytic and 

injective in ത࣯ െ  ሺ݂ሻ  whereܧ

ሺ݂ሻܧ ൌ ൜ߦ א ߲࣯ ׷ ݈݅݉
௭՜క

݂ሺݖሻ ൌ λൠ 

and are such that  ݂Ԣሺߦሻ ് Ͳ  for  ߦ א ߲࣯ െ  .ሺ݂ሻܧ

Lemma 1.6 [6] Let the function ݍ be univalent in the open unit disk ࣯, and  ߠ  

and ߮ be analytic in a domain ܦ containing ݍሺ࣯ሻ with ߮ሺݓሻ ് Ͳ when ݓ א

ሻݖሺ࣯ሻ. Set ܳሺݍ ൌ ሻݖሻሻ  and  ݄ሺݖሺݍሻ߮ሺݖᇱሺݍݖ� �ൌ ሻሻݖሺݍሺߠ� �൅ �ܳሺݖሻǤ  Suppose that 

1. ܳ is starlike univalent in ࣯, and 

2. ܴ݁ ቀ௭௛
ᇲሺ௭ሻ

ொሺ௭ሻ
ቁ ൐ Ͳ  for  ݖ א ࣯ 

If  

ሻ൯ݖሺ݌൫ߠ ൅ ሻሻݖሺ݌ሻ߮ሺݖᇱሺ݌ݖ ط ሻ൯ݖሺݍ൫ߠ ൅  ሻሻݖሺݍሻ߮ሺݖᇱሺݍݖ

Then  ݌ሺݖሻ ط  .is the best dominant  ݍ  ሻ  andݖሺݍ

Lemma 1.7 [3] Let the function ݍ be univalent in the open unit disk  ࣯, and  ߠ  

and ߮ be analytic in a domain ܦ containing ݍሺ࣯ሻ with  ߮ሺݓሻ ് Ͳ when ݓ א

  ሺ࣯ሻ. Suppose thatݍ

1. ܴ݁ ቀఏᇱሺ௤ሺ௭ሻሻ
ఝሺ௤ሺ௭ሻሻ

ቁ ൐ Ͳ   for  ݖ א ࣯ 

 .࣯ ሻ൯  is starlike univalent inݖሺݍሻ߮൫ݖᇱሺݍݖ .2
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If   ݌ሺݖሻ א ࣢ሾݍሺͲሻǡ ͳሿ ת ܳ  with  ݌ሺ࣯ሻ ك ሻ൯ݖሺ݌൫ߠ  and ,ܦ ൅  ሻሻ  isݖሺ݌ሻ߮ሺݖᇱሺ݌ݖ

univalent in ࣯, and 

ሻ൯ݖሺݍ൫ߠ ൅ ሻሻݖሺݍሻ߮ሺݖᇱሺݍݖ ط ሻ൯ݖሺ݌൫ߠ ൅  ሻሻݖሺ݌ሻ߮ሺݖᇱሺ݌ݖ

then  ݍሺݖሻ ط  .is the best subordinant ݍ ሻ andݖሺ݌

 

2.  Subordination and superordination for p-valent functions 

We begin with the following result involving differential subordination between 

analytic functions. 

Theorem 2.1.  Let   ቆ
ஐ೛
ഊǡഋǡആ௙ሺ௭ሻ

௭೛
ቇ
ఊ

א ࣢ሺ࣯ሻ and let the function ݍሺݖሻ be analytic 

and univalent in ࣯ such that ݍሺݖሻ ് Ͳǡ ሺݖ א ࣯ሻ. Suppose that  ௭௤
ᇲሺ௭ሻ

௤ሺ௭ሻ
  is starlike 

and univalent in  ࣯. Let  

ܴ݁ ൜ͳ ൅
ߦ
ߚ
ሻݖሺݍ ൅

ߜʹ
ߚ
൫ݍሺݖሻ൯

ଶ
െ
ሻݖᇱሺݍݖ
ሻݖሺݍ

൅
ሻݖᇱᇱሺݍݖ
ሻݖᇱሺݍ

ൠ ൐ Ͳ���������������������������������ሺʹǤͳሻ 

ሺߙǡ ǡߜ ǡߦ ߚ א ԧǢ ߚ� ് Ͳሻ 

and ݂ሺݖሻ א  ሻ, and݌ሺܣ

Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ ൌ ߙ ൅ ߦ ൭
ȳ௣
ఒǡఓǡఎ݂ሺݖሻ
௣ݖ

൱
ఊ

൅ ߜ ൭
ȳ௣
ఒǡఓǡఎ݂ሺݖሻ
௣ݖ

൱
ଶఊ

 

൅ߛߚሺ݌ െ ሻߤ ൥
ȳ௣
ఒାଵǡఓାଵǡఎାଵ݂ሺݖሻ

ȳ௣
ఒǡఓǡఎ݂ሺݖሻ

െ ͳ൩���������������������������ሺʹǤʹሻ 

If ݍ satisfies the following subordination: 
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Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ ط ߙ ൅ ሻݖሺݍߦ ൅ ሻ൯ݖሺݍ൫ߜ
ଶ
൅ ߚ

ሻݖᇱሺݍݖ
ሻݖሺݍ

������������������������������ 

ሺߣ ൒ ͲǢ ߤ�� ൏ ݌ ൅ ͳǢ ߟ� ൐ ���ሺߣǡ ሻߤ െ ݌ െ ͳǢ ݌� א ܰǢ ǡߙ� ǡߜ ǡߦ ǡߛ ߚ א ԧǢ ߛ� ് ͲǢ ߚ�

് Ͳሻ� 

then 

൭
ȳ௣
ఒǡఓǡఎ݂ሺݖሻ
௣ݖ

൱
ఊ

ط ߛ�ሻ�����������ሺݖሺݍ א ԧ̳ሼͲሽሻ��������������������ሺʹǤ͵ሻ 

and ݍ is the best dominant. 

Proof.  Let the function ݌ሺݖሻ be defined by 

ሻݖሺ݌ ൌ ൭
ȳ௣
ఒǡఓǡఎ݂ሺݖሻ
௣ݖ

൱
ఊ

ሺݖ� א ࣯̳ሼͲሽǢ ߛ�� א ԧ̳ሼͲሽሻ 

So that, by a straightforward computation, we have 

ሻݖԢሺ݌ݖ
ሻݖሺ݌

ൌ ߛ ൦
ݖ ቀȳ௣

ఒǡఓǡఎ݂ሺݖሻቁ
ƍ

ȳ௣
ఒǡఓǡఎ݂ሺݖሻ

െ  �������������������൪݌

By using the identity ሺͳǤͳ͸ሻ we obtain 

ሻݖԢሺ݌ݖ
ሻݖሺ݌

ൌ ߛ ൥ሺ݌ െ ሻߤ
ȳ௣
ఒାଵǡఓାଵǡఎାଵ݂ሺݖሻ

ȳ௣
ఒǡఓǡఎ݂ሺݖሻ

െ ሺ݌ െ  ሻ൩ߤ

By setting ߠሺݓሻ ൌ ߙ ൅ ݓߦ ൅ ሻݓଶ  and  ߮ሺݓߜ ൌ ఉ
௪

 , it can be easily verified that 

ሻݓis analytic in ԧ , ߮ is analytic in ԧ�̳�ሼͲሽ , and that ߮ሺ ߠ ് Ͳǡ ሺݓ א ԧ̳�ሼͲሽሻ . 

Also, by letting  
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ܳሺݖሻ ൌ ሻ൯ݖሺݍሻ߮൫ݖᇱሺݍݖ ൌ ߚ
ሻݖᇱሺݍݖ
ሻݖሺݍ

 

and  

݄ሺݖሻ ൌ ሻ൯ݖሺݍ൫ߠ ൅ ܳሺݖሻ ൌ ߙ ൅ ሻݖሺݍߦ ൅ ሻ൯ݖሺݍ൫ߜ
ଶ
൅ ߚ

ሻݖᇱሺݍݖ
ሻݖሺݍ

 

we find that ܳሺݖሻ is starlike univalent in ࣯  and that 

ܴ݁ ൜
ሻݖᇱሺ݄ݖ
ܳሺݖሻ

ൠ ൌ ܴ݁ ൜ͳ ൅
ߦ
ߚ
ሻݖሺݍ ൅

ߜʹ
ߚ
൫ݍሺݖሻ൯

ଶ
െ
ሻݖᇱሺݍݖ
ሻݖሺݍ

൅
ሻݖᇱᇱሺݍݖ
ሻݖᇱሺݍ

ൠ ൐ Ͳ 

The assertion ሺʹǤ͵ሻ of Theorem 2.1 now follows by an application of Lemma 1.6. 

 

Remark 1.  For the choices  ݍሺݖሻ ൌ � ଵା஺௭
ଵା୆୸�

� ǡ െͳ ൑ ܤ ൏ ܣ ൑ ͳ and  ݍሺݖሻ ൌ

�ቀଵା௭
ଵି୸�

ቁ
ఌ
ǡ Ͳ ൏ ߝ ൑ ͳ, in Theorem 2.1, we get the following results (Corollary 2.2 

and Corollary 2.3) below. 

Corollary 2.2.  Assume that (2.1) holds.  If   ݂ א  ሻ, and݌ሺܣ

Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ ط ߙ ൅ ߦ ൬
ͳ ൅ ݖܣ
ͳ ൅ ���

൰ ൅ ߜ ൬
ͳ ൅ ݖܣ
ͳ ൅ ���

൰
ଶ

൅
ܣሺߚ െ ݖሻܤ

ሺͳ ൅ ሻሺͳݖܣ ൅ ሻݖܤ
 

ሺߣ ൒ ͲǢ ߤ�� ൏ ݌ ൅ ͳǢ ߟ� ൐ ���ሺߣǡ ሻߤ െ ݌ െ ͳǢ ݌� א ܰǢ ǡߙ� ǡߜ ǡߦ ǡߛ ߚ א ԧǢ ߛ ് ͲǢ ߚ�

് Ͳሻ 

where Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ is as defined in (2.2), then  

൭
ȳ௣
ఒǡఓǡఎ݂ሺݖሻ
௣ݖ

൱
ఊ

ط �
ͳ ൅ ݖܣ
ͳ ൅ ���

���������������ሺߛ� א ԧ̳ሼͲሽሻ 

and   ଵା஺௭
ଵା஻௭�

   is the best dominant. 
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Corollary 2.3.  Assume that (2.1) holds.  If   ݂ א  ሻ, and݌ሺܣ

Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ ط ߙ ൅ ߦ ൬
ͳ ൅ ݖ
ͳ െ ��

൰
ఌ

൅ ߜ ൬
ͳ ൅ ݖ
ͳ െ ��

൰
ଶఌ

൅
ݖߝߚʹ
ͳ െ ଶݖ

 

ሺߣ ൒ ͲǢ ߤ�� ൏ ݌ ൅ ͳǢ ߟ� ൐ ���ሺߣǡ ሻߤ െ ݌ െ ͳǢ ݌� א ܰǢ ǡߙ� ǡߜ ǡߦ ǡߛ ߚ א ԧǢ ߛ ് ͲǢ ߚ�

് Ͳሻ 

where Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ is as defined in (2.2), then  

൭
ȳ௣
ఒǡఓǡఎ݂ሺݖሻ
௣ݖ

൱
ఊ

ط � ൬
ͳ ൅ ݖ
ͳ െ ��

൰
ఌ

������������������ሺߛ� א ԧ̳ሼͲሽሻ 

and  ቀଵା௭
ଵି୸�

ቁ
ఌ
  is the best dominant. 

 

Remark 2.  Taking  ݌ ൌ ͳǡ ܽ ൌ ܾ ൅ ͳ and ߣ ൌ ߤ ൌ Ͳ in Theorem 2.1, Corollary 

2.2 and Corollary 2.3, we obtain the subordination results for linear operator due 

to Shammngam et al. [[14], Theorem 3, Corollary 1 and Corollary 2, 

respectively]. 

 

Remark 3.  For the choice  ݍሺݖሻ ൌ � ଵ
ሺଵି୸ሻమఽా�

�ሺܣ�ǡ ܤ א ԧ̳ሼͲሽሻǢ �ܽ ൌ ܿǡ ߣ ൌ ߤ ൌ

ߜ ൌ ߦ ൌ ͲǢ ݌� ൌ ߙ ൌ ͳǢ ߛ�� ൌ ߚ� and �ܣ ൌ ଵ
஺஻

  in Theorem 2.1, we obtain the 

following known result due to Obradovic et al. [8]. 

 

Corollary 2.4.  Let ܣǡ ܤ א ԧ̳ሼͲሽ such that  ȁʹܤܣ െ ͳȁ ൑ ͳ  or  ȁʹܤܣ ൅ ͳȁ ൑ ͳ  If  

݂ א  and ,ܣ
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ͳ ൅
ͳ
ܤ
ቆ
ሻݖᇱሺ݂ݖ
݂ሺݖሻ

െ ͳቇ ط
ͳ ൅ ݖ
ͳ െ ��

 

then  

ቆ
݂ሺݖሻ
ݖ

ቇ
஺

ط �
ͳ

ሺͳ െ �ሻଶ୅୆�
�������������� 

and   ଵ
ሺଵି୸ሻమఽా�

   is the best dominant. 

Remark 4.  For ܣ� ൌ ͳ, Corollary 2.4 reduces to the recent result of Srivastava 

and Lashin [16].  

Remark 5.  For the choice  ݍሺݖሻ ൌ ሺͳ ൅ ሻݖܤ
ംሺಲషಳሻ

ಳ �Ǣ �ܽ ൌ ܿǡ ߣ ൌ ߤ ൌ ߜ ൌ ߦ ൌ

ͲǢ ݌� ൌ ߙ ൌ ͳ� and ߚ� ൌ ͳ  in Theorem 2.1, we obtain the following known result 

due to Obradovic and Owa [9]. 

Corollary 2.5.  Let െͳ ൑ ܣ ൏ ܤ ൑ ͳ with ܤ ് Ͳ and suppose that ቚఊሺ஺ି஻ሻ
஻

െ ͳቚ ൑

ͳ or ቚఊሺ஺ି஻ሻ
஻

൅ ͳቚ ൑ ͳǡ ߛ א ԧ̳ሼͲሽ.  If   ݂ א  and ,ܣ

ͳ ൅ ߛ ቆ
ሻݖᇱሺ݂ݖ
݂ሺݖሻ

െ ͳቇ ط
ͳ ൅ ሾܤ ൅ ܣሺߛ െ ݖሻሿܤ

ͳ ൅ ���
 

then  

ቆ
݂ሺݖሻ
ݖ

ቇ
ఊ

ط � ሺͳ ൅ ሻݖܤ
ംሺಲషಳሻ

ಳ �������������� 

and   ሺͳ ൅ ሻݖܤ
ംሺಲషಳሻ

ಳ    is the best dominant. 
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Remark 6.  For the choice  ݍሺݖሻ ൌ ଵ

ሺଵି௭ሻమಲಳ೐ష೔ഓ ౙ౥౩ ഓ
�ሺܣǡ ܤ א ԧ̳ሼͲሽሻǢ ȁ߬ȁ ൏ గ

ଶ
Ǣ ��ܽ ൌ

ܿǢ ߣ��� ൌ ߤ ൌ ߜ ൌ ߦ ൌ ͲǢ ݌� ൌ ߙ ൌ ͳǢ ߛ� ൌ ߚ� and �ܣ ൌ ௘೔ഓ

஺஻ ୡ୭ୱఛ
  in Theorem 2.1, we 

get the following result due to Aouf et al. [1]. 

Corollary 2.5.  Let ܣǡ ܤ א ԧ̳ሼͲሽ  and  ȁ߬ȁ ൏ గ
ଶ
 , and suppose that 

หʹି݁ܤܣ௜ఛ ��� ߬ െ ͳห ൑ ͳ or  หʹି݁ܤܣ௜ఛ ��� ߬ ൅ ͳห ൑ ͳ.  Let   ݂ א  and suppose ,ܣ

that  ௙ሺ௭ሻ
௭

് Ͳ   for all  ݖ א ࣯.  If  

ͳ ൅
݁௜ఛ

ܤ ��� ߬
ቆ
ሻݖᇱሺ݂ݖ
݂ሺݖሻ

െ ͳቇ ط
ͳ ൅ ݖ
ͳ െ ��

 

then  

ቆ
݂ሺݖሻ
ݖ

ቇ
஺

ط �
ͳ

ሺͳ െ ሻଶ஺஻௘ష೔ഓݖ ୡ୭ୱ ఛ
�������������� 

and   ଵ

ሺଵି௭ሻమಲಳ೐ష೔ഓ ౙ౥౩ ഓ
   is the best dominant. 

 

     Next, by appealing to Lemma 1.7 of the preceding section, we prove the 

following. 

Theorem 2.7.   Let ݍ be analytic and univalent in ࣯ such that ݍሺݖሻ ് Ͳ and  
௭௤ᇲሺ௭ሻ
௤ሺ௭ሻ

  be starlike and univalent in  ࣯. Further, let us assume that 

ܴ݁ ൜
ߜʹ
ߚ
൫ݍሺݖሻ൯

ଶ
൅
ߦ
ߚ
ሻൠݖሺݍ ൐ Ͳ�ǡ�������������ሺߜǡ ǡߦ ߚ א ԧǢ ߚ� ് Ͳሻ��������������ሺʹǤͶሻ 

 If  ݂ሺݖሻ א   ,ሻ݌ሺܣ
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Ͳ ് ൭
ȳ௣
ఒǡఓǡఎ݂ሺݖሻ
௣ݖ

൱
ఊ

א ࣢ሾݍሺͲሻǡ ͳሿ ת ܳ 

and  Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ is univalent in ࣯, then 

ߙ ൅ ሻݖሺݍߦ ൅ ሻ൯ݖሺݍ൫ߜ
ଶ
൅ ߚ

ሻݖᇱሺݍݖ
ሻݖሺݍ

ط Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ���� 

ሺߣ ൒ ͲǢ ߤ�� ൏ ݌ ൅ ͳǢ ߟ� ൐ ���ሺߣǡ ሻߤ െ ݌ െ ͳǢ ݌� א ܰǢ ǡߙ� ǡߜ ǡߦ ǡߛ ߚ א ԧǢ ߛ ് ͲǢ ߚ�

് Ͳሻ 

implies 

ሻݖሺݍ ط ൭
ȳ௣
ఒǡఓǡఎ݂ሺݖሻ
௣ݖ

൱
ఊ

���������ሺߛ� א ԧ̳ሼͲሽሻ���������������������������ሺʹǤͷሻ 

and ݍ is the best subordinant where Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ is as defined in ሺʹǤʹሻ. 

Proof.  By setting  ߠሺݓሻ ൌ ߙ ൅ ݓߦ ൅ ሻݓଶ  and  ߮ሺݓߜ ൌ ఉ
௪

 , it can be easily 

observed that  ߠ is analytic in ԧ , ߮ is analytic in ԧ�̳�ሼͲሽ , and that ߮ሺݓሻ ് Ͳǡ

ሺݓ א ԧ̳�ሼͲሽሻ . Since  ݍ is convex (univalent) function it follows that, 

ܴ݁ ቊ
ሻሻݖሺݍԢሺߠ
߮ሺݍሺݖሻሻ

ቋ ൌ ܴ݁ ൜
ߜʹ
ߚ
൫ݍሺݖሻ൯

ଶ
൅
ߦ
ߚ
ሻൠݖሺݍ ൐ Ͳ 

ሺߜǡ ǡߦ ߚ א ԧǢ ߚ� ് Ͳሻ 

The assertion ሺʹǤͷሻ of Theorem 2.7 now follows by an application of Lemma 1.7. 

 

      Combining Theorem 2.1 and Theorem 2.7, we get the following sandwich 

theorem. 
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Theorem 2.8.  Let ݍଵ and ݍଶ be univalent in ࣯ such that ݍଵሺݖሻ ് Ͳ  and  ݍଶሺݖሻ ്

Ͳǡ ݖ א ࣯ with  ௭௤భ
ᇲ ሺ௭ሻ

௤భሺ௭ሻ
 and  ௭௤మ

ᇲ ሺ௭ሻ
௤మሺ௭ሻ

 being starlike univalent. Suppose that ݍଵ satisfies 

(2.4) and ݍଶ satisfies (2.1).  If  ݂ሺݖሻ א  , ሻ݌ሺܣ

൭
ȳ௣
ఒǡఓǡఎ݂ሺݖሻ
௣ݖ

൱
ఊ

א ࣢ሾݍሺͲሻǡ ͳሿ ת ܳ 

and  Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ is univalent in ࣯, then 

ߙ���������� ൅ ሻݖଵሺݍߦ ൅ ሻ൯ݖଵሺݍ൫ߜ
ଶ
൅ ߚ

ଵᇱݍݖ ሺݖሻ
ሻݖଵሺݍ

ط Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ 

ط������������������������������������������������������ ߙ ൅ ሻݖଶሺݍߦ ൅ ሻ൯ݖଶሺݍ൫ߜ
ଶ
൅ ߚ

ଶᇱݍݖ ሺݖሻ
ሻݖଶሺݍ

 

ሺߣ ൒ ͲǢ ߤ�� ൏ ݌ ൅ ͳǢ ߟ� ൐ ���ሺߣǡ ሻߤ െ ݌ െ ͳǢ ݌� א ܰǢ ǡߙ� ǡߜ ǡߦ ǡߛ ߚ א ԧǢ ߛ ് ͲǢ ߚ�

് Ͳሻ 

implies 

ሻݖଵሺݍ ط ൭
ȳ௣
ఒǡఓǡఎ݂ሺݖሻ
௣ݖ

൱
ఊ

ط ߛ�ሻ������������ሺݖଶሺݍ א ԧ̳ሼͲሽሻ�����������������������ሺʹǤ͸ሻ 

and ݍଵ and ݍଶ are respectively the best subordinant and the best dominant where 

Ȳఒǡఓǡఎሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ  is as defined in ሺʹǤʹሻ. 

 

Remark 7.  Taking  ݌ ൌ ͳǡ ܽ ൌ ܾ ൅ ͳ and ߣ ൌ ߤ ൌ Ͳ in Theorem 2.6 and 

Theorem 2.7, we obtain the superordination and sandwich results for linear 

operator due to Shammngam et al. [[14], Theorem 4 and Theorem 5, 

respectively]. 
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Remark 8.   For ߣ ൌ ߤ ൌ Ͳ  and  ܽ ൌ ܿ  in Theorem 2.8, we get the following 

result. 

Theorem 2.9.   Let ݍଵ and ݍଶ be univalent in ࣯ such that ݍଵሺݖሻ ് Ͳ  and  

ሻݖଶሺݍ ് Ͳǡ ݖ א ࣯ with  ௭௤భ
ᇲ ሺ௭ሻ

௤భሺ௭ሻ
 and  ௭௤మ

ᇲ ሺ௭ሻ
௤మሺ௭ሻ

 being starlike univalent. Suppose that ݍଵ 

satisfies (2.4) and ݍଶ satisfies (2.1).  If   ݂ሺݖሻ א  ,ሻ݌ሺܣ

ቆ
݂ሺݖሻ
௣ݖ

ቇ
ఊ

א ࣢ሾݍሺͲሻǡ ͳሿ ת ܳ 

and let 

Ȳଵሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ ൌ ߙ ൅ ߦ ቆ
݂ሺݖሻ
௣ݖ

ቇ
ఊ

൅ ߜ ቆ
݂ሺݖሻ
௣ݖ

ቇ
ଶఊ

൅ ߛߚ ቆ
ሻݖᇱሺ݂ݖ
݂ሺݖሻ

െ  ቇ݌

is univalent in ࣯, then 

ߙ         ൅ ሻݖଵሺݍߦ ൅ ሻ൯ݖଵሺݍ൫ߜ
ଶ
൅ ߚ ௭௤భᇲ ሺ௭ሻ

௤భሺ௭ሻ
ط Ȳଵሺߛǡ ǡߦ ǡߚ ǡߜ ݂ሻሺݖሻ 

ط������������������������������������������������������ ߙ ൅ ሻݖଶሺݍߦ ൅ ሻ൯ݖଶሺݍ൫ߜ
ଶ
൅ ߚ

ଶᇱݍݖ ሺݖሻ
ሻݖଶሺݍ

 

ሺ݌� א ܰǢ ǡߙ� ǡߜ ǡߦ ǡߛ ߚ א ԧǢ ߛ� ് ͲǢ ߚ� ് Ͳሻ 

implies 

ሻݖଵሺݍ ط ቆ
݂ሺݖሻ
௣ݖ

ቇ
ఊ

ط ߛ�ሻ����������ሺݖଶሺݍ א ԧ̳ሼͲሽሻ���������������������������ሺʹǤ͹ሻ 

and ݍଵ and ݍଶ are respectively the best subordinant and the best dominant. 
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