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Abstract 

 Motivating by q- analogue theory, in this article, we derive the q- 

analogue of  Ruscheweyh differential Operator using q-hypergeometric 

function and using this new operator to define integral operators which 

generalizes many operators introduced before. We also consider 

supclasses of analytic functions with bounded radius and bounded 

boundary rotations and study the mapping properties of these classes 

under these q-intergral operators. 

1   Introduction 

Let A be the class of all functions of the following form 

 ( )     ∑   
 

 

   

 

Which are analytic in the open unit disk    *     | |   +. A 

function      is said to be spiral - like if there exists a real number 

 (| |    ⁄ ) such that  

  {   
   ( )

 ( )
}      (    )  

The class of all spiral - like functions has been introduced by Spacek [1] 

in 1933 and we denote it by   
  . Later in 1969, Robertson [2] considered 

the class   of  analytic functions in U for which    ( )    
  . 

Let   
 ( )be the class of functions  ( ) analytic in U with p(0) =1 and 
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∫ |
       ( )        

   
|

  

 

                     

where                is real with | |    ⁄ . 

For    ,this class was introduces in [3] and for     , refer to 

[4]. For          and     , the class   
 ( ) reduces to the class P 

of functions  ( ) analytic in  U with p(0)=1 and whose real part is 

positive. For       the functions in    may not have positive real part. 

One of the most important summation formulas for hypergeometric  

                                          

   (        )     (     )

  ∑
(  )

  
   (   )         

 

   

 

where      denotes Gaussian hypergeometric function and | |     . 

The q- analogue of this formula is defined by 

    (        )  ∑
(    ) 

(    ) 
  | |     | |                                                   

   (1.1) 

which was derived by Cauchy (1843), Heine (1847) and by other 

mathematicians.(    )  is the q- analogue of the Pochhammer 

symbol ( )  defined by  

(    )  {
                                                                             

(   )(    )(     ) (       )     
 

It is clear that 

                                          
(    ) 

(   ) 
 ( ) . 

 By using the ratio test, one recognize that, if | |     the q series 

(1.1) (also called basic hypergeometric series) converges absolutely for 

| |     For more details concerning the q-theory the reader may refer to 

([5],[6]). 
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 Replacing a by(        )  in (1.1), we now define the q- 

analogue of Ruscheweyh differential operator   
      as follows: 

  
  ( )        (          )   ( ) 

   ∑
(      )   

(    )   
   

         | |     | |     
    (1.2) 

          Observe that   if                 , we ha   

   
   

  
  ( )       

   
[∑

(      )   
(    )   

   
 

 

   

]

   ∑
(   )   
(   ) 

   
     ( ) 

 

   

 

    where    ( ) is Ruscheweyh differential operator defined in [7]. 

 Next, we define a new subclasses of analytic functions of complex 

order involving the q- analogue of  Ruscheweyh differential operator. 

Definition 1.1 A function     is said to belong to the class 

  
 (       )  if and only if 

   
 

 
.
 .  

  ( )/
 

  
  ( )

  /    
 ( )  

where               is real with | |          * +⁄  . 

Definition 1.2 A function     is said to belong to the class 

  
 (       ) if and only if 

   
 

 

 .  
  ( )/

  

.  
  ( )/

    
 ( )  

where               is real with | |          * +⁄     

Remark 1.1 i) Letting             we obtain the classes   
 ( ), 

  
 ( ) respectively, introduced and studies by Noor et al. [8] and Moulis 

[9]. 
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ii) For       and     , we have the classes   (   )   (   ), 

respectively, introduced and studies by Noor et al. [10]. 

iii) For            and     , we have the classes   
 ( )   ( ) , 

respectively introduced and studies by Frasion [11]. 

iv) For                and      we obtain the well known 

classes       of analytic functions with bounded radius and bounded 

boundary rotations introduced and studies by Tammi  [12]and 

Paatero,  -. 

Definition 1.3 Let     * +   *       + , and      . Ones 

defines the integral     operator  (         )   
    as (      )  

 , 

  
  ( )   ∫ (

  
   ( )

 
)
  

  
 

 
(
  
   ( )

 
)
  

   (   )                                      (1.3) 

where     . 

Remark 1.2 The integral operator    
   generalizes many operators 

which were introduced and studied recently. 

i ) For               , and     , we obtain the integral 

operator 

    ( )   ∫ (
 
 
  ( )

 
)
  

  
 

 
(
 
 
  ( )

 
)
  

                                                          (1.4) 

      where  
 

 is the  Ruscheweyh differential operator. The integral 

operator 
 
 ( )                introduced and studied by G. Oros et al. [14] . 

ii) For         
   

  ( )         *       + , we have the 

integral operator 

  ( )   ∫ .
  ( )

 
/
  
  

 

 
.
  ( )

 
/
  
                                                                         (1.5) 

            introduced by D. Breaz and N. Breaz [15]. 
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iii) For                  ,   -           and 

    
   

      
      ,(consists of functions that are analytic, univalent 

and starlike),we have the integral operator    

  ( )   ∫ .
 ( )

 
/
  

 
                                                                                        (1.6) 

             introduced by Miller et. al. [16]. 

iv ) For                          and     
   

   

   ,  we have the     integral operator 

 ( )  

 ∫
 ( )

 

 

 
                                                                                             (1.7) 

         introduced by Alexander. [17]. 

Definition 1.4 Let        *       + , and      . Ones defines 

the integral operator  (         )   
    as  (      )   , 

  
  ( )   ∫ *.  

   ( )/
 

+

  

  *.  
   ( )/

 

+

  
 

 
   (   )             (1.8) 

where     . 

Remark 1.3 The integral operator   
   generalizes many operators 

which were introduced and studied recently. 

i) For      and    
   

          *       + , we have the 

integral operator 

 ( )  

 ∫ (  
 ( ))

  
  (  

 ( ))
  

                                                         
 

 
(1.9) 

        introduced by Breaz  et. al. [18]. 

ii) For                              

and    
   

      , we have the integral operator 
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  ( )  

 ∫ (  
 ( ))

 
                                                                                   

 

 
(1.10) 

     introduced by Pfaltzgraff [19] (see also Pascu and pascar [20]).  

In this paper, we investigate some properties of the above integral 

operators   
   and   

    for the classes   
 (        )  and 

  
 (        )  

 

2   Main results  

Theoem 2.1 Let      
 (        ),for   *       + with      

      * + . Also let λ  be  real 

with | |               *       +⁄  . If  

     ∑  (    )   

 

   

  

then the integral operator F defined by (1.3) is in the class   
 (       ) 

wi th 

      ∑  (    )

 

   

                                                                 (   ) 

Proof. Since         *       +, by (1.2), we have  

        
  
   ( )

 
   ∑

(      )   

(   )   
    

      
       for all         

By (1.3), we get  

.  
  ( )/

 

  (
  
   ( )

 
)

  

 (
  
   ( )

 
)

  

  

This equality implies that 
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   .  
  ( )/

 
   [     

   ( )      ]      [     
   ( )      ]  

       By differentiating the last equality, we have 

.  
  ( )/

 

.  
  ( )/

   ∑  

 

   

.
.  

   ( )/
 

  
   ( )

 
 

 
/  

Multiplying with z and   ⁄  both sides of the last relation we obtain 

 

 

 .  
  ( )/

 

.  
  ( )/

   ∑  

 

   

 

 
.
 .  

   ( )/
 

  
   ( )

  / 

                                    ∑   
 
   *  

 

 
(
 .  

   ( )/
 

  
   ( )

  )+  ∑     
 
     

or equivalently 

   (  
 

 

 .  
  ( )/

 

.  
  ( )/

 )  (  ∑   
 
   )    ∑   

 
      *  

 

 
(
 .  

   ( )/
 

  
   ( )

  )+. 

Subtracting and adding     ∑     
 
    on the left hand side and taking 

the real part, we obtain 

   ,   (  
 

 

 .  
  ( )/

 

.  
  ( )/

 )       -  ∑      
 
   ,   *  

 

 
(
 .  

   ( )/
 

  
   ( )

  )+  

      - , 

where   is given by (2.1). Integrating the last equation, we have 

∫ |   2   .  
 

 

 .  
  ( )/

 

.  
  ( )/

 /       3|       
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           ∑  ∫ |   2   0  
 

 
.
 .  

   ( )/
 

  
   ( )

  /1
  

 

 

   

          3|           (   )    

Since      
 (         )    *       +, we have  

∫ |  ,   *  
 

 
(
 .  

   ( )/
 

  
   ( )

  )+        -|     
  

 
(    )       , for 

(      )    (2.3)                                                                                                                                     

Applying (2.4) in (2.3), we conclude  

∫ |  2   .  
 

 

 .  
  ( )/

 

.  
  ( )/

 /       3|     
  

 

      ∑  (    ) 

 

   

 

Subsequently,    
 (        ) with   is given by (2.1). 

     By setting    ,       in Theorem 2.1, we obtain the following 

result. 

Corollary 2.1  Let      (     )        *       + with (     

 )     * +  Also let      (  *        +).If 

  

  

∑   (    )    
 
                                                                                            

(2.4) 

then the integral operator    defined by (1.5) is in the class   (   ) 

with              (   )  

Theorem 2.2 Let      
 (         )        *       + with (  

    )      * +)  Also let    be real with | |    ⁄         

 *       +.If the condition (2.4) satisfied,.then the integral operator H 

defined by (1.8)is in the class   
 (         ) with   is defined by (2.1). 
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Proof. By (1.8), we get 

.  
  ( )/

 

   0.  
   ( )/

 

1
  

  0.  
   ( )/

 

1
  

 

This equality implies that  

.  
  ( )/

 

 ∑   0.  
   ( )/

 

1
  .  

   ( )/
 

.  
   ( )/

   ∏ 0.  
   ( )/

 

1
  

 
   
   

 
   . 

By differentiating the last equality and multiplying by   ⁄  , we have  

 

 

 .  
  ( )/

 

.  
  ( )/

   ∑  
 

 

 

   

 .  
   ( )/

 

.  
   ( )/

  

  ∑  

 

   

.  
 

 

 .  
   ( )/

 

.  
   ( )/

 /  ∑    

 

   

 

or equivalently 

   (  
 

 

 .  
  ( )/

 

.  
  ( )/

 )  (  ∑   
 
   )    ∑   

 
      (  

 

 

 .  
   ( )/

 

.  
   ( )/

 ). 

Subsequently and adding      ∑     
 
   on the left hand side and taking 

the real part, we obtain 

   ,   (  
 

 

 .  
  ( )/

 

.  
  ( )/

 )       -  ∑      
 
   ,   (   

 

 

 .  
   ( )/

 

.  
   ( )/

 )  

      -,  

where   is given by (2.1). Integrating the last equation, we have 

∫ |   2   .   
 

 

 .  
  ( )/

 

.  
  ( )/

 /        3|      
  

 

 

 ∑   ∫ |   ,   (  
 

 
(
 .  

   ( )/
 

.  
   ( )/

 )        )-|                    
  

 
 
         (   )          
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Since      
 (         )    *       +, we have  

∫ |   ,   (  
 

 

 .  
   ( )/

 

.  
   ( )/

 )        -|     
  

 
(    )      ,  for(    

 )  (2.6) 

Applying (2.6) in (2.5), we conclude  

∫ |   2   .  
 

 

 .  
  ( )/

 

.  
  ( )/

 /      3|     
  

 

      ∑  (    ) 

 

   

 

Subsequently,    
 (        ) with   is given by (2.1).  

By setting    ,       in Theorem 2.2, we obtain the following 

result. 

Corollary 2.2  Let      (     )        *       + with (     

 )     * +. Also let      (   *       +). If 

    ∑  (    )    

 

   

 

then the integral operator H  defined (1.8) is in the class   (   ) with  

    ∑  (    )

 

   

 

Remark 2.1 In Corollary 2.2, setting 

i)             , we have [ [10], Theorem 2.5]. 

ii) k=2, we have [ [21], Theorem 3]. 

Remark 2.2 other work related to q-hypergeometric function and 

analytic functions can be found in [22], [23], [24], [25], [26]  
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