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Operators

Defined by g-Analogue of Ruscheweyh Operator

Huda Aldweby', Amal El-Aloul®
Department of Mathematics, Faculty of Science, Alasmarya University, Libya
hu.aldweby@ asmarya .edu.ly’, a.ElAloul @ asmarya .edu.ly?

Abstract

Motivating by g- analogue theory, in this article, we derive the g-
analogue of Ruscheweyh differential Operator using g-hypergeometric
function and using this new operator to define integral operators which
generalizes many operators introduced before. We also consider
supclasses of analytic functions with bounded radius and bounded
boundary rotations and study the mapping properties of these classes
under these g-intergral operators.

1 Introduction

Let A be the class of all functions of the following form
f2)=z+ a,z®

Which are analytic in the open unit diskU = {z€eC: |z| <1}. A
function f € A is said to be spiral - like if there exists a real number
A(|A| < m/2) such that

2f'(2)
Re{elm}>0, (z € U).

The class of all spiral - like functions has been introduced by Spacek [1]
in 1933 and we denote it by S, . Later in 1969, Robertson [2] considered
the class C;of analytic functions in U for which zf'(z) € S; .

Let P2(&)be the class of functions p(z) analytic in U with p(0) =1 and
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Re e*p(2) — &cosA

fozn @

wherek > 2,0 <& < 1,4 isreal with |A]| < /2.

d@ < km cosA, z = re'?,

For A = 0,this class was introduces in [3] and for £ = 0, refer to

[4]. Fork =2,1=0and& = 0, the class P2(¢) reduces to the class P
of functions p(z) analytic in U with p(0)=1 and whose real part is
positive. For k < 2, the functions in p,, may not have positive real part.

One of the most important summation formulas for hypergeometric
series is given by the binomial theorem:

Fi(a,c,c;z) = 1F0(Cl; —; Z)

a
=Z(k—’:)zk=(1—z)‘a, a €R,
k=0

where ,F; denotes Gaussian hypergeometric function and |z| < 1
The g- analogue of this formula is defined by

190(a, —;q;2) = Y=o EZ;Z;i Jzl <1,]ql < 1, (1.1)

which was derived by Cauchy (1843), Heine (1847) and by other
mathematicians.(a,q), is the - analogue of the Pochhammer
symbol (a); defined by

(1L k = 0:
(@, @)y = {(1 —a)(1-aq)(1 —ag?)..(1—aq*?t), keN.

It is clear that

@Dk _
-1 gy — (D

lim
By using the ratio test, one recognize that, if |g| < 1, the q series
(1.1) (also called basic hypergeometric series) converges absolutely for

|z| < 1. For more details concerning the g-theory the reader may refer to

([51.[6]).
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Replacing a by(6 + 1,6 > —1) in (1.1), we now define the g-
analogue of Ruscheweyh differential operator Dg f + A - Aas follows:

Dif(2) =z 100(6 +1,—;q;2) * f(2)

o (6+1;Q)k_1

=Zz+ L=z (@D k-1

apz®,6 >—1,|z| <1,|lql <1. (1.2
Observethat if§ +1 = ¢g**1,u>—1, we have
(qﬂ"'l; Q)k—l k
—( - ) arz
k=2 q;9)k-1

(U + D
=z+ kzz(g‘_—l))k!laka = DHf(2),

¢111—r>q Dif(z) =z+ }zl—rg

where D*f(z) is Ruscheweyh differential operator defined in [7].

Next, we define a new subclasses of analytic functions of complex
order involving the g- analogue of Ruscheweyh differential operator.

Definition 1.1 A functionf € A is said to belong to the class
R}, b,8,q) ifand only if

Dg '
+ %(M_ 1) € P;?(f),

D{f(z)
wherek >2,0<¢&<1, A isrealwith [A]| <7w/2,b € C— {0}.

Definition 1.2 A function f € Ais said to belong to the class
VA(E, b, 8, q) if and only if

n

D5
+ %m € P(9),
(péf (@)
wherek > 2,0 <& < 1,disreal with |A| <m/2,b € C— {0}.

Remark 1.1 i) Letting § = q —1,b = 1, we obtain the classes R} (§),
VA(&) respectively, introduced and studies by Noor et al. [8] and Moulis

[9].
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i) For § =q—1 andA =0, we have the classes Ry (&, b),V, (&, b),
respectively, introduced and studies by Noor et al. [10].

iii) For6 =q—1,k =2 and A =0, we have the classes S¢ (b), C¢(b)
respectively introduced and studies by Frasion [11].

iv) For 6§ =q—1,b=1,¢§ =0 and A = 0, we obtain the well known
classes Ry, V), of analytic functions with bounded radius and bounded
boundary rotations introduced and studies by Tammi  [12]and
Paatero[13].

Definition 1.3 Let me NU{0},j €{1,2,..,m} , and «a; > 0. Ones

defines the integral  operator I(fy, f5, .. fm): A™ = AasI(fy, ... fm) =
F,

t t

DEF(z) = [ (Dgfl“)) L (M> "dt (ze ), (1.3)
where fi € A.

Remark 1.2 The integral operator DgF generalizes many operators
which were introduced and studied recently.

i ) For §+1=¢q**"Y,u>—1, and ¢ » 1 , we obtain the integral
operator

D) = JF(ZL9)7 | (EEmO)™ g, (1.4)

t t

where D* is the Ruscheweyh differential operator. The integral
operatorD" F (2) introduced and studied by G. Oros et al. [14] .

i) For § =q—1, Dg_lfj(z) =fj€A,j€e{1,2,..,m}, we have the
integral operator

Fa@) = [7(29)" L (29)™ gt (1.5)

t t

introduced by D. Breaz and N. Breaz [15].
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i) For 6=q—-1,m=1,a; = a€[01l],a,="=a, =0 and
Df{‘lf1 =fes§” ,(consists of functions that are analytic, univalent
and starlike),we have the integral operator

F@ = [7(52) ar (1.6)

t

introduced by Miller et. al. [16].

iV) F0r6=q—1,m=1,a1=1,a2=...=am=0 and Dg—1f1=
f € A, we have the integral operator
F(z) =
zf (@)
Jo—— at L.7)

introduced by Alexander. [17].

Definition 1.4 Let m € Ng,j € {1,2,...,m} , and a; > 0 . Ones defines
the integral operator I(f;, f5, ... fm): A™ = AasI(fy, ... fm) = H,

Am

DH(z) = fozl(pgfl(t))' l l(pgfm(t))' l dtzev),  (L8)
where f; € A.

Remark 1.3 The integral operator DgH generalizes many operators
which were introduced and studied recently.

i) For6=q—1and DI'fj =f; €A,j €{1,2,..,m} , we have the
integral operator

H(z) =
FH®)T ()™ dt (1.9)
introduced by Breaz et. al. [18].

i) For d=q—-1m=1lLag,=a€Ca,==a, =0
and ij‘lf1 = f € A, we have the integral operator
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H,(z) =
INVAG)IE (1.10)
introduced by Pfaltzgraff [19] (see also Pascu and pascar [20]).

In this paper, we investigate some properties of the above integral
operators DSF and DSH  for the classes R¢(&;,b,6,q) and

V&(&,b,6,q).

2 Main results

Theoem 2.1 Let f; € RE(§;,b,68,q)for j€{1,2,.., m}with0 < §; <
1,b € C — {0} : Also let A be real
with [A]| <m/2,a; > 0. j € {1,2,..,m} . If

m

01+ ) g(§-1) <1,

J=1

then the integral operator F defined by (1.3) is in the class V2(y, b, 8, q)
wi th

y =1+ Zaj(fj -1) (2.1)
j=1

Proof. Since f; € A,j € {1,2,...,m}, by (1.2), we have

Dgfj(z) — 14+ Z;:,_Z (6+1;@) k-1

k—1
Az =0 forall zeU.
@GDr-1

By (1.3), we get

VA

' ) a S Im
(DgF(z)) - <%1(Z)> (L’”(Z)> .

This equality implies that
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In (DC‘ISF(Z))’ = al[ln Dgfl(z) —In Z] + -4 am[ln D{Isfm(z) —In Z].

By differentiating the last equality, we have

D5F(z) i 513(2) 1
5F(z) =1 DX z)

Multiplying with z and 1/b both sides of the last relation we obtain
12(DEF@)) 1 (2(02f,2) 1
b (p¢r() "b\ DI

_ 1 Z(qu](z))

EMS

or equivalently

. (D F(Z)) 1 Z(Dsf'(Z))r
elz<1+b (p :p( ) =(1-XfLiag)e + X a5 1+3 Dgfjj-@ )

Subtracting and adding cos A1 5%; @;¢; on the left hand side and taking
the real part, we obtain

i 17(0fF @) i 1 (2(03r;)
Re {e <1+bm> )/COSA} Z] 1(XJR€ {e l1+b<w—1 -
chosl} )
where y is given by (2.1). Integrating the last equation, we have

21 g
f Re {e” <1 + 2M> ycos/l}
° CHO)]

do
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o a1 (2P @)
SZajf Re {e' |1+ — —— 1
j=1 0 b Dqf;(2)

o (2.2)

- & cos/l}

Since f; € R{(&;,b,8,q),j € {1,2,...,m}, we have

fozn Re {e""L [1 + %(Z(DD;Z;((;)) - 1>l - fjcos/l}
(1<j<m) (23)

do <(1—¢&;) kmcosa, for

Applying (2.4) in (2.3), we conclude

fZH Re {ei"l (1 + %—Z (DgF(Z)), ) - ycos/l}
0 (DgF(z))

Subsequently,F € VA (y, b, 8, q) with y is given by (2.1).

m
do < kncos/lz a;(1-¢;)
=1

By setting A =0, § = g — 1 in Theorem 2.1, we obtain the following
result.

Corollary 2.1 Let f; € R, (¢;,b) forj € {1,2,..,m} with (0 <¢; <
1),b € C—{0}.Alsoleta; >0 (j € {1,2,.....m}).If

0<

1+
Tie(g-1)<1,

(2.4)

then the integral operator F,, defined by (1.5) is in the class V,, (y,b)
with y defined as (2.1).

Theorem 2.2 Let f; € V}(¢;,b,6,q) forj € {1,2,..,m} with (0<
§ <1),beC— {0}).Also let A be real with |A| <m/2,a; >0, €
{1, 2, ..., m}.If the condition (2.4) satisfied,.then the integral operator H
defined by (1.8)is in the class V}(¢; , b, 8, q) with y is defined by (2.1).
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Proof. By (1.8), we get

(0sH@) = [(D2A@)] " - [(P2fa@) ]

This equality implies that

G i (o) |

(03n@) = 5 (05 @)
By differentiating the last equality and multiplying by z/b , we have
D‘SH(Z) m 1z 06 f,(z))

12

b (D‘SH(Z) = D5f, (Z))
m Dg m
Z aj| 1 + 1 Z f](Z) Z a;,
j=1 Daf)(z) j=1

or equivalently

5 n 5 ) n
et <1 + %Z(DqH(Z)), > =(1-32,a)e? + X2, aje? <1 + %—Z(qu’(z)), )

(peH() (péf;(2)

Subsequently and adding cos 4 %72, a;¢;on the left hand side and taking
the real part, we obtain

. DEH(2) DEfi(2) !
Re {e"‘l <1 + Z—( Q) > Vcosl} Yj=1 ajRe {e”‘ <1 + +%‘Z( el ), ) -

(peH() (péri@)

¢ cosl},

where y is given by (2.1). Integrating the last equation, we have
2m DJH(2)

f Re{e| 1+ + 12(—2) — ycos
0 b (DgH(z))

<32.q fozn Re {eiz <1 4= (((D:;J((Zz)))) ) f]cos/1>}‘ ae (2.5)

do
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Since f; € R{(&;,b,6,9),j € {1,2,...,m}, we have

. D6 ) n
Re {e”1 <1 + EZ( qu(Z)) ) — fjcos/l}

b (bgf;@)

f027t
m). (2.6)

do <(1-—¢&;)kmcosA, for(1<j <

Applying (2.6) in (2.5), we conclude

J-Zn Re {e“ (1 + %m> - ycos/l}
0 (DgH(z))

Subsequently,H € VX(y , b, 8, q) with y is given by (2.1).

m
do < kncos/lz a;j(1-¢;)

j=1

By setting y =0, § =q — 1 in Theorem 2.2, we obtain the following
result.

Corollary 2.2 Let f; € V,(§;,b) forj € {1,2,..,m} with (0<¢; <
1),b e C—{0}. Alsoleta; >0 (j € {1,2,..,m}). If

0<1+ ) a(§;-1)<1,
; J\Sj
then the integral operator H defined (1.8) is in the class V,, (y, b) with
j=1

Remark 2.1 In Corollary 2.2, setting
1) & =& =&, =&, wehave [ [10], Theorem 2.5].
i) k=2, we have [ [21], Theorem 3].

Remark 2.2 other work related to g-hypergeometric function and
analytic functions can be found in [22], [23], [24], [25], [26]
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