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Abstract 
The purpose of this paper, is to determine conditions of an integral operatorܨሺ݂Ǣ �݃ሻሺݖሻ 
given by (1) to be convex. 
Key Words: and phrases: Analytic function, integral operator, convex function, close-
to-convex function. 
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Introduction 
Let ܷ be the unit disk of the complex plane: 
ܷ� ൌ ሼݖ ׷ � ȁݖȁ ൏ �ͳሽ 
Let ܪሺܷሻ denote the class of analytic functions in ܷ. Also let 

௡ܣ ൌ ሼ݂� א ሺܷሻǡܪ� ݂ሺݖሻ �ൌ �ݖ� ൅�ܽ௡ ൅ ܽ௡ାଵݖ௡ାଵ൅Ǥ Ǥ Ǥ ݖ א ܷሽ 
with ܣଵ ൌ  ,ܣ

ܭ ൌ ቊ݂ א ǡܣ ܴ݁
ሻݖԢԢሺ݂ݖ
݂Ԣሺݖሻ

൅ ͳ ൐ Ͳǡݖ������������ א ܷ��ቋ 

denote the class of convex functions in ܷ, 

ܥ ൌ ቊ݂ א ǡܣ ߮׌ א ǡܭ ܴ݁
݂Ԣሺݖሻ
߮ሺݖሻ

൐ Ͳǡ ݖ א ܷቋ 

denote the class of close-to-convex functions. 
In order to prove our main result, we need the following lemma. 
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Lemma 1.1. [9] Ifܲ�is an analytic function in ܷ, with ܴ݁ܲ�ሺݖሻ ൐ Ͳ and ifܲ�satisfies 

ܴ݁ ቈܲሺݖሻ ൅
ሻݖԢሺܲݖ
ܲሺݖሻ

቉ ൐ Ͳǡݖ���� א ܷǡ 

then ܴ݁�ܲሺݖሻ ൐ Ͳǡ �ݖ א �ܷǤ 
Let ߙ be a complex number, with ܴ݁ߙ�� ൐ �ͳ and ݂ǡ ݃ א  ሺܷሻǤ Consider the integralܪ
operator ܫ ׷ ሺܷሻܪ� ՜ ሻݖሺܨ ሺܷሻ denote byܪ �ൌ ሺ݂Ǣܫ� �݃ሻሺݖሻ where 
 

ሻݖሺܨ ൌ
ߙ ൅ ͳ
ఈݖ

න ሺ݂ሺݐሻ݁௚ሺ௧ሻሻఈ݀ݐǤ
௭

଴
����������������������������������������������������ሺͳሻ 

Many researchers have  investigated many properties of  integral operators forexample, 
Ch.Orose and G.I.Oros [10] proved that the operator 

ሻݖሺܨ ൌ
ͳ

ȁ݃ሺݖሻȁ௖
න ݂ሺݓሻ݃ሺݓሻ௖ିଵ݃ᇱሺݓሻ݀ݖ���ݓ א ܷǡ ݂ א ሺܷሻǡܪ

௭

଴
 

 
where ݃ א ሺܷሻǡwith ݃ሺͲሻܪ ൌ ͲǢ�݃ᇱሺͲሻ ് Ͳ and ݃ሺݖሻ �് Ͳ, for Ͳ ൏ ȁݖȁ ൏ ͳ preserves 
the convexity with ݃ satisfies the conditions 

ܴ݁
ሻݖᇱሺ݃ݖܿ
݃ሺݖሻ

൐ Ͳ 

and 

ܴ݁ ቈͳ ൅
ሻݖԢԢሺ݃ݖ
݃Ԣሺݖሻ

቉ ൐ ܴ݁ሺܿ ൅ ͳሻ
ሻݖԢሺ݃ݖ
݃ሺݖሻ

Ǥ 

It is well-known that in particular case ݃ሺݖሻ ൌ ܿ and ݖ ൌ ͳ, Libera [3] proved that the 
integral operator ܫ preserves the starlikrness,the convexity and the close-to 
convexity.This remarkable result was extended by many other authors (see, forexample 
[1],[2],[4],[5],[6],[7]).In the case ܿ ൌ ͳ, sufficient conditions on the function݃ such that 
 .is a convexity-preserving operator were given in [8] ܫ
In [9] the author shows that if ݃ satisfies the condition 

ܴ݁
ሻݖᇱሺ݃ݖܿ
݃ሺݖሻ

൐ Ͳ 

in ܷ and if the integral operator ܫ preserves the convexity, then ܫ also preserves the 
close-to-convexity. 
In this paper we will show that if ܨ satisfies the conditionsn 
 

ܴ݁
ሻݖሺܨ
ሻݖԢሺܨݖ

൐ Ͳ 

and 

ܴ݁ ൬
ሻݖሺܨߙ
ሻݖԢሺܨݖ

൰ ൐ ܴ݁ ቆ
ሻݖሺܨଶߙ
ሻݖԢሺܨ

൅ ሺʹߙ ൅ ͳሻቇ 

in ܷ and if ܨ preserves the close-to-convexity, the ܨ is also preserves the convexity. 
 
 Main Result 
we begin by rewrite the integral operator ܫሺ݂ǡ ݃ሻሺݖሻ by 

ሻݖሺܨ ൌ ሺ݂Ǥܫ ݃ሻሺݖሻ ൌ
ߙ ൅ ͳ
ఈݖ

න ݖ�����ሻǡݐሻ݀ሺݐሺܪ א ܷ
௭

଴
����������ሺʹሻ 
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Theorem 2.1. Let ܨ be the integral operator defined by (2) and suppose that. 

ሺ݅ሻܴ݁
ሻݖሺܨ
ሻݖᇱሺܨݖ

൐ Ͳǡ ݖ א ܷǡ ߙܴ݁ ൐ ͳǡ 

ሺ݅݅ሻ�ܴ݁
ሻݖሺܨ
ሻݖᇱሺܨݖ

൐ ܴ݁ ቆ
ሻݖሺܨଶߙ
ሻݖԢሺܨ

൅ ሺʹߙ ൅ ͳሻቇ 

ሺ݅݅݅ሻܨ�ሺܥሻ ؿ  ܥ
then 
ሻܭሺܨ ؿ  Ǥܭ
Proof. It is clear that ܪሺݖሻ א ሻݖሺܪ ሺܷሻ andܪ ് Ͳ in ܷ.From (2) we obtain 

ሻݖᇱሺܨ
ఈݖ

ߙ ൅ ͳ
൅
ఈାଵݖߙ

ߙ ൅ ͳ
ሻݖሺܨ ൌ  ሻǡ������������������������������������������������������ሺ͵ሻݖሺܪ

let ݄ሺݐሻ ൌ ௭ഀశభ

ఈାଵ
ǡ then (3) become 

ሻݖሻ݄ሺݖᇱሺܨݖ ൅ ሻݖሻ݄ሺݖሺܨߙ ൌ  ሻݖሺܪ
 
differentiating last equation, we obtain 
 

ሻݖሻ݄ሺݖᇱᇱሺܨݖ ൅ ሻݖሻ݄ԢሺݖԢሺܨݖ ൅ ሻݖሻ݄ሺݖԢሺܨ ൅ ሻݖԢሺܨሻݖሺ݄ߙ ൅ ሻݖሺܨሻݖԢሺ݄ߙ ൌ  ሻǡݖԢሺܪ
 
which is equivalent to 

ሻݖሻ݄ሺݖԢሺܨ ቈ
ሻݖԢԢሺܨݖ
ሻݖԢሺܨ

൅
ሻݖԢሺ݄ݖ
݄ሺݖሻ

൅ ሺͳ ൅ ሻߙ ൅
ሻݖሺܨሻݖԢሺ݄ߙ
݄ሺݖሻܨԢሺݖሻ

቉ ൌ  ሻݖԢሺܪ

 
Let ܪ א ߰ Then there exists .ܥ א  �such thatܭ

ܴ݁
ሻݖԢሺܪ
߰Ԣሺݖሻ

൐ Ͳǡݖ����� א ܷǤ 

If we denote ߚ ൌ  ሺ߰ሻǡ thenܫ

ሻݖሺߚ ൌ
ߙ ൅ ͳ
ఈݖ

න ߰ሺݐሻ݀ሺݐሻǡݖ��������� א ܷǤ�������������������������������������������������ሺͶሻ
௭

଴
 

Next we prove ߚ א  Ǥ�rentiating (4), we obtainܭ

ሻݖሻ݄ሺݖԢሺߚ ቈ
ሻݖԢԢሺߚݖ
ሻݖԢሺߚ

൅
ሻݖԢሺ݄ݖ
݄ሺݖሻ

൅ ሺͳ ൅ ሻߙ ൅
ሻݖሺߚሻݖԢሺ݄ߙ
݄ሺݖሻߚԢሺݖሻ

቉ ൌ ߰ԢሺݖሻǤ����ሺͷሻ 

If we let 

ܲሺݖሻ ൌ �
ሻݖԢԢሺߚݖ
ሻݖԢሺߚ

൅
ሻݖԢሺ݄ݖ
݄ሺݖሻ

൅ ሺͳ ൅ ሻߙ ൅
ሻݖሺߚሻݖԢሺ݄ߙ
݄ሺݖሻߚԢሺݖሻ

ǡݖ������ א ܷ����������ሺ͸ሻ 

then (5) becomes 

ሻݖሻܲሺݖሻ݄ሺݖԢሺߚ ൌ ߰Ԣሺݖሻݖ�������� א ܷǤ���������������������������������������������������������ሺ͹ሻ 
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Differentiating (7), we obtain 

ሻݖԢԢሺߚݖ
ሻݖԢሺߚ

൅
ሻݖԢሺ݄ݖ
݄ሺݖሻ

൅
ሻݖԢሺܲݖ
ܲሺݖሻ

ൌ
ሻݖԢԢሺ߰ݖ
߰Ԣሺݖሻ

ǡݖ������ א ܷ 

which is equivalent to 

ሻݖԢԢሺߚݖ
ሻݖԢሺߚ

൅
ሻݖԢሺ݄ݖ
݄ሺݖሻ

൅
ሻݖԢሺܲݖ
ܲሺݖሻ

൅ ሺߙ ൅ ͳሻ ൅
ሻݖሻ݄Ԣሺݖሺߚߙ
݄ሺݖሻߚԢሺݖሻ

ൌ
ሻݖԢԢሺ߰ݖ
߰Ԣሺݖሻ

൅ ሺߙ ൅ ͳሻ ൅
ሻݖሻ݄Ԣሺݖሺߚߙ
݄ሺݖሻߚԢሺݖሻ

ǡݖ���

א ܷ��ሺͺሻ 

Using (6) in (8), we obtain 

ܲሺݖሻ ൅
ሻݖԢሺܲݖ
ܲሺݖሻ

ൌ
ሻݖԢԢሺ߰ݖ
߰Ԣሺݖሻ

൅ ሺߙ ൅ ͳሻ ൅
ሻݖሻ݄Ԣሺݖሺߚߙ
݄ሺݖሻߚԢሺݖሻ

ǡݖ��� א ܷ������������������������������ሺͻሻ 

Using condition ሺ݅ሻ from hypothesis, since�߰�is convex and݄ ൌ ௭ഀశభ

ఈାଵ
 we have 

 

ܴ݁ ቈܲሺݖሻ ൅
ሻݖᇱሺܲݖ
ܲሺݖሻ

቉ ൌ ܴ݁ ቈ
ሻݖԢԢሺ߰ݖ
߰Ԣሺݖሻ

൅ ͳ ൅ ߙ ൅
ߙሺߙ െ ͳሻߚሺݖሻ

ሻݖԢሺߚݖ
቉ ǡ ݖ א ܷ���ሺͳͲሻ 

i.e 

ܴ݁ ቈܲሺݖሻ ൅
ሻݖᇱሺܲݖ
ܲሺݖሻ

቉ ൐ Ͳǡ ݖ א ܷǤ 

Letting 0=ݖ in (10), we get 
ܴ݁ܲሺͲሻ ൐ Ͳǡݖ���� א ܷǤ 

 
We have now the conditions from the hypothesis of Lemma 1.1 and applying it we 
obtain 

ܴ݁ܲሺͲሻ ൐ Ͳǡ ݖ א ܷǤ 
 
Using (6) and the condition ܴ݁ܲ�ሺͲሻ ൐ Ͳǡ ݖ א ܷǣ We obtain 
 

ܴ݁ ቈ
ሻݖᇱᇱሺߚݖ
ሻݖᇱሺߚ

൅
ሻݖᇱሺ݄ݖ
݄ሺݖሻ

൅ ሺͳ ൅ ሻߙ ൅
ሻݖሺߚሻݖᇱሺ݄ߙ
݄ሺݖሻߚᇱሺݖሻ

቉ ൐ Ͳ 

 
and using ሺ݅݅ሻ and ݄ ൌ ௭ഀశభ

ఈାଵ
we obtain 

 

ܴ݁ ቈ
ሻݖᇱᇱሺߚݖ
ሻݖᇱሺߚ

൅ ͳ቉ ൐ െʹߙ ൅ ͳ െ
ߙሺߙ െ ͳሻߚሺݖሻ

ሻݖᇱሺߚݖ
൐ Ͳǡݖ���� א ܷ 

i.e 

ܴ݁ ቈ
ሻݖᇱᇱሺߚݖ
ሻݖᇱሺߚ

൅ ͳ቉ ൐ Ͳǡݖ����� א ܷ 

which shows that ߚ א  Ǥܭ
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