ISSUE e . ddad|
apanhilly ariliilll agl=ll 2154

FJournal of Humaniarian and Applied JSeiences
—_———— e N

JUNE 2019 2019,

Convexity Preserving Integral Operator
Ebtisam. A. Eljamal', M. Darus? and D. Braez?

'Al-Mergeb University, Faculty of Science, Department of Mathematics
Al-Khums, Libya, 'N _ebtisam@yahoo.com

2University Kebangsaan Malaysia, School of Mathematical Sciences, Faculty
Of Science and Technology, Bangi, Malaysia,” maslina@ukm.my

31 Decembrie 1918 University of Alba Iulia,
Faculty of Science,
Department of Mathematics-Informatics,
510009 Alba Iulia, Romania
3dbreaz@uab.ro

Abstract

The purpose of this paper, is to determine conditions of an integral operatorF (f; g)(z)
given by (1) to be convex.
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Introduction
Let U be the unit disk of the complex plane:
U={z:|z| < 1}
Let H(U) denote the class of analytic functions in U. Also let
A, ={f € HU),f(2) = z + a, + ap 12" +...2 € U}
with A; = A,

_ 2f"(@)

K=1{f € A, Re— +1>0, zeU
f(2)

denote the class of convex functions in U,

f'(2)

¢(2)

Cz{fEA,EkaK,Re > 0, zEU}

denote the class of close-to-convex functions.
In order to prove our main result, we need the following lemma.
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Lemma 1.1. [9] IfP is an analytic function in U, with ReP (z) > 0 and ifP satisfies

Re [P (z) + Zlf ;S)

>0, zelU,

then Re P(z) > 0,z € U.
Let a be a complex number, with Re @ > 1 and f, g € H(U). Consider the integral
operator [ : H(U) = H(U) denote by F(z) = I(f; g)(z) where

ey

Many researchers have investigated many properties of integral operators forexample,
Ch.Orose and G.1.Oros [10] proved that the operator
zZ

1
F(2) = FOL “tg'w)dw z €U, f € H(U),

a+1 (%
F(z) = —
0

where g € H(U),with g(0) = 0; g’'(0) # 0 and g(z) # 0, for 0 < |z| < 1 preserves
the convexity with g satisfies the conditions
czg'(2)

Re 9@ >0
and
z9''(2) zg'(2)
Re |1 + 72 > Re(c+1)——— @)

It is well-known that in particular case g(z) = z and ¢ = 1, Libera [3] proved that the
integral operator [ preserves the starlikrness,the convexity and the close-to
convexity.This remarkable result was extended by many other authors (see, forexample
[1],[2],[4],[5],[6],[7]).In the case ¢ = 1, sufficient conditions on the functiong such that
I is a convexity-preserving operator were given in [8].
In [9] the author shows that if g satisfies the condition

Re cz9 (2) >0

9(2)

in U and if the integral operator I preserves the convexity, then I also preserves the
close-to-convexity.
In this paper we will show that if F satisfies the conditionsn

F(2)
RQT(Z)> 0

aF (z) a’F(z)
Re(m)>R <F() + Qa +1)>

in U and if F preserves the close-to-convexity, the F is also preserves the convexity.

and

Main Result
we begin by rewrite the integral operator I( f 9)(z) by

F(z) =1(f.9)(2) = H(t)d(t), z€U (2)
0
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Theorem 2.1. Let F be the integral operator defined by (2) and suppose that.

o F(2)
(L)Re ()>0,z€URea>1,
F(2) (2)
(ii) Re 2F' (2 )>R <F() + (2a +1)>
(i) F(C) c C
then
F(K) c K.
Proof. It is clear that H(z) € H(U) and H(z) # 0 in U.From (2) we obtain
F’ (Z) [ F@) =H(), (3)

a+ 1
let h(t) = m, then (3) become

zF'(z2)h(z) + aF(z)h(z) = H(2)
differentiating last equation, we obtain
zF" (2)h(z) + zF' (2)h'(z) + F'(2)h(z) + ah(2)F'(z) + ah'(2)F(z) = H'(2),

which is equivalent to

F(h() F"(Z) zh'(2) ah'(z)F(z)

P T h T T R | TH O

Let H € C. Then there exists i € K such that

H'(2)

Re >0, ze€eU.

If we denote 8 = I(y), then

B(z) = a;{; L[ Z€U. (4)
0

Next we prove f € K. rentiating (4), we obtain

zB"(z ) zh'(z) ah'(z)B(2)| _
B'(2)h(z )lﬁ( Yt hio) +(1+a) +—h(z)ﬁ’(z) =9 (2). (5)
If we let
_ zp"(2)  zh(2) ah’(z)B(z)
P(z) = 500 + ) +(1+a)+—h(z)[>"(z)' zeU (6)
then (5) becomes
B'(2)h(2)P(z) =y'(z) z€U. (7)
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Differentiating (7), we obtain
2B"(2) | 2W'(2) | 2P'(2) _ 2" (2)
B'(z)  h(z) Pl Y@’
which is equivalent to
zB" (z) N zh'(2) N zP'(2) af(z)h'(z)  zy"(z) af(2)h'(z)

ORICIMC Tt R - v TV horm
€

z€eU

Using (6) in (8), we obtain

P'(2) () aB(2)H(2)
P - v T YT hew  C

P(2) + €U 9)

a+l
Using condition (i) from hypothesis, since 1 is convex andh = ZT we have

Re [P(z) N ZP'(Z)] _ R [zzp”(z) a(a —1)B(2)

| P |- e e +1+a+—zﬁ'(z) , zeU (10)
ie

zP'(2)
P(2)

ReP(0) >0, z€U.

Re [P(Z)+ ] >0, z€eU.

Letting z=0 in (10), we get

We have now the conditions from the hypothesis of Lemma 1.1 and applying it we
obtain
ReP(0) > 0, z € U.

Using (6) and the condition ReP (0) > 0,z € U: We obtain

zP"(z) | zh'(2) ah'(z)p(z)

Re[ﬁ,(z) + 0 +(1+C¥)+m >0
and using (ii) and h = gwe obtain

zB" (2) a(a —1)B(2)

Re[ﬁ’(z)-l_l >—2a+1 25 (2) >0 zeU
e
zp" (2)
Relﬁ’(Z) +1] >0, z€eU

which shows that § € K.
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