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with negative coefficients

S. M. Amsheri N. A. Abouthfeerah
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Abstract

In this paper we introduce a new class of p-valent starlike functions with negative
coefficients defined by fractional derivative operator. We obtain coefficient bounds,
distortion inequalities, Hadamard product, linear combinations and inclusion theorems. Also,
we find extreme points and radii of close-to-convexity, starlikeness and convexity for this

class. The integral preserving properties and integral means inequalities are also determined.

Keywords: multivalent (p-valent) functions, starlike functions, convex functions, close-to-

convex functions, fractional derivatives, Hadamard product, integral means.

1- Introduction and Definitions

Let A(p) denote the class of functions defined by

F(2) = 2° + Z Qyin 2T (€ N). (1.1)

which are analytic and multivalent (or p-valent) in the open unit disk U = {z: |z| < 1}. We
write A(1) = A. If f and g are analytic in U, we say that f is subordinate to g, written
symbolically as f < g or f(z) < g(z),z € U, if there exists a Schwarz function w(z) which
is analytic in U with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(2)),z € U.

A function f(z) € A(p) is said to be p-valent starlike of order a if f(z) satisfies the

condition

Re{L D
f(2)
We denote by S*(p, @) the class of all such functions. A function f(z) € A(p) is said to be

}>a, 0<a<p;peEN;zelU) (1.2)

p-valent convex of order a if f(z) satisfies the condition
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Zf”(Z)}>a' O0<a<p;peN;zelU) (1.3)

f'(2)

Let K(p, ) denote the class of all those functions which are p-valent convex of order a.

Re{1+

The class S*(p,a) was introduced by Patil and Thakare [6], and the class K(p,a) was
introduced by Owa [5].

Let T'(p) denote the subclass of A(p) consisting of functions of the form

[0e]

f(z) =z - Z apin 2P (apin =0,p €N,z € U). (1.4)

n=1
We denote by T*(p, @) and C(p, ) the classes obtained by taking intersections, respectively,
of the classes S*(p,a) and K(p, a) with the class T(p). The classes T*(p, @) and C(p, a)
were introduced by Owa [5]. In particular, the classes T*(1,a) = T*(a) and C(1,a) = C(a)
when p = 1 were studied by Silverman [8].
Let the functions f;(z), (i = 1,2) be defined by

0

fi(z) = 2P — Z apini 2P, (@peni = 0; p EN). (1.5)

n=1

The Hadmard product of f;(z) and f,(z) is defined by

(eI =27 =) ayins Gpina 27" (1.6)

n=1

Definition 1.1.[1,2,10]. Let 0 < 1 < 1, and u,n € R, the fractional derivative operator ]é’f’"

is defined in terms of Gauss’s hypergeometric function ,F; as follows
Jo™f(2) = %(% fo G- ) (u ~A1-m1-21- g) df)
(1.7)
where f(z) is analytic function in a simply- connected region of the z-plane containing the
origin with the order f(z) =0(|z|®), z - 0, where ¢ >max{0,u—n}—1, and the
multiplicity of (z — &)~* is removed by requiring log(z — &) to be real when z — & > 0.
We note that, ](}"j‘" f(2) =D}f(2),0<A1<1 is the fractional derivative operator

considered by Owa [4].

The fractional derivative operator Mé’z’"""’ f(z) of a function f(z) in A(p) is defined by
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Fp+1—-wWlflp+1—-21+n)
Tp+DIrp+1—u+n)
A=z0pu<p+Ln>max(Lp) —p—Lp€EN)

Mot f(2) = gt f(z)  (18)
The operator M&f’"’p f(2) was studied by Amsheri and Zharkova [1]. (see also [10]).

Recently, Zayed et al. [10] introduced the operator Ngf;“'"“ f(2) of a function f(z) in
A(p) for me N, = N U {0} and 6§ = 0 and defined by:

Noy “"Pf(2) = Mgy " £ (2)

Noy " (@) = Nt P (2)

Z
= (=ML + 62 (M P £ (7))
and (in general),

m./l,u,n,&p f(2) = /1 pal &p ( N VAR £ z))
0,z

- p+ on\™
= +2( ) Yl D) inz? (19)

n=1
where
@+ Dp(p+1—p+my
P+1-wWa+1-2+n), "
Motivated essentially by aforementioned works, we introduce a new class

YA u,m,p) = (n€N) (1.10)

mAun,é . . . i
M, (B, @) of analytic and p-valent functions f(z) belonging to the class T (p) by using
the operator Ny, MO £ 7Y as follows:

Definition 1.2. The function f(z) € T(p) is said to be in the class Mf’ﬂ'“'"'a(ﬁ, a) if it

satisfies

1 Aun.é,p
SA(NGHPE@) (- 20

<
Aun,s, — ’
(1= B)zP + BNy *°P f(2) l1-z

(zeU; peEN) (1.11)

For meNy; A=>20,u<p+1;n>max(L,u)—p—10<B<1,0<a<1;§ 0. The

condition (1.11) is equivalent to
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/_\
(g )

£

(1= B)zP + BNIH1OP 7y

b2 (M)

(1= B)zP + BNg, "7 f (2)

<1

(zeU; peEN) (1.12)

+1-2«x

Easily we can deduce that,

AN, > p+ om\™
N0z HIOPf(2) = 2P — Z( p ) Yalh 1, 0)Ap4nzP ™" (ap+n 20,pe N) (1.13)

n=1

where y, (4, u,n,p) is given by (1.10). We observe that,
1- ForA=p =35 =0,theclass My™"*"°(B,a) = M, (B, a) (Selvaraj et al. [7]).
2- ForA=p=¢6=0andp =1, the class M;™"*"°(1,a) = T*(p, a) (Owa [5]).

3- ForA=u=68=0andp =B = 1, the class M;™**"°(1, @)

In the present paper, we obtain coefficient bounds, distortion inequalities, Hadamard

= T*(a) (Silverman [8]).

product, linear combinations and inclusion theorems for the functions belonging to the class

M;”’l’”’""s(ﬁ, a). Also, we find extreme points and radii of close-to-convexity, starlikeness

and convexity for this class. Finally, we determine the integral means inequalities and a class-

preserving integral operator of the form

z

F(@) = (Jopf)(2) = tHf(e)dt, (¢ >—p) (1.14)

0
In order to prove our results in section 9 we shall need the following lemma.

Lemma 1.3. [3]. If the functions f(z) and g(z) are analytic in U with g(z) < f(z), then

2 21
j |f(rei9)|rd9 SJ |g(rei9)|rd9, (z=rei9,0 <r< 1) (1.15)
0 0

2- Coefficient Bounds
Theorem 2.1. Let the function f(z) be defined by (1.4). Then f(z) belongs to the class

MR (B, @) if and only if

= p + om\™
Y (EEZ) m+pa-palntunpamspi-a @D
n=1 p
where y, (4, u,n,p) is given by (1.10).
http://tarbawej.elmergib.edu.ly 223
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Proof. Since f(2) € M, mALILS (B o), then

% z( NP f(z)) ((1 —B)zP + B Nm,/l,u,n,a,p f(z))

<1. (22

22N E@)) (1= 20) (L= B)av + BN TP ()
It follows from (2.2) that
. Yn=1 (p ;671) ¥n(4 um,p) [(p - n) - ﬁ] ApnZ" o1

p + én\" ( +n

201 - @) - 52, (B52) yahnp) [(BE2) + 61 - 200] @z

Choosing values of z on the real axis so that P

is real, and lettin
(1-B)zP+BNgy PP £ (2) J

z — 17 through real axis, we have

i (p J;&l)m Yn(A w1, p) [(?) - ﬁ] Apin

<20-0-Y (G [0 4 60~ 20] e
n=1

which gives the desired assertion (2.1). Conversely, let the inequality (2.1) holds true and let

|z| = 1. Then we have

|%z (N1 2 £ @) = (1= Bz + BN P £ ()|

%Z( m,/l,u,n.&pf(z)) +(1-2a) ((1 B)zP + BN, ,u.n,s,pf(z))|

i (P + 6n> Yn(4 w1, p) [(pp#) — ﬁ] iz

n=1

—2(1 — a)zP — i (p J;&l)m Y4 1,n,p) [(?) +p(1 - 2a)] Ap4nzP ™"

o]

<2 2 (p i 6n> [(p : n) - aﬁ] Yald 1, P)apin —2(1 —a) < 0.

n=1
Hence by the maximum modulus theorem, f(z) EM’“”"‘S(ﬁ, a). This completes the

proof.
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Corollary 2.2. Let the function f(z) be defined by (1.4) be in the class M;”‘A'”‘""s(ﬁ, a),
then

< P~ a) ., (pneN) (2.3)

Apin = m
(BE) b+ p(1 - )l vah )

where y,, (4, u,n, p) is given by (1.10). The result (2.3) is sharp for a function of the form:
p(1—a)

(@) [n + p(l - ﬁa)] )/n(/l' wn, p)

Remark 1. Letting p=1,A=u=38=0 and =1 in Theorem 2.1 and Corollary 2.2

f(z) = 2P — zPt . (p,n €N) (2.4)

respectively, we obtain the results were proved by Silverman [8].

3- Distortion Inequalities
Theorem 3.1. Let A, u,n € R, such that

zzo,u<p+1,n2,1(1—’%2),620,meNo,0<ﬁs1,03a<1andpeN. (3.1)

Let the function f(z) defined by (1.4) be in the class M;"'l’”'”"s (B, ). Then
rl-—a)p+1-2+mMp+1-p)

f@ = |zl - - 2P+, (32)
(p%g) [1+p(A -]+ D@ +1-pu+n)

F@)I < lep 4 PE=ORIIZIIMEEIZD s, (33
(B52) 11+ - Bl(p + D+ 1= e+ 1)

' 1- 1-1 1-—
|f (Z)| > plzlp_l _ 21(6 ma)(p + +n)(p+ ©w Iz|P, (3.4)
(pT) [1+p(A—-B)]l(p+1—pn+n)
and
) < plapr L@@ HIZ0 (35)

(B3 114 pa - g0+ 1~ 4 )

for z € U. The estimates for |f(z)| and |f'(2)]| are sharp.
Proof. We observe that the function y,(4,u,n,p) defined by (1.10) satisfy the

inequality v,(4, 1,1, 9) < ¥Vns1(Lu,m,p), Yn €N, provided that n=>21 (1 — Z’Mi)
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Thereby, showing that y,, (4, u,n, p) is non-decreasing. Thus under the conditions stated in
(3.1), we have

p+DE+1-—u+n)
0< =y Luwnp) <va(huwnp) VneN, (3.6
ori-moti—a+tn  nGwnp)smunp (3.6)

for f(2) € M;'l'l‘”‘"“s (B, a), in view of Theorem 2.1, we have

<p+6) [1+p(A -+ DP+1—p+n) &

£ Ap+n
P+1-wWp+1-21+n) o]
- 5
<> (5 i ") [+ p(1 — B)] Ya(h 1,1 P)apin < p(1— @) | 37)
which gives
z a, +6p(1—a)(p+1—/1+n)(p+1—u) 3.8)
(pT) [1+p(L = pa)l(p+ D+ 1—p+1)
Consequently, we obtain
@12 12l = 1277 e
n=1
S 12 — Spr(nl —)@+1-2+mp+1-w P (3.9)
(%) [1+p(A -]+ D@+1-p+n)
and
IS 12 + 1217 e
<12 + pr(nl—a)(p+1—/1+n)(p+1—u) ZPH (3.10)

(B2) 11+ 901 - pal(o + D@+ 1+ 1)

which prove the assertions (3.2) and (3.3) of Theorem 3.1. Furthermore, from Theorem 2.1,

we note that

p(l—a)p+1-A+np+1-—w

(P +n)apin < m . (311
Z (B2) 1+ pa - g+ 1-p+n)

Thus, we have
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F @] 2 plaP™ = 127 Y (0 + Wy (312)
n=1
and
F@) < Iz 12> (0 + Wapn (3.13)
n=1

On using (3.12), (3.13) and (3.11), we arrive at the desired results (3.4) and (3.5).
Finally, we can prove that the estimates for |f(z)| and | f '(z)| are sharp by taking the

function

pl—a)p+1-2+n)p+1—p) o+

(B2) 11+ 901 - pal(p + D@+ 1 e+ 1)

Corollary 3.2. Let the function f(z) be defined by (1.4) be in the class M;”"l'”‘""s(ﬁ, ).

) =27 -

(3.14)

Then f(2) is included in a disk with centre at the origin and radius r; given by
rd-—a)p+1-2+np+1-p

(pT) [1+p(A-B)lp+D+1—-p+n)
f'(z) is included in a disk with centre at the origin and radius r, given by
1- +1-21+ +1-—
r=p+ p(1—a)(p n)(p 1) (3.16)

(B3 114 pa~ gl o+ 1~ 4 )

4- Hadamard Product

Theorem 4.1 Let A>0; u<p+1; nza(1—”7+2);520; meENy;0<f<10<
a<1; A4,un€R and p € N, and let the functions f;(z) (i = 1,2) defined by (1.5) be in the
class M0 (B, a).Then (f, * f,)(2) € M (B, &) where

. v(n) —p(p +n)(1 - a)®
o< manN{ V() —p2f(1 —a)? } (4.1)
where
p+6énm\"
v = (E57) I+ p( = pa)Pra () (4.2)

Proof. It suffices to prove that

http://tarbawej.elmergib.edu.ly 227
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(p + 5”) [n+p(1 = B Iya(A 1,1, p)

/‘i Journal of Educational 1.5 oadl il Jalaa
i
L

o0

: pd—0) @in1 Gpanz S 1. (43)
n=1
Since
N (p ;an)m [n+p(1 = B)ya(d w1, p)
; p(1—a) Apin1 =1, (4.4)
and

(P + 5") [n+p(1 = Ba)lyn (A, 1,1, D)

p
Z _ Qpiny <1. (4.5)
o] p(1—a)
By the Cauchy — Schwarz inequality, we have
+ on\™
- (p > ) [n+p(1 - Ba)]yn(A .1, p)
Z p(l _ CZ) \/ ap+n,1 ap+n,2 <1 (4'6)
n=1
Thus, we need to find the largest o such that
+ 6n\™
2 (pT) [n+p(1 = Bo)]ya(4 1,1, p)
Z p(l _ 0_) ap+n,1 ap+n,2

n=1

< (B2 [+ p(1 = ) lya(hts . )
= z p(l _ a) Y ap+n,1 ap+n,2 ) (4-7)

=1

or, equivalently, that
[n+p(1—Ba)](1-0)

< . :
Vv Gyenz = [ p (= po)l (- @ o
In view of (4.6), it is sufficient to find the largest o such that
1— +p(1 - 1-—
p(1—a) < [n+p(1-Ba)](1-0) meN).  (49)

[n+p(1-pa)](1-a)

+ on\™
(BE22)" fr+ p(1 = B, )
The inequality (4.9) yields

- {V(n) —-plp+n)(1 - a)z}
v —-p*B(1 —a)?

where
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p+6n

v = (B57) [+ p( - B p),

and this the inequality gives the required result.

Corollary 4.2. For f;(z)(i = 1,2) as Theorem 4.1, we have

h(Z) =zP — Z vV Ap+n,1 Ap+n,2 Zp+n’ (p € N) (4-10)
n=1

belongs to the class M;”"l‘”‘”"s B, ).
Proof. The result follows from the inequality (4.6).

Theorem 4.3. Let the function f(z) defined by (1.4) be in the class M;"A‘”‘”‘S(p’, a). Also let
9(z) = zP — Z bpin zP*T, (|bpsn| < 1,p €N) (4.11)
n=1

Then (f * g)(z) € My""*"° (B, a).

Proof. Since

Z (P + n) [n+p(1 - Ba)] va(A w1, P)|apinbpin |

n=1 p
N p+6n\"
= z ( - ) [n+p(1 — Ba)] vn(h 1, P)Apin|bpin |
n=1
S p+om\"™
= Z ( p ) [n+p(1 = Ba)] v(A 1,0, D) Apan
n=1
<p(l-a).

By Theorem 2.1, it follows that

(f * 9)(2) € MM (B, ).

5- Linear Combinations and Inclusion Theorems

We shall prove that the class M;”’A'“'""S(ﬁ, a) is closed under arithmetic mean and under
convex linear combinations.
Theorem 5.1. Let the functions f;(z)(i = 1,2, .....m) defined by (1.5) be in the class

M;""L”'""S (B, @). Then the function

http://tarbawej.elmergib.edu.ly 229
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1
h(z) =27 - — (Z a,,m) ZPHn (5.1)
n=1 \i=1

is also in the class M,"**"° (8, a).

Proof. Since f;(z) € J\/[;"”l'“'""s(ﬁ, a), by using Theorem 2.1, we have

% (M) [n+p(1 - pa)lyn(4, u,n,p)

p .
Z — Apini <1 ,((=123,..,m) (52)
o] p(1-a)
S0,
+ 6n\"
Z‘O: (p P ") [n+p(1 - ﬁa)]yn(/l,ﬂ,n,p)< 1 i )
— — Ap+n,i
n=1 (1 CZ) m i=1
+6
1 & & (B o1 - plyah )
— Apini <1 5.3
m; nZ:l p(l _ Qf) p+n,i ( )
which shows that h(z) € m“” (B, @), and the proof of Theorem 5.1 is completed.

Theorem 5.2. Let /120;,u<p+1;r)2/1(1—p7+2) §>0; mMENy;0<B<10<

a<1l; L,un€eR and p €N, and let the functions f;(z)(i = 1,2) defined by (1.5) be in

the class M;"'A'“'”"S(ﬁ, ). Then the function

h(@) =20 = Y (@pns + @Bun) P P EN) (5:4)

n=1

belongs to the class M," Aen8 (&) where

v(n) = 2p(p + n)(1 — a)?
v(n) — 2p?B(1 — a)? }

o< inanN{ (5.5)

Where v(n) given by (4.2).

Proof. By virtue of Theorem 2.1, we obtain

p+én 2

- [n+p(1 = Ba)]yn(4 1,m,p)
2 ( ) p(1—a)

2
Ap+n1
n=1
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o (p -;671) [n+p(1 - Ba)]yn(A wn,p)
< Z p(—a) T =1 (G0

and
2

) I+ p(1 = Blya (i)

(5
z p(1—a) @42

. (p + 5n)m [n+p(1 = Ba)lyu(A 1, D)
p n ) ) )
<1 P - ) Ginz( S1 (57)

=1

It follows from (5.6) and (5.7) that

2

(M) [n+p(1 = Ba)lya(A, 1,1, p)

0 1 p 2 2
z 2 (1-a) (@pina t Apin2) < 1. (5.8)
n=1 p
Therefore, we need to find the largest o such that
+ 6n\"
- (p p ) [n + p(]‘ _ﬁo—)]yn()liﬂlnr p) 5 "
z p(1—o0) (@p4n1 + Apinz) < 1. (5.9)

n=1

Thus, it is sufficient to show that

<p+pf5n) [Tl + p(l - ﬁO')]yn(/L wn, p)
pr(1-o)

2

(BE2) 1+ p1 - pelva )

< =
-2 r(1—-a)

, (n=1). (5.10)

The inequality (5.10) yields
_ v = 2p( +m) (A - o)
v -2 A - o
where v(n) given by (4.2), and this inequality gives the required result.

Theorem 5.3. The class M;""l’”’"’a (B, @) is convex.
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Proof. Suppose that the functions f;(z)(i =1,2) defined by (1.5) are in the

class M;”'A’”’"‘S(B, ). Then it is sufficient to show that the function

h(z) =$f1(2) + (1 - §)f2(2) ,(0=¢<1) (5.11)
or, equivalently
h() =27 = ) (fapina + (1= Dapna} 27", 0<E<D  (512)
n=1

is also in the class M (B, ).

Now, from our hypothesis and Theorem 2.1, it follows readily that

Z (P -; n) [n+p(1 = B)ya(h 1,1,0) (apins + (1 = E)apin2)

n=1
<p(1-a)

which evidently proves Theorem 5.3.

6- Extreme Points
Theorem 6.1. Let

fp(2) = 2P, (p €EN) (6.1)
and
1 —
fpan(2) = 2P — Py p(1-a) ZPHn (p,neN). (6.2)
(BE2) b+ p(1 - Bl vl )

Then f(z) € M;"'A‘“’"“S(ﬁ, ) if and only if it can be expressed in the form:

0

FD =) epn fren@ (63)
n=0
where
Epn =0 Z Epsn =1 (6.4)
n=0
Proof. Let

0

FD = pn fyan(

n=0
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o] 1 _
-y pil-a) £pan 2P, (6.5)
n=1 (p > ) [n+p(1—Ba)] vn(A, 1,1, p)
Then, in view of (6.4), it follows that
+ é6n\"
i (BE2) fn +pCt - B i) b1 - a)
&
1- + on\" P

(- (BE5) [+ 001 - Bl )

- z Epin=1—g, < 1. ‘ (6.6)

n=1

So, by Theorem 2.1, the function f(z) belongs to the class M;”'A'“'""S (B, ).

Conversely, let the function f(z) defined by (1.4) belongs to the class M;""l‘“'""s(ﬁ, a),

then
p(1-a)
Ap+n < p+on m ,(p,n € N). (6.7)
( P ) [n+p(1— Ba)]yn(A, 1,1, p)
Setting
+ on\™
(BE) 1+ (1 - Ol )
€p+n - p(]. _ CZ) ap+‘n, ) (p'n € N)' (68)
and
g=1- z Ep+n (6.9)

1

S
1l

we can see that f(z) can be expressed in the form (6.3). This completes the proof of Theorem
6.1.

Corollary 6.2. The extreme points of the class M;”'A'”'""S (B, a) are the functions f,(z) and

fp+n(2) given by (6.1) and (6.2) respectively.

7- Radii of Close-to-convexity, Starlikeness and Convexity
Theorem 7.1. Let the function f(z) defined by (1.4) be in the class M;”"l’“'""s(ﬁ, @). Then

f(z) is p-valently close-to-convex of order ¢ (0 < o < p) inthe disk |z| < r; where
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m 1/71.
(p—o0) (@) [n+p(1 = Ba)]yn(A, u,m,p)

r(1-—a)(p+n)

r3 = infpey (7.1)
and y,(4,u,n,p) is given by (1.10). The result is sharp with the extermal function f(z)
given by (2.4).

Proof . It suffices to show that

];p(z) —p|sp—0 ,(z[<r3) (7.2)
Indeed we have
o _, Z(p + Wy 2" 73)

Hence (7.2) is true if

Y @+nauldt<p-o,
n=1

or
g s "i Gpan |2l < 1. (7.4
By Theorem 2.1, (7.4) is true if
pin . (F5) ot —plGunp)
P e . (meN). (75)

Solving (7.5) for |z|, we get the desired result (7.1).
Theorem 7.2. Let the function f(z) defined by (1.4) be in the class M;”"l’“'""s(ﬁ, @). Then

f(z) is p-valently starlike of order ¢ (0 < ¢ < p) inthe disk |z| < r, , where
n

=) (BE) o+ p(1 = p)lya s, p)
P - +n-0)

1y = inf, ey (7.6)
and y,(4, u,n,p) given by (1.10). The result is sharp with the extermal function f(z) given
by (2.4).

Proof. It suffices to show that
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zf'(2) ‘
—-pl<p-o ,(lzl <. 7.7
oy P|=P ( 4) (7.7)
Indeed we have
zf (2) ‘ | = Zr=1napinz™ Yin=1N0pnlz|" 78)
f(2) 1- Zﬁﬂap_mzn S 1- Z$=1ap+n|z|" .
Hence (7.7) is true if
D e 2" < 0= 0) = Y 0= Datpay I (7:9)
n=1 n=1
that is, if
+
z (ptn- G) pin l2I* <1 (7.10)
By Theorem 2.1, (7.10) is true if
+ 6n\™
(p+n-o0) 2| (p D ) [n+p(1 - B)]yn(4 w1, p)
—_— < , n € N). 7.11
w-o pd-a) men). @1

Solving (7.11) for |z|, we get the desired result (7.6).
Theorem 7.3. Let the function f(z) defined by (1.4) be in the class ]v[;”"l’”'""g([)’, a). Then

f(2) is p-valently convex of order ¢ (0 < ¢ < p) inthe disk |z| < 15, where
Yn

@ -0 (BE) o+ p(1 = plra o, p)

r+n)A-a)(p+n-o)

s = infneN (712)

and y,(4, u,n, p) given by (1.10). The result is sharp with the extermal function f(z) given

by (2.4).
Proof. It suffices to show that
z f'(2) ‘
1+— —p|l<p-0 ,(lz]| <) 7.13
30 p|<p 5 (7.13)

Indeed we have

+ 4 f”(Z) _ _ ‘ B Z§=1n(P + n)ap+n z"
f’(Z) p— Ztr'i:l(p + n) Ap+n A

Hence (7.13) is true if

Y=11(p + n)ayn |2]"
N p— Zﬁzl(p + n)ap+n |Z|n

(7.14)

http://tarbawej.elmergib.edu.ly 235



So—idldl =0

/‘i Journal of Educational 1.5 oadl il Jalaa
|
L

ISSN: 2011- 421X 20 23
Arcif Q3

o]

D D+ W apn 2 <SPG =)= ) P =P +Mapenl2”  (7.15)

n=1 n=1

or

—(p+n)(n+p-o)
p(p — o)

pan 21" < 1 (7.16)

n=1

By Theorem 2.1, (7.16) is true if

+ 6n\™
ptmmtp-o) (5] [+ p( -l p)
z|" <
(p—o) 2 1-a)
Solving (7.17) for |z|, we get the desired result (7.12).

,(n € N). (7.17)

8- Class-Preserving Integral Operators

We prove that the integral operator /., defined by (1.14) is indeed a class- preserving
operator for the class M;"A‘“‘""s (B, ).
Theorem 8.1. Let the function f£(z) defined by (1.4) be in the class M;”'A'”'""S(ﬁ, a@). Also let

¢ > —p. Then the function F(z) defined by (1.14) is also in the class M,"**™° (8, a).
Proof . from (1.14) and (1.4), it easily seen that

F(z) = zP — Z ApynzP*T, (8.1)
n=1
where
c+p
Ap+n = (m) Ap+n » (n eEN;c> —p) (82)

Since ¢ > —p, we have
0<Apin<apin, (n €N), (8.3)
which, in view of Theorem 2.1, immediately yields Theorem 8.1.

Remark 2. Letting c = 1 — p in Theorem 8.1, we obtain the following result.
Corollary 8.2. Let the function f(z) defined by (1.4) be in the class M;”"l’“’""s(ﬁ, a). Then

G(z) = Zp‘lf% dt (8.4)
0

is also in the class M (B, ).
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Theorem 8.3. Let ¢ > —p. Also let F(z) be in class M;"’A‘“'"“S(ﬁ, ). Then the function
f(z) given by (1.14) is p-valent in the disk |z| < r; where

1
+ 6n\™ n
((BER) €+ min+pa - polmmnp)
o = Infnen p+n)(c+p+n)(1-a) (8:5)
Proof. Assuming that
F(z) =zP — z bpinzP*, (bpsn = 0,p €N), (8.6)

from (1.14), we get

z'7¢ S c+p+n
f@) = == (zF@) = 27 - Z <W) ben 2™, (c>-p).  (8.7)
n=1
In order to prove the result, it suffices to show that
f'(@)
o1 P|=P. (Iz| < 76). (8.8)
Indeed we have

(Z) ‘

c+p+n
Z(p+ )( c+p )’”"zn

- c+p+n
Z ( p > p+n|Z|n;
n=

which yields the desired inequality in (8.8), provided that

S (p+n)(c+p+n)
p(c+p)

bynlzl™ < 1. (8.9)

But, since the function F(z) defined by (8.6) is in the class M,***"°(8, a), Theorem 2.1

gives us
o on\™
(B£2)" [+ p(1 = By .)
< :
Z p(1—a) bpin < 1. (8.10)
n=1
Thus the inequality (8.9), and hence also the inequality (8.8), will hold true if
+ 6n\™
(p+n)c+p+n), (p D ) [n+p(—Ba)lyn(4 wn,p) : )
z|" = n € N),
p(c +p) 12 p(1—a)
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that is, if
n

(p -;)671) (C + p) [n + p(l - Ba)])/n(l, wn, p)
p+n)(c+p+n)(1l-a)

|z| < (neN),

which leads us precisely to the main assertion of Theorem 8.3.

9- Integral Means Inequalities

Applying Lemma 1.3, we prove the following theorem.

Theorem 9.1. Let r>0;;120;,1<p+1;nza(1—”7”);820;meNo;o<ﬁs

LL0<a<l; A,,LL,T] € R and p E N. If f(Z) € M;n'l'u'n'&(ﬁ, a’), then for z = reigand

0 < r < 1,wehave

2T 27T
f |fre®)|" do sf |fps1(re®®)|" do (9.1)
0 0
where
R . 2+ (9:2)
(%) [1+p(1—=Ba)]yi(4 un,p)

and y, (4, u,n,p) given by (1.10).
Proof. Let f(z) of the form (1.4) and f,,,,(z) of the form (9.2), then we must show that

T

21 * T 21
1 —
f 1—zap+nz” dHSf 1- T o p(1-a) z| dé.
o | & o | (B i+ - gl @)
By Lemma 1.3, it suffices to show that
e 0] 1 _
1—Zap+nzn<1— T P - a) zZ
n=1 (pT> [1+p(1—pa)]lyi(A4un,p)
Setting
N p(1—a)
1- Z Apnz™t =1— S w(z). (9.3)
n=1 (T) [1+p(1—pa)]yi(A4un,p)

From (9.3) and (2.1), we obtain

http://tarbawej.elmergib.edu.ly 238



So—idldl =0

/‘i Journal of Educational 1.5 oadl il Jalaa
|
L

ISSN: 2011- 421X 20 2l
Arcif Q3

PE0) [+ p( = ] s, )
p(1—-a)

n
ApinZ

PO n+ (1 - )] 1a st )
<121y o apin < l2] < 1.

This completes the proof of the Theorem 9.1.

Remark 3. Letting p=1,A=u=86 =0 and f =1, in Theorem 9.1, we get the integral
means inequality for the class T*(a) .

Corollary 9.2. Lett > 0. If f(z) € T*(a), then for z = re®®and 0 < r < 1, we have

21 ) T 2T ) T
f |f (re®)] desf |f2(re'?)| do (9.4)
0 0
where
f>(2) =z—;:Zzz . (9.5)

Remark 4. If we take a =0 in T*(a) of Corollary 9.2, we obtain the result proved by
Silverman [9].
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