ISSN : 2706-9087

8 U realsr S‘“}
ELMERGIB UNIVERSITY %

FACULTY OF ART & SCIENCE KASR KHIAR - LIBYA *" X e

h]ou‘rnal of Humanltarlan and Apphed Sc1ences

83 by Lo g5 U2

witbalill Aliwl g Ciluyhill ‘gl puxill pgle ©
((angill Jih gal ,elgialll Juolgill clglus (runi 6 .udill a.dyglljga ) ©
Algaall Agysll ggidll e Lagilg Awg Ll Auell Ggisll Cildllga ©
Lalll Liginll 6 ilill ¢lhéll pos O
O Arabic Language Character Recognition Using Walsh-Hadamard Transform (WHT)
vs. Discrete Fourier Transform (DFT)
O Fekete-Szego Inequalities for Certain Subclasses of P-Valent Functions of Complex Order

Associated with Fractional Derivative Operator

DESEMBER 2O 1 ()
kshj@elmergih.edu.ly hitp Illmsl elmergib.edu.ly +21892516762




FoN gl AxiLuill pglell Aloa
(8) A
= O e

DESEMBER 2019

NEIFECN]
(ool Olowke Sl
AP
b Jobxadl oo Wl .5
27 e > dbas doxol .3
AP 55 Tlom doxa e

g,y L 1 Al

cyxo P o1 .5 SOl e .o
RV P B B = UL ENE SRTESN R V
Solatl Jg podl Falatl.y gyl oo o Jlous.d
49351 20 e (536291 dome (59l g1-o

3301 x> 1ol
e s gy Shos Ol Uxe o .
3gzilne 3 Bgg e | Tlee o plae

& Sy Z =Y
S pondl sl S|
©
090 JUCAYT (oo S (5L g5eus o Ll 5l Aonad Dolygino luno] Balels ooy ¥
2N iy 48190
A1 o Aomadl (5T, (50 83350 8 Y g clatlonol 115 Agg (p0 o Digoed | U )
AW gdzmo Joddll o

2L K



RisukiNy Bl sglull Al
l? ——————e—————

DESEMBER 2019 i3

yudl as1o8

L) e by LA Olulllly Sl BT G el gl plsal Jo ol dap e Lo
o AT IRV
¢ @Y Aty ¢ Bgudly ¢ Jasll dgemy dosdal) dmpllly ¢ (i) ) Sl gty Ol e 558 OF oy SO
-l g
Bty By jalrsy ¥ Cond) W) oSy (k] = g ) Sl pasde o fasty GU
slorl (eSS #1581 o sl IR oo Cllas OF el dtdy ¢ ool o Sontll piall Bokilt &y goed) piad
L opid e dmdighl 3 Condl Je dgllall Ctuuad)
il Ledil) &gl i gag sl gap
U8 e ) Olegoglt e Rl of Codl 05
AT Ol dlgls dB Er Ll 06 ol daeds dmg bl s Sns 5T NS (o) 8 0,80 G B Cmnd) 0555 Y
L Py 18 o dgmy I3 Gy T Ay &
ASupd ) e Bam s 3y erlh Ay Coudl el SO Al Sl jaf L3
0559 4yl Sgoed) Al duwsl3 dn k)l American Psychological Association(APA)
o 18l 35 as j2dl (14) o2 (Traditional Arabic) ks (Ad) Gy Js >y axy e sl
ol i o e B elr D5 as g 0w 2.5 uslgdl 0559 ysladl
« Modern Language Association (MLA) als 3y 5 iyl dally Sgodl 0% Ld 4
Gy ) Al asihs 979 s sedl (p 1 Blus 35 s (Times New Roman) L (12) Ls oxs
(i) CRand) Gl ) G 1 e OSG ( doie 17 Condl Ol Wi Y Ea Sl Bl &
Co o Dodall dngil) g mgop Coudl Qua o8 p Oy OGY1 B a2 055 OF Gt Condl Olgs 5
s3ally Johdt Slndee &l G dmdo 25 o ol CByg g Y O ¢ ede 28 gl AbL-Y1y Jaldl

N =

by Slage Jlg

slalt Gigy Sbdbally 28l Oshul Eux e odslgdy ol ol gl widl ol Je 2 6
28 a2l By i) gzl bly p3lall e Ji1 B o eSO gt g25 ¢ Codl ST G gl My
LSl b G ud W " ey dusl B (bl B 6T o B gtns

Blelp Coldl oo Cllayg (ool @aelid) povay S0y paaasiis (B 0 el if dnal] Ledil) Sigdt 7
a1y dygallt sllas Y1 e 4 AaSlu

313 Gl Jup OF o el dmy Jocaal] LB of 2all Ygado OIS0 a8 Jguds S jlasly Ut azls 8
— peelly BJSTNg dasldly — Lokl Lmplly — SNII el oy OSGY1 B a2 (CV ) i3 B w28
- sy — 39 AV Wl — Sy O) WL g2l

2L=J<




ISSUE e . Sl
dudubillg adlulll aglell dlaa N\

DESEMBER 2019 2019 pasgs

sl e Ol gl ogd Wl gy 8 a8 B9 ¢ 55 4 ol Dot lgm WiloesoY sl ¥ Aol Lol St 9
LB gy Byl e Yy Ll

Bl Slasleg 238 Aassly Slgudly S ERL Blar Loy goudly oladl JBL glan L IS i U 10
i gdas Olndo o o Ay Y 0T e CaS) Uiy dnedal)

S ol o B U1 Wgim sk OF Jo huadl of BLoY ol movadl] aslryly st Jod W) s} 11
(CD )gots (03 Jo L\l 41390

29 sl o adalt laml yeldl J) JE5 8 Aot Clas yade Co e il B Sl e 12
RS L PRUIPS [Py

L as a J) AUl 3148 oo Brwy ExU1 395 .13

Ul L dea




ISSUE

drauhillg Auluwlll aglell ilaa

— R

DESEMBER 2019

Sdall Lo Ldl

£ Ol any el saall pLSI el el puis O Rdally Reelr¥ Iy LY plell A % Bon oy
LS L3 Slasde o oy ol Olgzall o Yy Riedaslly KLY paball kst o) Lol Jpis
OF el 2eadly 25331 gl g 3 Bl Slublly Sl o0 Aegamns Yol sl 1 3l
colite suadl i (8 f:JQ‘ ol ag
Sloudl 3Ll 1T s LB ¢yl sleVly clodl sl V1 Al b OF sy gl ohs b o3
Bale @iy s 2 min 3By lulylly ool Jaadl e Jo o o) Al Rl cdal] Gy ezl
G2 @ b Slesioge ST Sgdly Sluhll 055 Eut ol Y1 ety L2 ol e Sie
i) o LY pglall S 3 6lgw ,mll pols
gmdl e slgm o Al V1 e 5L LY Lolsd s el OB Sl 35Ld) SE
L5 or Sl 2y rest o8 ) Sl Bl s a3l 35 (sl S el ol sl

o 1 Cogny Kool 1Y 8 Lom Al 5 S e ) 3y




ISSN: 2706-9087
ISSUE
apapbilly dobwilll agl=ll dlaa

DESEMBER 2019

Fekete-Szego Inequalities for Certain subclasses of p-Valent
Functions of Complex Order Associated with Fractional
Derivative Operator
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Abstract
In the present paper, we obtain Fekete-Szego inequalities and sharp bounds for some

subclasses of analytic and p-valent functions in the open unit disk defined by certain

fractional derivative operator.

Keywords: p-valent function, subordination, starlike function, convex function,

fractional derivative operator, Fekete-Szego inequality.

Introduction And Definitions
Let A(p) denote the class of functions defined by

F@) =22+ ) e 2™, (p €N) (1.1)

which are analytic and p-valent in the open unit disk U = {z: |z| < 1}.

Let f(z) and g(z) be functioning analytic in U, we say that the function f(z) is a
subordinate to g(z), if there exists a Schwarz function w(z), analytic in U, with
w(0) =0and |w(z)| <1 (z € U), suchthat f(z) = g(w(z)) forallzeU.

This subordination is denoted by f < g or f(z) < g(z). It is well known that, if the
function g(z) is univalent in U, f(z) < g(z) if and only if f(0) =g(0) and
fU) e g(W).

Let ¢(z) be an analytic function with ¢(0) =1, ¢'(0) >0 and Re(¢(2)) >

0 (z € U), which maps the open unit disk U onto a region starlike with respect to 1

(313)
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and is symmetric with respect to the real axis . Ali et al. [1] defined and studied the class

Spp (@) to be the class of functions f(z) € A(p) for which

1(1 zf'(2) 1 U, b € C\{0 1.2
B{Em_ }<¢(Z), (ZE 4 € \{ }) ()
and the class Cp, ,,(¢) of all functions for which
1 1 zf"(2)
1-3+ E{ 1+ i) } < ¢(2), (z€UDbeC\{0}) (1.3)

Note that S7,(¢) =S5"(¢) and C;,(¢p) = C(¢), The classes were introduced and
studied by Ma and Minda [2]. The familiar class S*(«) of starlike functions of order «
and the class C(a) of convex functions of order &, 0 < a < 1 are the special cases of

S11(¢) and Cy 1 (¢), respectively, when

1+ -2a)z

(@) =———

We recall the following definitions of fractional derivative operators which were
used by Owa [4] and see [6] and [7] as follows:
Definition 1.1. The fractional derivative operator of order A is defined, for a function

f(2), by

d (% f@©
A-Ndz)y, -7

D}f(z) = T ¢, 0<a<1 (1.4)

where f(z) is analytic function in a simply-connected region of the z-plane containing
the origin, and the multiplicity of (z — &)~ is removed by requiring log(z — &) to be
real when z — & > 0.

With the aid of the above definition, we define a generalization of the fractional

derivative operator Qéf by

rl+p-—24)
'l +p)

for f(z) € A(p), p€N and 0<A<1. Then it is observed that Qg,’f f(z) maps

QP f(2) = 2% D§,1f (2) (1.5)

A(p) onto itself as follows:

QL@ =27+ ) 9u(Ap) ayin 27T (16)
n=1

(314)
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where

TM+p—-ATA+p+n)

A+ pra+p—a+m’ TN a7

Pn(4,p) =
We let ¢, (1,p) = ¢, , and notice that
WL (@) = f(2),
and

arr =2 p()

Motivated by the classes Sj, ,(¢) and Cp,,(¢) which were studied by Ali et al. [1],
we introduce a more general class of complex order S,i"p' p(¢) which we define in the
following.

Definition 1.2. Let ¢(z) be an univalent starlike function with respect to 1 which maps

the open unit disk U onto a region in the right half-plane and symmetric with respect to

the real axis, ¢(0) =1 and ¢'(0) >0 . A functions f(z) € A(p) is in the class

Shop(9) if

2(Qi2F()) + B2 (242 ()
(1 - B) Q2f(2) + B (QU2f (@)

where b€ C\{0}, 0SB <1, 0<A1<1, peN and z€U. Also, welet S} 2(¢) = S} ().

1+

=17 < ¢(2), (1.8)

S|
T |-

The above class S{},p,ﬁ(cp) i1s of special interest and it contains many well-known
classes of analytic functions. In particular; for A = 0 and f = 0, we have
Sppo(P) = Spp(¢)
where S ,,(¢) is precisely the class which was studied by Ali et al. [1], while for 1 = 0
and f = 1, we have
Sl?,p,l(¢) = Cb,p (‘I—”)
where Cp, ,(¢) is precisely the class which was introduced by Ali et al. [1].
Furthermore, by specializing the parameters A, b,p and f we obtain the following
subclasses which were studied by various others:
I- For 1=0,b=1,p=1 and f =0, we get the class 57, ,(¢) = S*(¢)
which was studied by Ma and Minda [2].

(315)
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2- For 2=0, b=1,p=1 and B = 1, we get the class S, , (¢) = C(¢) which
was studied by Ma and Minda [2].

3- For A=0,p =1 and B = 0, we have the class Sy, ¢(¢) = S;(¢) which was
studied by Ravichandran et al. [5].

4- For A=0,p =1 and B = 1, we have the class Sy, o(¢) = C,(¢p) which was
studied by Ravichandran et al. [5].

5- For =0, b=1 and B =0, we get the class S7, o(¢) = S;(¢) which was
studied by Ali et al. [1].

Very recently, Ali et al. [1] obtained the sharp coefficient inequalities for functions
in the class S ,,(¢) and many other subclasses of A(p).

In the present paper, we obtain Fekete-Szego inequalities of the functions belonging
to the classes Sf,p, p(¢) and S ;L,p,ﬁ (¢). These results are extended to the other classes
that were defined earlier. See [1], [2] and [5] for Fekete-Szegd problem for certain
related classes of functions.

Let Q be the class of analytic functions of the form

w(z) = wyz + wyz? + -
in the open unit disk U satisfying the condition |w(z)| < 1. In order to prove our main

results, we need the following lemmas which shall be used in the sequel.
Lemma 1.3 [1]. If w € Q, then
lw, —tw?|<{ 1 if —1<t<1,
t  if t>1
when t < —1 or t > 1, equality holds if and only if w(z) = z or one of its rotations.
If —1 <t <1, then equality holds if and only if w(z) = z2 or one of its rotations.

Equality holds for ¢ = —1 if and only if

A+z
1+Az’

or one of its rotations, while for ¢ = 1, the equality holds if and only if

w(z) =z (/-]

A+z
1+Az’

w(z) = -z 0<21<1)

or one of its rotations .

(316)



ISSN: 2706-9087

ISSUE Skt |

drdubillg dnluilll aglell 4104

DESEMBER 2019 9019 o u g

Although the above upper bound is sharp, it can be improved as follows when
-1<t<1:
lw, —tw?| + (t+ Dwy |2 <1, (-1<t<0)
and

lw, —tw?|+ (1 —-t)wy|? <1, o<t<1).

Lemma 1.4 3, inequality 7, p.10]. If w € Q, then for any complex number ¢,
|w, — tw?| < max(1, |t]).

The result is sharp for the functions w(z) =z or w(z) = z2.

1- Coefficient bounds

By making use of Lemmas 1.4-1.5, we prove the following:

Theorem 2.1. Let ¢(z) =1+ B,;z+ B,z?+ -+, where B, s are real with B; >
0,B, = 0, and @ is a real number and

_ i1+ pp)*[(B, — By) + pBi]

N = T B[ + Bp)? — B @D
. = ®2(1 + Bp)?[(B, + B,) + pB?] 22)
g 2¢,pB2[(1 + Bp)? — B2] '

_ @i(1 + Bp)?[B, + pBf] 2.3)

% = 20,pB7[( + Bp)? — A
If f(z) given by (1.1) belongs to the class S;’B (¢p) and @4, @, given by (1.7), then

p (1+B(—1) 209, B?
267 (TT A6 T 1)>{BZ PBi [1‘ p (1‘ (1+ﬁp)2>] 0=
. pB, (1+B(p—1)
|ap+2 — 9a,,+1| < E(m) o, < 6 < gy
p (1+B(—1) , [209; B? ]
272(1+B(p+1)){‘32 trh [ . <1_(1+ﬁp)2>_ 1_} =0
(2.4)

Further, if 0, < 0 < 03, then
2 2 2
i(1+ Bp) { B, [294’2 < B ) ] }
Appp —Ba2. | + 1-——+ 1-— —1|pB; tlay1]?
A VTN (s ez G Tl I 1+ pp)? PEiflape|
<p_31<1+l3(p—1)>
20 \1+B(p+ 1)
If 03 <8 <o0,,then

(2.5)

(317)
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@i (1+pp)® B, [26¢, p?
WWQ_9%*”+2¢m8du+ﬁnﬂ—ﬁﬂ{1+ﬁi_[¢f<1_Gﬂﬁmﬁ>_4p&}”“dz
pBy (1+B(p—1)
= 2—(pz<1 T 1)) (26)
For any complex number,
pBy (1+B(p—-1) 209, B? B,
lapsz — 0az,,| < Z—%(W) max {1, | - (1 “ax ,Bp)z) pB; — B~ pB; } 2.7
The results are sharp.
Proof. If f(z) € Sg’ (), then there is a Schwarz function
w(z) =wiz+wz%2 + €EQ
such that
1 2(Qi2F@) + 22 (QU2F @)
1 (05 : ) ( 0/1 ) = (W) (2.8)
P(-p)2f@)+p(Q2f@)
since
1 2(2f@) +p22 (Q2f @) .+ .
- T = — $10p4+12
Pa-pailr@ +p(odirw)  PRTAeTD
2(1+B(p-1) 1+ Bp)®
_%5Q+B@+1Q¢ﬂ“2_m1+Mp—DP¢ﬁ%1ﬁ+"' @
We have from (2.8),
_ p[1+ B — D]Biw,
W =T, A+ Bp) (2.10)
and
1+ -1
Api2 = %(%) {Byw, + (B, + PB12)W12} (211)
Therefore, we have
PB. (1+B(p -1
Uiz —0ap4q = i(m) {w, —vwi} (2.12)
where
{209, B? B,
V= [ py (1 - a+ ﬁp)z) - 1] pB, — 3_1 (2.13)

The results (2.4)-(2.7) are established by an application of Lemma 1.3 and inequality (2.7) by Lemma 1.4.
To show that the bounds in (2.4)-(2.7) are sharp, we define the functions Ky, (n = 2,3,...) by

(318)
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1 2(QF K@) + B2 (MK (2)) ,
L (o i ) (°A¢ )'=¢@mw, Kpn(0) = (Kgn) (0) =1 =0
P (1= ) QT Kpn(@) + B (T Ky (2) )

and the functions F., G, (0 <r < 1) defined by

"

l z (QgﬁFr(z))' +Bz* (Qf},’gFr(Z)) _ o (z(z + r))
)' )

F(0)=F'(0)—1=0

P 1-p) Q@) + B (QE @) L
and
17z (Qg.'gGr(Z))’ +pz* (QS‘,’gGr(z))” z(z+r) ,
D = (_1+rz>' (0 =6(0)-1=0

(1= B) 26.(2) + B (Q476.(2))
respectively, it is clear that the functions Ky, , F. and G, belong to the class Sz/}, B (¢). If
0 <o, or 6> o0, then the equality holds if and only if f is Kg, or one of its
rotations. If 07 < 6 < 0, , the equality holds if and only if f is Kg3 or one of its
rotations. If 6 = gy , then the equality holds if and only if f is F. or one of its
rotations. If 6 = o0, , then the equality holds if and only if f is G, or one of its

rotations.

Theorem 2.2. Let ¢(z) =1+ B,z + B,z?+ -+, where B, s are real with B; >
Oand B, = 0.

If f(z) given by (1.1) belongs to the class S;"p'ﬁ (¢p) and ¢4, @, given by (1.7), then for

}

(2.14)

any complex number 8, we have

plb|By (1+pF(p—1) 200, ,82 B,
- 2 < - — ——
(@12 = 00| < 2, (1 + B+ 1)) max b 5 RN EY B L

The result is sharp.

Proof. The proof is similar to the proof of Theorem 2.1.
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