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ȋاستخدام ا ȄǴر عȇتحرǳئة اȈǿ ǺǷ ًا، حرصاǿشرǻ دراسات المرادǳث واȂبحǳتابة اǯ في ȆǸǴعǳب اȂǴسȆبغǼȇ  اتباع
 اȂǬǳاعد اǳتاȈǳة : 

ǰǳتروني ، واǳبرȇد اȍن يحتȂى عȄǴ اǳعȂǼان واسǶ اǳباحث ) اǳباحثين ( ، واǳدرجة اǳعȈǸǴة وجȀة اǳعǲǸ ، واǳدوǳة ، أ ǼȇبغȆاǳغȐف 
 وسǼة اǼǳشر . 

 نجȈǴزي ( بعǰس ǳغة اǳبحث ȇ ȏتجاوز ورǫة واحدة.إ –المتن ȇشتǲǸ عǴǷ ȄǴخص Ǵǳبحث ) عربي 
ن تطǴب ǺǷ المؤǳف بǼاء عȄǴ اǫتراح المحǸǰين ϵجراء أتخضع اǳبحȂث المǬدǷة ǼǴǳشر ǴǳتحǶȈǰ اǳعȆǸǴ ، ولهȈئة اǳتحرȇر 

ǫ بحثǳا ȄǴبة عȂǴت المطȐȇتعدǳا. ǽشرǻ ȄǴة عǬافȂالم ǲب 
 :ضȂابط وȂǷاصفات اǳبحȂث المǬدǷة ǼǴǳشر

 و اǳدراسة ضǺǸ المȂضȂعات اǳتي تختص بها المجǴة .أن Ȃǰȇن اǳبحث أ .1
خر آو Ȃǰȇن اǳباحث ǫد تǼاوǾǳ بعȂǼان أطروحة عȈǸǴة أو ǷستǺǷ Ȑ أالمجȐت  ىحدإȂǰȇن اǳبحث ǫد سبǻ Ǫشرǽ في  ȏا أ  .2

 بهذا الخصȂص . ȆبتعȀد خطخرى وȂȇثǪ ذǮǳ أفي وسǴȈة ǻشر 
 اǷȋرȈǰȇةفǸȈا يخص اǳبحȂث اǳعربȈة تǰتب ȂǿاǷش اǳبحث وǫائǸة المراجع  وفǪ دǲȈǳ جمعȈة عǶǴ اǼǳفس  .3

(APA)American  Psychological  Association   نȂǰة وتȈعربǳث اȂبحǴǳ سبةǼǳʪ سةǷطبعة الخاǳا
بين  1( ǼǴǳص Ƿع ترك Ƿسافة 11( بحجǶ )Traditional Arabic( بخط )A4اǳطباعة عȄǴ وجǾ واحد عȄǴ ورق )

 سǺǷ Ƕ جȀة اǳتجȈǴد ،  3سǶ و Ƿع ترك ǿاǷش  2.2اǳسطȂر وتȂǰن الهȂاǷش 
،  Modern Language Association ( MLAفǸȈا يخص اǳبحȂث Ǵǳʪغة اȍنجȈǴزȇة تǰتب وفǻ Ǫظام ) .1

وجȂد ǴǷخص Ǵǳʪغة اǳعربȈة بين اǳسطȂر Ƿع  1( Ƿع ترك Ƿسافة Times  New Roman( بخط  )12بحجǶ خط )
 صفحة ي Ȃǰȇن اǳتȂثǪȈ داخǲ المتن ) اǬǴǳب ، اǳسǼة ، اǳصفحة ( . 11في بداȇة اǳبحث بحȈث ȏ تزȇد صفحات اǳبحث 

ن ȇعبر عǿ Ǻدف اǳبحث بȂضȂح وȇتبع المȀǼجȈة اǳعȈǸǴة ǺǷ حȈث أǰǷان و ن Ȃǰȇن مختصرا ǫدر اȍأعȂǼان اǳبحث يجب  .2
صفحة بما في ذǮǳ صفحات الجداول واǳصȂر  22ن ȏ تزȇد ورǫات اǳبحث عǺ أعȆǸǴ ، و  ȆاǳتǼاول واȍحاطة ϥسȂǴب بحث

 واǳرسǷȂات وغيرǿا .
سȂǴب اǳعرض والمصطǴحات وتȂثǪȈ المصادر أوȂǫاعدǺǷ ǽ حȈث  اǳعȆǸǴيجب عȄǴ اǳباحث اǳتȈȈǬد ϥصȂل اǳبحث  .6

ر والمراجع المستخدǷة ، وȈǿئة اǳتحرȇر غير خر اǳبحث ، وȂǿ المسئȂل ǰǳʪاǲǷ عǺ صحة اǺǷ ǲǬǼǳ المصادآوالمراجع في 
 Ǻة عǳȂسئǷخاطأ ǲǬǻ ات ئ "يǫة أسرȈǸǴة وعȈث .  "دبȂبحǳا ǮǴد تحدث في تǫ 

1.  ǶȈȈǬتǳا ǺǸضȇ ǲǰتخصصين بشǷ ǲبǫ ǺǷ ǶȈȈǬتǴǳ ة تخضعǴجǸǴǳ ةǷدǬث المȂبحǳاȆǸǴعǳراعاة اǷ باحثǳا ǺǷ بǴتطȇو ،
ȋا ǺǷ Ǿة بحثǷȐة .سȈئȐǷȍة واȇȂغǴǳخطاء ا 

ذا ǫبǲ إن ȇرسǲ اǳباحث أو ǫابǴǳ Ȑتعدǲȇ بعد اǳتǶȈȈǬ  عȄǴ أن ǯان ǬǷبǼǴǳ ȏȂشر إزم المجǴة ϵشعار اǳباحث بǬبȂل بحثǾ تǴت .8
 -والجاǷعة واȈǴǰǳة واǬǳسǶ  –واǳدرجة اǳعȈǸǴة  –ǰǷان ȇتضǺǸ اȏسǶ اǳثȐثȆ (  مختصر ǫدر اCV  ȍبحثǾ سيرة ذاتȈة ) 

 والهاتف . –ǰتروني اǳبرȇد اǳȏ –وجدت  إنǶǿ المؤǳفات أو 



 
 

�Ν 
 

9. ȏ ةǴجǸǴǳ ةǷدǬث المȂبحǳشرت  اǻ اءȂصحابها سȋ رأي أتعاد Ǻتعبر ع Ȇǿشر ، وǼأو لم تǳȂالمسئ ǶȀصحابها ف Ȃ اȈا أدبȀǼن ع
 وǫاȈǻȂǻا وȏ يمثǳʪ ǲضرورة رأي المجǴة .

ǯاديمȈة وǴǷخصات اǳرسائǲ اȋالمجǴة تǼشر Ƿ ǲǯا ȇتعʪ ǪǴلمجال اǳعȆǸǴ واǳبحثȆ وǷا ȇتعʪ ǪǴلمؤتمرات واǼǳدوات واǻȋشطة  .11
 ȄǴتب عǰǳد اǬǻة وȈǸǴعǳعة  أاȂطبǷ خمس صفحات Ǻد عȇتز ȏ ن 

ن ȂǬȇم بتزوȇد المجǴة بǼسخة ǺǷ اǳبحث في عȄǴ أو اǳتعدǲȇ أضافة و اȍأشعار اǳباحث بǬبȂل بحثǾ وإرجاعǴǳ ǾتصحȈح إ .11
 (.  CDصȂرتǾ اȀǼǳائȈة عǫ ȄǴرص ǷدǷج)

وȇȂǳة اǳدور ألى اǳدور ǻʪتظار اǳطبع حسب إصدور خطاب صȐحȈة اǼǳشر وتحال تعتبر اǳبحȂث ǫابǴة ǼǴǳشر ǺǷ حȈث  .12
ȋا Ƕشر .وزخǼǴǳ ةǳبحاث المحا 

13.  ǺǷ سخةǼباحث بǳزود اȇإ   . Ǿشر بها بحثǻ تيǳة اǴعداد المج 
 

�Ȉǿئة تحرȇر المجǴة
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Abstract 
     In the present paper, we obtain Fekete-Szegö inequalities and sharp bounds for some 

subclasses of analytic and p-valent functions in the open unit disk defined by certain 

fractional derivative operator.  

 

Keywords: p-valent function, subordination, starlike function, convex function, 

fractional derivative operator, Fekete-Szegö inequality. 
 

Introduction And Definitions 
      Let  ሺ ሻ denote the class of functions defined by 

     ሺ ሻ ൌ   ൅෍    

 

   

                      ሺ   ሻ                                                        ሺ   ሻ 

which are analytic and p-valent in the open unit disk  ൌ ሼ  | | ൏  ሽ. 

 

     Let  ሺ ሻ and  ሺ ሻ be functioning analytic in  , we say that the function  ሺ ሻ is a 

subordinate to  ሺ ሻ, if there exists a Schwarz function  ሺ ሻ, analytic in   , with 

 ሺ ሻ ൌ   and | ሺ ሻ| ൏    ሺ   ሻ,  such that  ሺ ሻ ൌ  ൫ ሺ ሻ൯ for all     . 

    This subordination is denoted by       or   ሺ ሻ   ሺ ሻ. It is well known that, if the 

function  ሺ ሻ is univalent in   ,   ሺ ሻ   ሺ ሻ if and only if   ሺ ሻ ൌ  ሺ ሻ  and  

 ሺ ሻ   ሺ ሻ. 
 

   Let  ሺ ሻ be an analytic function with   ሺ ሻ ൌ     ᇱሺ ሻ ൐   and   ሺ ሺ ሻሻ ൐

   ሺ   ሻ, which maps the open unit disk     onto a region starlike with respect to 1 
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and is symmetric with respect to the real axis . Ali et al. [1] defined and studied the class 

     ሺ ሻ to be the class of functions  ሺ ሻ   ሺ ሻ for which 

      ൅
 
 
ቊ
 
 
 
  ᇱሺ ሻ
 ሺ ሻ

െ  ቋ   ሺ ሻ           ሺ        ሼ ሽሻ                               ሺ   ሻ 

and the class     ሺ ሻ of all functions for which 

     െ
 
 
൅

 
  

ቊ  ൅
  ᇱᇱሺ ሻ
 ᇱሺ ሻ

ቋ   ሺ ሻ                 ሺ        ሼ ሽሻ                           ሺ   ሻ 

Note that       ሺ ሻ ൌ   ሺ ሻ and      ሺ ሻ ൌ  ሺ ሻ, The classes were introduced and 

studied by Ma and Minda [2]. The familiar class   ሺ ሻ of starlike functions of order   

and the class  ሺ ሻ of convex functions of order    ൑  ൏   are the special cases of 

     ሺ ሻ and     ሺ ሻ, respectively, when 

 ሺ ሻ ൌ
 ൅ ሺ െ   ሻ 

 െ  
   

 

      We recall the following definitions of fractional derivative operators which were 

used by Owa [4] and see [6] and [7] as follows: 

Definition 1.1. The fractional derivative operator of order   is defined, for a function 

 ሺ ሻ  by 

 ௭
ఒ ሺ ሻ ൌ

 
īሺ െ  ሻ

 
  

න
 ሺ ሻ

ሺ െ  ሻఒ
௭

 
             ൑  ൏                                          ሺ   ሻ 

where  ሺ ሻ is analytic function in a simply-connected region of the z-plane containing 

the origin, and the multiplicity of ሺ െ  ሻ ఒ is removed by requiring    ሺ െ  ሻ to be 

real when   െ  ൐    
 

    With the aid of the above definition, we define a generalization of the fractional 

derivative operator ȍ  ௭
ఒ    by 

ȍ  ௭
ఒ   ሺ ሻ ൌ

īሺ ൅  െ  ሻ
īሺ ൅  ሻ

  ఒ     
ఒ  ሺ ሻ                                                          ሺ   ሻ 

for   ሺ ሻ   ሺ ሻ       and   ൑  ൏   . Then it is observed that  ȍ  ௭
ఒ   ሺ ሻ maps 

 ሺ ሻ onto itself as follows: 

ȍ  ௭
ఒ   ሺ ሻ ൌ   ൅෍  ሺ   ሻ          

�

   

                                                          ሺ   ሻ 
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where  

   ሺ   ሻ ൌ
īሺ ൅  െ  ሻīሺ ൅  ൅  ሻ
īሺ ൅  ሻīሺ ൅  െ  ൅  ሻ

          ሺ   ሻ                                ሺ   ሻ 

We let    ሺ   ሻ     , and notice that 

   ȍ  ௭
    ሺ ሻ ൌ  ሺ ሻ  

and 

   ȍ  ௭
    ሺ ሻ ൌ

  ƍሺ ሻ
 

  

 

    Motivated by the classes      ሺ ሻ and     ሺ ሻ  which were studied by Ali et al. [1], 

we introduce a more general class of complex order       ఉ
ఒ ሺ ሻ which we define in the 

following. 

Definition 1.2. Let  ሺ ሻ be an univalent starlike function with respect to 1 which maps 

the open unit disk   onto a region in the right half-plane and symmetric with respect to 

the real axis,   ሺ ሻ ൌ    and   ᇱሺ ሻ ൐   .  A functions  ሺ ሻ   ሺ ሻ is in the class  

     ఉ
ఒ ሺ ሻ if  

 ൅
 
 
൞
 
 
 
 ቀȍ  ௭

ఒ   ሺ ሻቁ
ƍ
൅    ቀȍ  ௭

ఒ   ሺ ሻቁ
ƍƍ

ሺ െ  ሻ ȍ  ௭
ఒ   ሺ ሻ ൅  ቀȍ  ௭

ఒ   ሺ ሻቁ
ƍ െ  ൢ   ሺ ሻ                                     ሺ   ሻ 

where      ሼ ሽ   ൑  ൑    ൑   ൏        and      .  Also, we let       ఉఒ ሺ ሻ ൌ    ఉఒ ሺ ሻ.     

    The above class      ఉ
ఒ ሺ ሻ is of special interest and it contains many well-known 

classes of analytic functions. In particular; for  ൌ   and   ൌ  , we have 

       ሺ ሻ ൌ      ሺ ሻ 

where      ሺ ሻ is precisely the class which was studied by Ali et al. [1], while for  ൌ   

and  ൌ  , we have 

       ሺ ሻ ൌ     ሺ ሻ 

where     ሺ ሻ is precisely the class which was introduced by Ali et al. [1]. 

     Furthermore, by specializing the parameters       and   we obtain the following 

subclasses which were studied by various  others: 

1- For   ൌ    ൌ     ൌ    and  ൌ  , we get the class        ሺ ሻ ൌ   ሺ ሻ 

which  was studied by Ma and Minda [2].  
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2- For   ൌ    ൌ     ൌ    and  ൌ  , we get the class        ሺ ሻ ൌ  ሺ ሻ which 

was studied by Ma and Minda [2].  

3- For  ൌ     ൌ    and  ൌ  , we have the class        ሺ ሻ ൌ    ሺ ሻ which was 

studied by Ravichandran et al. [5]. 

4- For  ൌ     ൌ    and  ൌ  , we have the class        ሺ ሻ ൌ   ሺ ሻ which was 

studied by Ravichandran et al. [5]. 

5- For   ൌ    ൌ    and  ൌ  , we get the class        ሺ ሻ ൌ    ሺ ሻ which was 

studied by Ali et al. [1]. 

     Very recently, Ali et al. [1] obtained the sharp coefficient inequalities for functions 

in the class      ሺ ሻ and many other subclasses of  ሺ ሻ  

      In the present paper, we obtain Fekete-Szegö inequalities of the functions belonging 

to the classes       ఉ
ఒ ሺ ሻ and      ఉ

ఒ ሺ ሻ. These results are extended  to the other classes 

that were defined earlier. See [1], [2] and [5] for Fekete-Szegö problem for certain 

related classes of functions.  

     Let  �  be the class of analytic functions of the form  

 ሺ ሻ ൌ    ൅     ൅                                                                

in the open unit disk   satisfying the condition  | ሺ ሻ| ൏  . In order to prove our main 

results, we need the following lemmas which shall be used in the sequel. 

Lemma 1.3 [1].  If    �, then 

|  െ    
 | ൑ ቐ

െ               ൑ െ                 
            െ  ൑  ൑        
                      ൒                 

 

when  ൏ െ   or   ൐  , equality holds if and only if   ሺ ሻ ൌ    or one of its rotations. 

If  െ ൏  ൏  , then equality holds if and only if   ሺ ሻ ൌ     or one of its rotations. 

Equality holds for   ൌ െ   if and only if 

 ሺ ሻ ൌ  
 ൅  
 ൅   

                  ሺ ൑  ൑  ሻ 

or one of its rotations, while for   ൌ  , the equality holds if and only if 

 ሺ ሻ ൌ െ 
 ൅  
 ൅   

              ሺ ൑  ൑  ሻ 

or one of its rotations . 
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     Although the above upper bound is sharp, it can be improved as follows when  

െ ൏  ൏  : 
|  െ    

 | ൅ ሺ ൅  ሻ|  | ൑               ሺെ ൏  ൑  ሻ 

and 
|  െ    

 | ൅ ሺ െ  ሻ|  | ൑              ሺ ൏  ൏  ሻ  

 

 Lemma 1.4 [8, inequality 7, p.10].  If    � ,  then for any complex number   ,  
|  െ    

 | ൑    ሺ  | |ሻ  

The result is sharp for the functions   ሺ ሻ ൌ    or   ሺ ሻ ൌ   . 

 

1-  Coefficient bounds  

By making use of Lemmas 1.4-1.5, we prove the following: 

Theorem 2.1. Let   ሺ ሻ ൌ  ൅    ൅     ൅      where       are real with    ൐

    ൒  , and    is a real number and 

  ൌ
  
 ሺ ൅   ሻ ሾሺ  െ   ሻ ൅     ሿ
       ሾሺ ൅   ሻ െ   ሿ                                                            ሺ   ሻ 

  ൌ
  
 ሺ ൅   ሻ ሾሺ  ൅   ሻ ൅     ሿ
       ሾሺ ൅   ሻ െ   ሿ                                                            ሺ   ሻ 

  ൌ
  
 ሺ ൅   ሻ ሾ  ൅     ሿ

       ሾሺ ൅   ሻ െ   ሿ                                                                      ሺ   ሻ 

If  ሺ ሻ given by (1.1) belongs to the class     ఉ
ఒ ሺ ሻ and       given by (1.7), then 

ห    െ       ห ൑

{
  
 

  
  
   

൬
 ൅  ሺ െ  ሻ
 ൅  ሺ ൅  ሻ

൰ ቊ  ൅     ቈ െ
    

  
 ቆ െ

  

ሺ ൅   ሻ 
ቇ቉ቋ          ൑         

   
   

൬
 ൅  ሺ െ  ሻ
 ൅  ሺ ൅  ሻ

൰                                                                                ൑  ൑    

 
   

൬
 ൅  ሺ െ  ሻ
 ൅  ሺ ൅  ሻ

൰ ቊെ  ൅     ቈ
    

  
 ቆ െ

  

ሺ ൅   ሻ 
ቇ െ  ቉ቋ          ൒       

   

ሺ   ሻ 

Further, if    ൑  ൑    ,  then 

ห    െ       ห ൅
  
 ሺ ൅   ሻ 

      ሾሺ ൅   ሻ െ   ሿ ቊ െ
  

  
൅ ቈ

    

  
 ቆ െ

  

ሺ ൅   ሻ 
ቇ െ  ቉    ቋ ห    ห    

൑
   
   

൬
 ൅  ሺ െ  ሻ
 ൅  ሺ ൅  ሻ

൰                                                                                                       ሺ   ሻ 

If    ൑  ൑    , then 
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ห    െ       ห ൅
  
 ሺ ൅   ሻ 

      ሾሺ ൅   ሻ െ   ሿ ቊ ൅
  

  
െ ቈ

    

  
 ቆ െ

  

ሺ ൅   ሻ 
ቇ െ  ቉    ቋ ห    ห    

൑
   
   

൬
 ൅  ሺ െ  ሻ
 ൅  ሺ ൅  ሻ

൰                                                                                                       ሺ   ሻ 

For any complex number, 

ห    െ       ห ൑
   
   

൬
 ൅  ሺ െ  ሻ
 ൅  ሺ ൅  ሻ

൰   ቊ  ቤ
    

  
 ቆ െ

  

ሺ ൅   ሻ 
ቇ    െ

  

  
െ    ቤቋ      ሺ   ሻ 

The results are sharp. 

Proof.  If   ሺ ሻ     ఉ
ఒ ሺ ሻ, then there is a Schwarz function  

   ሺ ሻ ൌ    ൅     ൅     � 

such that  

                             
 
 
 
 ቀȍ  ௭

ఒ   ሺ ሻቁ
ƍ
൅    ቀȍ  ௭

ఒ   ሺ ሻቁ
ƍƍ

ሺ െ  ሻ ȍ  ௭
ఒ   ሺ ሻ ൅  ቀȍ  ௭

ఒ   ሺ ሻቁ
ƍ ൌ  ൫ ሺ ሻ൯                                                  ሺ   ሻ 

since 

 
 
 
 ቀȍ  ௭

ఒ   ሺ ሻቁ
ƍ
൅    ቀȍ  ௭

ఒ   ሺ ሻቁ
ƍƍ

ሺ െ  ሻ ȍ  ௭
ఒ   ሺ ሻ ൅  ቀȍ  ௭

ఒ   ሺ ሻቁ
ƍ ൌ  ൅

ሺ ൅   ሻ
 ሾ ൅  ሺ െ  ሻሿ

       ൅                                               

                             ൅ ቈ
 
 
൬
 ൅  ሺ െ  ሻ
 ൅  ሺ ൅  ሻ

൰      െ
ሺ ൅   ሻ 

 ሾ ൅  ሺ െ  ሻሿ 
  
      ቉   ൅                     ሺ   ሻ 

We have from (2.8), 

    ൌ
 ሾ ൅  ሺ െ  ሻሿ    

  ሺ ൅   ሻ
                                                                           ሺ    ሻ 

and 

    ൌ
 

   
൬
 ൅  ሺ െ  ሻ
 ൅  ሺ ൅  ሻ

൰ ሼ    ൅ ሺ  ൅     ሻ  
 ሽ                              ሺ    ሻ 

Therefore, we have 

    െ       ൌ
   
   

൬
 ൅  ሺ െ  ሻ
 ൅  ሺ ൅  ሻ

൰ ሼ  െ    
 ሽ                                                      ሺ    ሻ 

where 

                                ൌ ቈ
    

  
 ቆ െ

  

ሺ ൅   ሻ 
ቇ െ  ቉    െ

  

  
                                          ሺ    ሻ 

The results (2.4)-(2.7) are established by an application of Lemma 1.3 and inequality (2.7) by Lemma 1.4.  

    To show that the bounds in (2.4)-(2.7) are sharp, we define the functions   థ   ሺ ൌ      ሻ by 
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 ቀȍ  ௭

ఒ   థ ሺ ሻቁ
ƍ
൅    ቀȍ  ௭

ఒ   థ ሺ ሻቁ
ƍƍ

ሺ െ  ሻ ȍ  ௭
ఒ   థ ሺ ሻ ൅  ቀȍ  ௭

ఒ   థ ሺ ሻቁ
ƍ ൌ  ሺ    ሻ            థ ሺ ሻ ൌ ൫ థ ൯

ᇱሺ ሻ െ  ൌ   

and the functions          ሺ ൑  ൑  ሻ defined by 

 
 
 
 ቀȍ  ௭

ఒ    ሺ ሻቁ
ƍ
൅    ቀȍ  ௭

ఒ    ሺ ሻቁ
ƍƍ

ሺ െ  ሻ ȍ  ௭
ఒ    ሺ ሻ ൅  ቀȍ  ௭

ఒ    ሺ ሻቁ
ƍ ൌ  ൬

 ሺ ൅  ሻ
 ൅   

൰             ሺ ሻ ൌ   ᇱሺ ሻ െ  ൌ   

and 

 
 
 
 ቀȍ  ௭

ఒ    ሺ ሻቁ
ƍ
൅    ቀȍ  ௭

ఒ    ሺ ሻቁ
ƍƍ

ሺ െ  ሻ ȍ  ௭
ఒ    ሺ ሻ ൅  ቀȍ  ௭

ఒ    ሺ ሻቁ
ƍ ൌ  ൬െ

 ሺ ൅  ሻ
 ൅   

൰             ሺ ሻ ൌ   ᇱሺ ሻ െ  ൌ   

respectively, it is clear that the functions  థ      and    belong to the class    ఉ
ఒ ሺ ሻ. If 

 ൏     or   ൐   , then the equality holds if and only if    is   థ  or one of its 

rotations. If    ൏  ൏    , the equality holds if and only if    is   థ   or one of its 

rotations. If   ൌ    , then the equality holds if and only if    is     or one of its 

rotations. If   ൌ    , then the equality holds if and only if    is     or one of its 

rotations.  
 

Theorem 2.2. Let   ሺ ሻ ൌ  ൅    ൅     ൅      where       are real with    ൐

  and    ൒   . 

If  ሺ ሻ given by (1.1) belongs to the class       ఉ
ఒ ሺ ሻ and       given by (1.7), then for 

any complex number  , we have 

ห    െ       ห ൑
 | |  
   

൬
 ൅  ሺ െ  ሻ
 ൅  ሺ ൅  ሻ

൰   ቊ  ቤቈ
    

  
 ቆ െ

  

ሺ ൅   ሻ 
ቇ െ  ቉    െ

  

  
ቤቋ  

ሺ    ሻ 

The result is sharp. 

Proof. The proof is similar to the proof of Theorem 2.1.  
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