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Abstract: In this paper, a new integral transform was applied to solve
ordinary differential equations with variable coefficients.

Keywords: Sawi Transform, Ordinary Differential Equations with
variable coefficients.

Introduction: Ordinary differential equations (ODE) are one of the most
important  fields of mathematical sciences, especially applied
mathematics. They have many types including ODE with constant
coefficients and ODE with variable coefficients. These days, ODE with
variable coefficients are widely used in astronomy, physics and
engineering mathematics [6]. Sometimes, solving this type of equations is
complicated but integral transforms play a big role in solving such
equations [1], [4] & [5]. In addition to that, integral transforms have
become an important tool to deal with problems in applied mathematics,
theoretical  mechanics,  statistics, mathematical physics and
pharmacokinetics [4], [5] & [6]. The most important attraction of these
transforms is providing the analytical and exact solution of the problem
without complicated calculations. Recently, Mahgoub in [1] introduced a
new integral transform called Swai transform.

The main purpose of this paper is to show the applicability and efficiency
of this transform for solving some ordinary differential equations with
variable coefficients.

1. DEFINITION OF SAWI TRANSFORM [1], [2], [3] & [7]

If we have a real function (t);t = 0, then Sawi Transform is known as
proposed in [1] by the following integral equation:

http://tarbawej.elmergib.edu.ly 486



L

o
2

Journal of Educational
ISSN: 2011- 421X
Arcif Q3

1.5 ol il Jelas

20 222

sy =— [ cwerde = g(p).
p? Jq

Here, S is called the Sawi Transform operator and p is real parameter.
The Sawi transform of the function G(t) for t = 0 work out if G(t) is
piecewise continuous and of exponential order. These two conditions are
the only sufficient conditions for the existence of Sawi Transform of the
function G (t).
2. Sawi Transform and Inverse Sawi Transform of Some Functions [2]

(1)

Table (1): Sawi transform and inverse Sawi transform of some functions.

S. No. G(t) sS{c®)} =g g9() G(t) =S"Hg(p)}
1 1
1 1 — - 1
p p
2 t 1 1 t
3 2 21 t*
t ! _
p p T
n. | pn—1 tn
4 th;neN np pn_l;nEN —
n
t";n>—-1| I'(n+ Dp™?! _ t"
5 n-1, > _1
prn I(n+ 1)
6 at a a at
e — — e
p(1—ap) p(1—ap)
7 L _a 1 sin sin at
sin sin at 1+ a?p? Tazpz —
1 1
8 coS cos at m m coS cos at
) ) a 1 sinh sinh at
9 sinh sinh at 1—a?p? aZp? 1——a2pz —
1 1
10 cosh cosh at] m (1 — a2p?) cosh cosh at
-1 -1
11 tneat; n n! pn pn _tneat
EN (1 —ap)n*t (1 —ap)tt n!
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3. Fundamental Properties of Sawi Transform [2]

Table (2): fundamental properties of Sawi Transform.

S. No. The Property Mathematical Form

1 Linearity S{IG1(t) + mG,(t)} = IS{G, (1)} + mS{G,(t)}

2 Change of Scale S{G(at)} = ag(ap)

e 1 2 p
3 Shiftin atG (1)} = ( ) ( )
g S{e®G ()} 1= ap g 1= ap
1 1
4 First Derivative S{G'(t)} = 59(10) - FG(O)

1 1 1
5 Second Derivative S{G"(t)} = Fg(p) ~ 3 G(0) — 2 G'(0)

() ! 1 L,
o SEPO} = 790 — 7 6(0) 56O
6 nth Derivative 1
e — _Zg(n)(o)_

p

7 Convolution S{G,(t) * G, (1)} = p2S{G,()}S{G,(£)}
1. Sawi Transform of the Function tG(t) & t%G(t):

If S{G(t)} = g(p) then:

L SEG®}=p?5-g(®) + 2pg(p).

Proof. Since, S{G(t)} = piz f0°° G(t)e_idt =g()

cEg0) = 2(Eh Gwevar)
= ;—ffow G(t)e_%dt + pizfow pizG(t)e_édt
=—g(p) + 5560}
= S{tG(D)} = p? -9 (®) + 2pg(p) =
= P2 ®)]. ©
i S(EE6() = p? [p? o 9 () + 6925 9 () + 69()],
Proof. Since, S{tG(t)} = p? :—pg(p) + 2gp(p), so putting tG(t) instead
of G(t) yields:
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S{t.tG(t)} = p? ;—pS{tG(t)} + 2pS{tG ()}

_ 24| 24d 2.4
=p dp[p dpg(p)+2pg(p)]+2p[p 9@+

2pg(p)]
= p* g(p) +2p? j—pg(p) + 2p3%g(p) +2p*g(p) +
2p® —g(p)+4ng(p)
=p* g(p) + 6p° —g(p) +6p*g(p)
. S{t? G’(t)} =
P [0 = g) + 6p = g(0) + 69(p)] 3)

2. Sawi Transform of the Functions tG'(t) & t2G'(¢t):
If S{G(t)} = g(p) then:
L SUE O} =p3-9®) +9(p) — 3 GO).
Proof. Since, S{G'(t)} = %g(p) — pizG(O), so in (2) put G'(t) instead of
G (t), therefore:
S(EG' (1)} = p? - S(G' ()} + 2pS(G' ()
=p?* |5 9() — GO + 2 [19(,,) - G(0)]
=p? |- Z9®) + 2= 9() + 2 6(0) — - G(0)| +
29(p) ~ 26 (0)
=—g9(p) + p%g(p) - ;—pG(O) +29(p)
“SEEC' (D} = p-g(®) + 9() = 1-6(0) = - [pg(p) -
G(0)]. 4)
i S{t*G’ (t)} p [p 9 +4p— g(p) + Zg(p)]
o O]

dp
Proof. In the same way as before, we get:

S{t.tG'(t)} = p? S{tG (O} + 2pS{tG'(t)}
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=p —[pdpg(p) +9(®) ——G(O)] +2p [p g) +9®) -
—G(O)]
=p —g(p) p —g(p) p® g(p) 226(0)+2pg(p)+
2p? —g(p) - ZP—G(O)
= 4p’ —g(p) p’ g(p) +2pg(p) ——[p (0)]
. S{t? G (t)} =
P29 + 4 = g ) + 29 )| - [p? 26 (O] (5)
3. Sawi Transform of the Functions tG ”(t) &t G"(t):
If S{G(t)} = g(p) then:
: " d 1d 1 d
. s{tG (t)}=£g(2?)—;EG(O)'FI,—ZG(O)—%G(O)-
Proof. Since, S{G"(t)} = pizg(p) — p%G(O) — #G’(O), therefore in
(2) put tG"'(t) instead of G"'(t) which gives us:
S{tG" ()} =p? S{G”(t)} + 2pS{G" (D)}
=p* | 9() —p—gc(O) — GO +2p| 59() —%6(0) -
=G'(0)]

=0? [ 9) — 2 9() — 5-6(0) + = G(0) — = G'(0) +
260 + Zp[;g@)—;c:(O)—p—sz)]
S(t6" (D)} =
d 1d 1 d .,
3 9®) — - G(0) +—G(0) — - G'(0) (6)
i S0 = [Pt e @) - Pt 6 (0] -
P2 G(0).

i " _4 _1l4a 1 _ 2o
Proof. Since, S{tG"(t)} = dpg(p) S G(0) + .~ G(0) = G'(0),
with the same way as before, we get:
S{t26"(t)} = p? j—pS{tG"(t)} + 2pS{tG" ()}
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=P 9@ — 2 G0 + 5 6(0) — 6 (0)] +
ZP[%Q(’P)— >26(0) +5G(0) = -G/ (0)]
= p? g@) hq%g@)—ﬁﬁgGTm—lp%GTm—
pf—;G(O)
- S{E26" (1)) =
2P L 9] - = [p? 26" (©0)] - p = 6(0), (7)

Therefore, we can summarlze the above work in table (3):

Table (3): Sawi Transform of other functions.

S.No. | F(t) S{F(t)}
nat nip"
1 t"e 1= ap)*
d
2 tG(t) p? %g(p) + 2pg(p)
d? d
3 t2G(t) p? Ipz d—ng(p) + 6p %g(p) +69(p)
d d
4 tG'(t) p%g(p)Jrg(p)—%G(O)
d>? d d d
5 t2G'(t) | p [pz d—ng(p) + 4p %g(p) + Zg(p)l ~dp [pz = G(O)]
) d 1d 1 d
6 tG''(t) —g(p)———G(O) —G(O)——pG (0)
Toleeo | 4 [p g(p)]——[p —6'0)|- p—G(O)
Note 1: In the same way posed in the previous paragraphs, we can

calculate Sawi Transform of functions t*G™ (t) ; n € N.

Applications

Example (1): Solve the differential equation:

ty" —ty' =y =0
with the initial condition y(0) = 0 & y'(0) = 2.
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Solution: Taking Sawi transform to both sides of given equation to give
us:
S{ty"} = S{ty'} = S{y} = 0.

d 1d 1 d , d
55{3’} - ;53/(0) + p—zy(O) — %Y (0) — pgS{y} = S{y} +

%y(o) =Sy} =0
> SO -pl - 250} =0

ds{y} _ 2 __¢c
sy} 1-p dp = Sy} (1-p)?’

By applying inverse Sawi transform, we get:
_c¢c-1f_¢C _ t

y=S {(1_p)2} = y=_Ctel.
~y'(0)=2=>C=2 = y=2te.
Example (2): Solve the differential equation:
ty" + (1 -2t)y' =2y =0,
with [y(0) =1 & y'(0) = 2].
Solution: Taking the Sawi transform of given equation to give us:
Sc‘i{ty”} + f{c(il - 2t)y’1} - ZS{y}d= 0 ) )
%S{i’} oY)+ %)’(0) — 5 Y (0 +-Sty} —5y(0) -
2 [p oW S} - 5)/(0)] —25{y}=0

> = Spl1 - 2] + SO [5 - 4] = 0.

Let R = S{y}

dR 4p—-1 dR 4p—-1 c _ c

_— = - = — = — = = = .
= dp sz—pR R 2p-p p(1-2p) Sy} p(1-2p)

Now applying inverse Sawi transform, we get
— ¢-1 — ¢ 2t
y=S {p(l—Zp)} =Yy =3z€e
wy(0)=1 =>1=§=>c=2 = y=e?
Example (3): Solve the differential equation:
ty" +y' = 4t?
with the initial condition y(0) =1&y'(0) = 0.
Solution: Applying the Sawi transform to both sides of the given
equation, we get:

S{ty"} + S{y'} = 45{t*}

d 1d 1 d 1 1 _
55{3’}—;5)’(0)"'1,_2)’(0)—53’ (0)+p5{y} pZY(O) 8p

N % S{y} + % S{y}=8p,  suppose R = S{y}
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dR 1
which is a linear differential equation and it has the integrative factor:
A=p.
2 2
:>R=8%+§ = s{y}=8%+§.
By apply inverse Sawi transform to both sides of last equation, we get

-1 (8D? 1 (1 _atd

y=3S {T}-I-CS {;} = y=—+tc
3

v y(0)=1>1=0+c=>c=1 > y=%+1.
Example (4): Solve the differential equation:
t2y" —4ty' + 4y =0
with [y(0) = 0 & y'(0) = 1].
Solution: Taking the Sawi transform of given equation to give us:
S{t?y"} — 4S{ty'} + 4S{y} =0

2L S} +2p 250}~ p? 2y (0) — 2p = y'(0) — P y(0) —
P o zSWht2p oS —pT oy Py Py

d d

4 [p oWt S} - Ey(o)] +45{y}=0

2 4% _ a _
p S —2p Syt =0.
Assume R = S{y}andthenlet W = Z—I; , SO we get

aw 2w aw d dR
> — =" =22 owWw=(cp2a>==p?>R=
dp p w p dp

Clp3
3

+c,

3
= S{y} = C13p + c,.

Then apply inverse Sawi transform, we get

4
y =35 P+ oS Il y =Tt ot, let y=Ctt 4ot €=
’ pr

72’
v y'(0)=1=¢=1=> y=Ct*+t.

Conclusion: In this paper, authors successfully discussed the application
of Sawi transform for solving ODE's with variable coefficients by giving
four numerical problems. The results of numerical problems show that
the Sawi transform is very useful integral transform for solving such
equations. At last, all the obtained solutions of the indicated numerical
problems are satisfied by putting them back in the corresponding
equations. In future, Sawi transform can be used for solving a wide class
of similar equations.
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