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Abstract 

In this paper, we introduce the most important applications of harmonic 

functions, and the most important related to harmonic functions. 

We have studied the Dirichlet problem related to harmonic functions. 

We also studied the most important applications of the Laplace field, including 

the development of the magnetic phase and temperatures, we obtained results 

that are more accurate, including the use of Laplace field reduces noise as well 

as the use of the harmonic functions in measuring magnetic susceptibility leads 

to the correction of the contact shift. 

Keywords: harmonic functions, Laplace field, Dirichlet problem.  

 

1. Introduction 

The harmonic functions have many applications including temperature and 

conserved potentials in physical sciences.  

It is also valid to extend the harmonic function concept and basic properties to 

vectors such as electrostatic field magneto static field current density flow 

velocity and gravitational force we identify them as Laplace fields these 

important physical fields are widely applied in areas such as physics chemistry, 

biology, engineering  and medicine. Precise measurements of these fields and 

related physical quantities such as the magnetic susceptibility are important.  

In this paper, velop the Laplace field theory and methods applicable to high 

precision measurement of these physical fields and quantitation of related 

physical quantities such as magnetic susceptibility for objects of arbitrary 

shapes.   

2. Applications 

2.1 High Precision Field Mapping and Temperature Mapping 

The mean value property of harmonic function fields is applied for reduction of 

random noise in the measurement of these fields. With magnetic phase imaging, 
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three-dimensional field maps are obtained with high precision, i.e.  T for 

magnetic fields and °C for the temperature. 

Many physical quantities such as temperature, electric field, electric potential, 

and magnetic field belong to Laplace fields in space under certain conditions.  

The mean value property, one of the common properties of Laplace field, states 

that the mean field value on a spherical surface or volume Ω is equal to the field 

value at the center of that region, i.e. 

 
In which  is the position vector of the censer,  is the vector eriginaned at  

and spanning the whole space of (Eq 1 & Fig 1). The application of Eq (1) the 

spherical mean value analysis can effectively reduce the noise level of the 

physical quantity measurements with data on a sphere. The average of data on 

the sphere decreases the random noise of the center value by a factor of , with 

 a total member of the data points for averaging in a three-dimensional image 

data set. 

A sphere of radius has about  pixels.  When e is fixed, the central 

value, replaced by the average of all the pixels in the sphere, has its random 

noise reduced at most by a factor of . With the radius of typical image 

size 100 pixels, this is a noise reduction by 2046 times. 

Both static magnetic field and phase maps are Laplace fields in the region with 

homogeneous magnetic susceptibility, and they exhibit the mean-value property 

of Laplace field. i.e.  

 

 
We employ the phase map from MRPI as the basis for testing the noise 

reduction method. 

We can effectively reduce the noise level of the MRPI phase maps to improve 

the precision of magnetic field and temperature mapping. 

The measurement of magnetic field provides useful information for magnetic 

material study, earthquake prediction, and the study of free radicals, reaction 

rates and blood. 

Components in magneto-chemistry. It also has potential for the study of human 

brain via magneto encephalography and the superconducting quantum 
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interference device (SQUID). In magnetic resonance spectroscopy and imaging, 

it is essential for precision field shimming, and very important for understanding 

the susceptibility effects related to the functional magnetic resonance imaging 

and tumor oxygenation studies in medicine. Temperature measurement broadly 

relates to physical sciences, physiology and medicine. In particular, with 

medical interventions such as thermotherapy, direct monitoring of temperature 

in tissues is essential for accurate assessment of treatment load and efficacy, and 

for understanding the physiological responses of tissues or organs. With medical 

interventions such as thermal-therapy, the direct monitoring of temperature in 

tissue is necessary for accurate evaluation of the treatment load and 

effectiveness, and understanding the tissue or organ physiological responses 

However, current MRPI technology has precision limits of about Tesla (T) 

for magnetic field mapping and 0.5 °C for temperature mapping with proton 

signals (21). The Laplace field property we can generate field maps with high 

with precision, i.e.  T for magnetic field,   for 

temperature. 

The method can be easily generalized to applications for many other physical 

quantities whose distributions in space are Laplace fields. The improved 

precision for the measurements of those fields will hold great significance for 

the advancement of scientific studies. 

 
2.2 The Measurements of Magnetic Susceptibility 

Magnetic susceptibility measurement has wide-ranging applications, particularly 

for medical applications in vivo. A magnetic susceptibility quantitation method 

is developed for susceptibility objects of arbitrary shapes, without the 

presumption of homogeneous main field. Based on the Laplace field theory, the 

external magnetic field at the location of interest inside the susceptibility object 

can be exactly derived from the field values on a spherical surface (3D phantom) 

enclosing the object and centered at that location. With the numerical 

computation of the self-demagnetizing field and the correction of contact shift, 
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magnetic susceptibility maps are obtained for CuSO4 containers of various 

shapes immersed in water. 

Substituting  into   

 

 

 
Where  is the dimensionless volume magnetic susceptibility,  is 

called relative magnetic permeability. The most common types of magnetism 

include diamagnetism  such as for magnetization of copper, Para 

magnetism  such as free radicals, and ferromagnetism  such as 

for magnetization of the iron.  

2.3 Trajectory Generation 

Let  be a scalar potential function satisfying Laplace's equation, so 

that  defines the streamlines of . A simple streamline-following controller 

can be obtained by using the gradient of the harmonic function as a velocity or 

displacement for the effector. 

 
Where  is the velocity gain?  

This form of control has been implemented for a P-50 robot arm. Figure 3 shows 

an example of the arm using.  
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A harmonic function to avoid a box placed in the center of its workspace. Five 

frames were superimposed in the figure to illustrate the robot's movement. The 

goal is a position forward and to the left of the box.     

In figure 3, the starting configuration placed the end effector to the right and 

slightly behind the box. The harmonic function for the three-dimensional 

configuration space was computed from scratch in approximately 40 seconds 

using a Motorola 68030 processor. Once the harmonic function is computed, 

paths to the goal can be executed from any point in the workspace. The first 

three joints were used. The values for the joint angles over time are shown in 

Figure 5. This path was executed in approximately 5 seconds. 

 
2.4 Electrostatic Potential 

In an electrostatic force field, the field intensity at a point is a vector positive 

charge placed at that point. The representing the force exerted on a unit 

electrostatic potential is a scalar function of the space coordinates such that, at 

each point, its directional derivative in any direction is the negative of the 

component of the field intensity in that direction.  

For two stationary charged particles, the magnitude of the force of attraction or 

repulsion exerted by one particle on the other is directly proportional to the 

product of the charges and inversely proportional to the square of the distance 

between those particles. From this inverse-square law, it can be shown that the 

potential at a point due to a single particle in space is inversely proportional to 

the distance between the point and the particle. In any region free of charges, the 

potential due to a distribution of charges outside that region can be shown to 

satisfy Laplace’s equation for three-dimensional space. 

If conditions are such that the potential is the same in all planes parallel to the 

 plane, then in regions free of charges is a harmonic function of just the two 

variables  and :  

. 
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The field intensity vector at each point is parallel to the  plane, with  and  

components and respectively. That vector is, therefore, the 

negative of the gradient of  

A surface along which  is constant is an equipotential surface. The 

tangential component of the field intensity vector at a point on a conducting 

surface is zero in the static case since charges are free to move on such a 

surface. Hence  is constant along the surface of a conductor, and that 

surface is an equipotential.  

If  is a harmonic conjugate of , the curves  in the  plane 

arecalled flux lines. When such a curve intersects an equipotential curve 

 at a point where the derivative of the analytic function 

 is not zero, the two curves are orthogonal at that point and 

the field intensity is tangent to the flux line there. 

Boundary value problems for the potential  are the same mathematical 

problems as those for steady temperatures ; and, as in the case of steady 

temperatures, the methods of complex variables are limited to two-dimensional 

problems. The problem posed in (see Fig 5), for instance, can be interpreted as 

that of finding the two-dimensional electrostatic potential in the empty space 

 
Bounded by the conducting planes  and , insulated at their 

intersections, when the first two surfaces are kept at potential zero and the third 

at potential unity.  

The potential in the steady flow of electricity in a conducting sheet lying in a 

plane is also a harmonic function at points free from sources and sinks. 

Gravitational potential is a further example of a harmonic function in physics. 
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2.5 Dirichlet problem in a quadrant 

The boundary of a very large sheet of metal (thought of as the quarter plane Ω) 

is kept at the constant temperatures on the bottom and on the left, as 

illustrated in Figure 6. After a long enough period, the temperature inside the 

plate reaches an equilibrium distribution. Find this steady-state temperature 

 

 
The steady-state temperature is a solution of the Dirichlet problem, which 

consists of Laplace’s equation   inside Ω; along with the boundary 

conditions 

 
Because the boundary data is independent of  we try for a solution 

of the harmonic function 

 
Where and  are real constants to be determined to satisfy the boundary 

conditions. From the first condition we obtain 

 
As    for . From the second condition 

 

 

 
Since  for , and b=100. Thus the steady-state temperature 

inside the plate is 

. 

Now for with , we have 
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Therefore, another way of expressing the solution is 

 
The graph of u is shown in Figure 7. Note the temperature on the boundary; it 

matches the boundary conditions. 

 
2.6 Potential in a cylindrical space 

A long hollow circular cylinder is made out of a thin sheet of conducting 

material, and the cylinder is split lengthwise to form two equal parts. Those 

parts are separated by slender strips of insulating material and are used as 

electrodes, one of which is grounded at potential zero and the other kept at a 

different fixed potential. We take the coordinate axes and units of length and 

potential difference as indicated on the left in Fig 8. We then interpret the 

electrostatic potential  over any cross section of the enclosed space that is 

distant from the ends of the cylinder as a harmonic function inside the circle 

in the  plane. Note that on the upper half of the circle and 

that  on the lower half. 
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A linear fractional transformation that maps the upper half plane onto the 

interior of the unit circle centered at the origin, the positive real axis onto the 

upper half of the circle, and the negative real axis onto the lower half of the 

circle. 

Interchanging z and w there, we find that the inverse of the transformation 

                                (4) 

Gives us a new problem for  in a half plane, indicated on the right in Fig8. 

Now the imaginary component of 

           (5) 

Is a bounded function of u and v that assumes the two portions have the required 

constant values  and  of the axis. Hence the desired harmonic 

function for the half plane is 

                           (6) 

The arctangent function has values ranging from 0 to 1. The opposite of 

transformation (4) is 

                              (7) 

From which  and can be expressed in terms of  and . Equation (6) then 

becomes 

    (8) 

The function (8), because it is harmonic inside the circle and assumes the 

requisite values on the semicircles, is the potential function for the space 

contained by the cylindrical electrodes. We must keep in mind that if we want to 

validate this solution, we must keep in mind that 

And  

The equipotential curves  in the circular region are 

arcs of the circles 
  

Each circle should pass through the points   In addition; the x-axis 

segment between those places is the equipotential . A harmonic 

conjugate of  is  in , or the imaginary part of the 

function ) . In view of equation (7), may be written 
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From this equation, we can see that the flux lines  are arcs of 

circles with centers on the  axis. The segment of the  axis between the 

electrodes is also a flux line. 

3. Conclusions 

From our study, we conclude the following: 

 Using the technique of harmonic functions for temperature mapping 

gives results with an accuracy of about  Celsius, which in the past 

was about , which helps in heat treatment through direct monitoring of 

temperatures in the tissues, which in turn gives an accurate evaluation of the 

treatment and its effectiveness and understanding. The extent of the response 

of tissues and organs with greater accuracy than previous measurements that 

do not use the technique of harmonic functions. 

 Using the Laplace field over the MRPI field reduces noise by 2046 

times and gives results that are more accurate. 

 The use of harmonic functions in measuring magnetic susceptibility 

leads to the correction of the contact shift. CoSO4 containers of various 

shapes immersed in water as a model. 

 The use of harmonic functions in calculating the electric potential gives 

a development to the method of complex variables from problems related to 

the study of the second dimension to finding the electric potential in empty 

space. 

  4. Recommendations  

 We recommend generalizing the mean value property method of 

harmonic functions to the applications for the physical quantities whose 

distribution in space are Laplace fields because we believe that the improved 

accuracy will have a significant impact on the progress of scientific studies. 

 Generalizing the idea of studying the magnetic field using the mean 

value property technique and using its accurate results to predict earthquakes 

and human brain and blood interaction rates through magnetic brain 

mapping. 

 Studying the solution 00002of Dirichlet problems using the theorems 

of the Poisson integral equation and Fourier series, because it gives a 

development to the theory of harmonic functions and is more general. 
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