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Abstract.

The object of the present paper is to derive some inequalities for the starlikeness
and convexity of analytic and p-valent functions in the open unit disk involving
certain fractional derivative operator. Some interesting consequences of the main
result are also mentioned.

Key words and phrases: p-valent function, starlike function, convex function,
fractional derivative operator, Jack's Lemma.
Mathematics subject classification: 30C45, 26 A33

1. Introduction and Preliminaries
Let A(p) denote the class of functions defined by

f(z) =27 + z Apin 2P, apin ER; PEN (1.1)
n=1

which are analytic and p-valent in the open unit disk U = {z:]|z| < 1}, and set
A(1) = A. A function f(z) € A(p) is called p-valent starlike of order a if f(2)

satisfies the condition

zf'(2)

Re{ } > a (1.2)
f(2)

for 0<a<p, p€N and z € U. We denote by S*(p,a) the class of all p-valent

starlike functions of order a. Also a function f(z) € A(p) is called p-valent convex of

order a if f(z) satisfies the condition

zf ”(Z)}

- >a (1.3)
f'(2)
for 0<a<p, p€N and z € U. We denote by K(p,a) the class of all p-valent
convex functions of order «. We note that

f@) eKp,a) o 2L ;fz) €S (n,a) (14)

for0 < a <p.

The class S*(p, @) was introduced by Patil and Thakare [10], and the class
K (p, a) was introduced by Owa [9].

Let ,F,(a, b; c; z) be the Gauss hypergeometric function defined for z € U by,
(see Srivastava and Karlsson [12])

Re{l +

- b),
2Fi(a,b;c;z) = % (1.5)
n=0 nor

where (4),, is the Pochhammer symbol defined, in terms of the Gamma function, by
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% =F(/1+n)={1 , n=0

n r(d) AA+1DA+2)...A+n—-1), neN
for A#0,-1,-2, ..

We recall the following definitions of fractional derivative operators which were
used by Owa [8], (see also [11]) as follows:
Definition 1.1. The fractional derivative operator of order A is defined,

dern 1 d 7 £

e T Nt o)
where 0 < 1 <1, f(z) is analytic function in a simply- connected region of the z-
plane containing the origin, and the multiplicity of (z — &)~* is removed by requiring
log (z — &) to be real when z — & > 0.
Definition 1.2. Let 0 < A< 1, and u,n € R. Then, in terms of the familiar Gauss’s

hypergeometric function »F;, the generalized fractional derivative operator ]’1’“7 IS

. [[a-o7r@am(n-21-n1-21

(1.6)

Iz f@ =4 (r(1 5
¢

- E) df) (1.8)

where f(z) is analytic function in a simply- connected region of the z-plane
containing the origin with the order f(z) = 0(|z|®), z — 0, where € > max{0, u —
n} — 1, and the multiplicity of (z — &)~* is removed by requiring log(z — &) to be
real whenz — & > 0.

Definition 1.3. Under the hypotheses of Definition 1.2, the fractional derivative

operator Jo : ™™™ £(2) of a function £ (z) is defined by

dm
(/)l;-m,li+m,77+m f(Z) — dZ )L[tT] f(Z) (19)
Notice that
JOPf(2) = Dif(2),  0<a<1 (1.10)

With the aid of the above definitions, we define a modification of the fractional
derivative
operator M“‘"f(z) by
F +1-wlp+1—-21+
T+ DIrp+1—u+mn)
for f(2) € A(p) and 1>20; u<p+1;,1n> max(/l,u) —p—1p€eN. Thenitis
observed that M M E(7) maps A(p) onto itself as follows:

MINF(z) = 27 + z 8a (ot 1, 1) P (1.12)
where

_ (P+1)n(P+1—H+TI)n
Sull op) = P+1-walp+1-2+n), (113)
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It is easily verified from (1.12) that

2( M "f (@) = (p =0 Mo, f @) + Mg () (114)
This identity plays a critical role in obtaining information about functions defined by
use of the fractional derivative operator. Our results in this paper will rely heavily on
the identity.
Notice that
Moy f(2) = f(2),
and

zf'(z)

My, f(2) =

Making use of the fractional derivative operator M&f’" f(z), we now introduce an

interesting generalization of the class S*(p, a) of functions in A(p) which satisfy the
inequality (1.2).
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Definition 1.4. A function f(z) € A(p) is said to be in the subclass S; ,, ,, (p, @) if it
satisfies the inequality

A+Lu+1n+1
0,z : 7 f(Z)

Myt f (2)

O<a<p;1=z0,u<p+1;np>max(,u)—p—1;p€EN)
Also, a function f(z) € A(p) is said to be in the subclass K, ,(p, «) iff
zf'(z)

Rei(p — ) >a, ze€U (1.15)

€ Sﬂ,ﬂ,ﬂ (pl Of)
Observe that, Sy, (p, @) = S*(p,a) and Koy, (, @) = K(p, ).

There are many papers in which various sufficient conditions for multivalent
starlikeness have been obtained [1, 2, 3, 4, 6, 7]. In this paper we derive new sufficient

conditions for the operator MQ;Z“'" f(z) to be p-valently starlike and p-valently convex

in ‘U. For their proofs we used Jack's Lemma (Lemma 1.5) below. Some interesting
corollaries are also deduced from our main results.

To establish our results, we shall need the following lemma.
Lemma 1.5. [5] Let w(z) be non-constant and analytic function in U with w(0) =
0. If |w(2)| attains its maximum value on the circle |z| = r,(0 < r < 1) at the
point z, , then zow'(z,) = cw(z,) , where ¢ > 1.

2.  The main results
By using Lemma 1.5, we now prove the following result.

Theorem 21. Let zeU; 0<a<p; A=20; u<p+1;n>max(L,u)—p-—1
and f(z) € A(p) and if M(i'z“'"f(z) satisfies anyone of the following inequalities:

M/'l+2,u+211+2f( )
1+(p U= )M/1+1”+1n+1f( ) (p_‘l,l,) )
A+1Lu+1n+1 -
(0 — ) —= “”’f(];( )—(p—u)
1
/'l+2u+21)+2 /’l+1u+177+1
f(2) M, f(@)
1+p-p-1 Mmuﬂnﬂf( )—(p—u) M)
pP—«
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Aur) A+2,u+2n+2
f(2) My, f(2)
1+(p—pu—-1 1
(p l,l) Ml'l'l MU+1, 7')+1f( ) ( (p H ) Mﬂ.‘f‘l u+1, 7’]+1f( )) ‘
p —

(2p p—a)? (2:3)

MA;—l,u+1,n+1f(Z) MA;—Z,y+2,n+2f(Z)
(p_#) > A,unf( ) <1+( K~ ) M3+1u+1n+1f( )
~ ( ~ ) Mg-zi-l,u+1,n+1f(z)
T M@

N <2(p—a) (2.4)
SATA0)
M(/};l'#+1'n+1f(Z) |/1 +p-p-1 M/‘L+1 ,u+1n+1f( ) -(p—w
Re{(p — 1)

Aun | MA+1;1+111+1
2 \ (p—w f@) —(p—-w

M2 (2)
\\

~1|t<1 (25)

)

A,
Then MO'Z’”'f(z) € Spun(® @).

Proof. Let f(z) € A(p). Since
0r M (@)

Myt f (2)
Define the function w(z) by

A+1Lpu+1n+1
My, " f (@)

0,z

My f (2)
<p (2.6)

It is clear that w(z) is analytic in U with w(0) =0 . Also, we can find from (2.6)
that

2 ( M/1+1 u+1n+1f( )) Z( /’luﬂf(z)) (p — a)zw'(2)

M/'l+1 u+1, 17+1f( ) )lunf(z) (p _ ‘u) + (p _ a)w(z) (2'7)
By using (1.14) to (2.7), we have

p—w =(pp—-—w+diz+d,z*+--, z€U

(p—w =p-wW+p-—-a)w(z), zeU;0<a
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Mg;—z,#+2,n+2f(z) Mg:l’ﬂﬂ’nﬂf(z)
(p_'u_l) MA+1u+1n+1f( ) (p_'u) A,unf(z)
(p — a)zw'(z) 2.8)

-0+ -aw@
It follows from (2.6) that

A+2,u+21n+2
0,z # K f(Z)

1+(p—u-1) Mmuﬂnﬂf( )—(p—u)=

v-a) ()(1+ZW'(Z) L ) 29
P I S e o —aw) &Y
Hence,
A+2,u+2n+2
1+(p-—pn-1) M““‘“"“;E ; p—w
Fi(z) = A+Lu+1n+1 -
My, T (2)
(- W) -p-w
_zw'(2) 1
Cw@ p-w+ - a)AW(Z) )
M();-Z,,u+2,r)+2f(z) M();—l,,u+1,n+1f(z)
FR)=1+@-p-1) M,Hwﬂ,,ﬂf( )—(p—u) M)
B (p—a)zw'(2)
T p-w+ - iz)w(z) )
“"f(z) M +2u+2n+2f( )
F5(z) = (0 — ) M/1+1 u+1r)+1f(Z) (1 +p—p-1) M/1+1u+1n+1f( )>
_ (p — a)zw'(2)
[((p—w) + (- if)W(Z)]2 )
0;1,u+1,n+1f(z) O;rz,u+2,n+2f(z)
F,(2)=0@-w M) <1+(p—u—1) ML)
M;;—l y+1,n+1f(z)
- (p - ,Ll) )l”nf( )
=(p
—a)zw'(z) (2.13)

384

(2.10)

(2.11)

(2.12)



52 A Al
THE STARLIKENESS AND CONVEXITY OF P-VALENT FUNCTIONS
INVOLVING CERTAIN FRACTIONAL DERIVATIVE OPERATOR 12 aaadl

A42,u+2.n+2
. f(2)
M(/}H'“H‘nﬂf(z) |/1 +(p-—u-1) M§'+1,u+1,n+1f(z) -(-w
Fs(z) = (p — ) M(i'zﬂ'nf(z) | . M&;l'ﬂﬂ'nﬂf(Z) o
\ Y MGy
-1
_zw'(2)
=D (2.14)
If there exist a point z, € U such that
l;ps?gf)lIW(Z)l = |w(z)l =1
Then by Lemma 1.5, we have
Zow'(zy) = cw(zy), ¢ =1

Therefore, the equations (2.10)-(2.14) yield,
IF, (2| = zow' (2p) 1 _ clw(z,)l

1o w(zg) (p—w+@—-—aw(z)| [p—w+ - aw(z)l
> - 2.15
ST y— (215)
IF,(2,)| = (p — @)zow'(2) _ c(p — a)|lw(z)|

20 P-—w+@-—aw(z)| [(p—w+{@-—a)w(z)l

(p—a)

= m (2.16)
)] = ‘ -aw@)  |_ - alw)

S0 [0 —w)+ (@ —aw(z)]?| [(p—w+ (p—a)w(z)|?

(p—a)

=Cp—n—ay? (@17)

|Fy(zo)| = |(p — @)zow'(2)| = c(p — a)|w(z,)]

=p
—a (2.18)
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zow'(2o)
Re{Fs(zy)} = Re{ wzo) } =c
>1 (2.19)
which contradict our assumptions (2.1)-(2.5), respectively. Therefore,|w(z)| < 1
holds true for all z € U. From ( 2.6), we have

MA+1,H+1,7’]+1f(Z)
(0 —p)—= —p-w|l=@-w@|<p-—a 2.20
P—H M) -w|=Q@ P (2.20)
which implies that
MA;1'ﬂ+1'n+1f(Z)
Re{(p—u) T >a
My, f(z)

and hence M(’},'Z“'” f(2) € 30 (p, ).

zf'(2)

If we put — instead of f(z) in Theorem 2.1, we then obtain the following

theorem.
Theorem 22. Let zeU; 0<a<p; A=20; u<p+1;n>max(L,u)—p—-1

and f(z) € A(p) and if M(’}"Z“’" {#} satisfies anyone of the following inequalities:

M/‘l+2,u+2,n+2 {Zf'(Z)}
0,z
- ’ P )_, _
1+(p-p-1) AL+ {Zf’(z)} R
0,z p _1
M/1+1,y+1,n+1 {Zf’(Z)}
0,z
_ ’ b _)_(,_
(p .u') M/L#JI {Zf,(Z)} (p ,Ll)
0,z p
< —mM8M8M8M— 2.21
2 —i-a (2.21)
MA+2,M+2,17+2 {Zf,(Z)} MA+1’M+1'7]+1 {Zfl(z)}
0,z p 0,z p
1+(p—p—1 ~ (-
p—u=1) AL+l {Zf'(Z)} p=w M {Zf'(z)}
0,z p 0,z p
p—a
Mﬂ,u,n {Zf’(Z)} M1+2,y+2,n+2 {M}
0,z _p 0,z p
1+(p-p-1 -1
A+ru+in+1 (Zf'(2) A+tp+in+1 (2f'(2)
(p - /l) MO,Z e {T_(}x MO,Z e { p }
p (2.23)

<
(2p —pu—a)?

386



5 A Axa

THE STARLIKENESS AND CONVEXITY OF P-VALENT FUNCTIONS
INVOLVING CERTAIN FRACTIONAL DERIVATIVE OPERATOR

12 aaadl
M/1+1'#+1'n+1 {Zf’(Z)} M1+2,[,l+2,77+2 {Zf’(Z)}
0,z p 0,z p
— 1 —u—1
(- i {Zf’(Z)} tl-p-1 ALt {Zf'(Z)}
0,z p 0,z p
MA+1,;4+1,77+1 {Zf’(Z)}
0,z
R ’ p
() M/le {zf’(z)}
0,z p
<(p-a (2.24)
.
Re< (p
\
/ M/’L+2,u+2,n+2 {Zf'(Z)}
0,z
— - ’ P J)_(,_
M/1+1,u+1,17+1 {Zf’(Z)} 1+ (p H 1) M/'l+1,u+1.77+1 {Zf’(z)} (p ,u)
_ 0,z p 0,z p
2 AT {Zf'(Z)} AL+ {Zf'(Z)}
R (- — - (p -
\ p ,Ll M/'Lm {Zf’(Z)} p ‘LL
0,z p
3
-1}
/)
<1 (2.25)
Then MyE"f(2) € Ky pun(p, @).

By setting A = u = 0 in Theorem 2.1, we obtain the following result.
Corollary 2.3. Let f(z) € A(p); z€U; 0 < a < p. If f(2) satisfies anyone of the
following inequalities:
zf"' (z
t ;'(g))‘p_l _ 1
zf'(z) 2p —«a
f@ ~F

(2.26)
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2f"@ #f'D)| _ p-a
‘1 T T@|2p-a (2.27)
f@) zf"(2) p—a

zf'(z) <1 @ > B 1‘ S@p-a2 (2.28)

zf'(2) zf"(z)  zf'(2)
f(2) (1 e ”_ f(2) > <p-a (2.29)
refrro ()l (2.30)

1@\ 2D, :

Then f(2) € S*(p, a).

If we put p =1 Corollary 2.3, we obtain the following result.
Corollary 2.4. Let f(z)€EA; zeU; 0<a < 1. If f(z) satisfies anyone of the
following inequalities:

T |
"(z
W_l <7 4 (2.31)
;’(’Z()) f'@| 1
zf"(z) zf'(z —a
YD @ | “1ma (232)
f(2) zf"(2) 1-«a
zf'(2) (1 + f'(2) > B 1‘ < (2 — a)? (2.33)
zf'(2) zf"(2) zf’(z)> B
@ (1 o T Tw ) s (234)
o FE
VA VA "(z
Re{ f(2) <Zf’(z) . 1)} <1 (2.35)
f(2)

Then f(z) € S*(a).

By setting A = u = 0 in Theorem 2.2, we obtain the following result.
Corollary 2.5. Let f(z) € A(p); z€U; 0 < a < p. If f(2) satisfies anyone of the
following inequalities:

2zf"(2) + z*f""(2) _
B OO D 236
Zf”(Z) 2 _ .
ol o) v
2z2f"(z) + z*f""(z) zf"(z p—a
F@+'@ @ | 2p-a @37

f'@) (1 L2 @+ zzf”’(z)) ) 1‘
F@+" @D\ @+

i (2.38)

< (2p — a)?
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(1422 (L rzr o)
o )\ F@+@ 7@
<p-a (2.39)
| 2@+
e (14 40)( LI P
f'@) zf"(z)

i@~ P
<1 (2.40)
Then f(z) € K(p, ).
If we put p =1 Corollary 2.5, we obtain the following result.
Corollary 2.6. Let f(z) €A; zeU; 0 <a < 1. If f(z) satisfies anyone of the
following inequalities:

-1

1+

') (2f"(2) + 2f"'(2) 1

f”(z)( f'(2) +zf"(2) ) B 1‘ <>« (2.41)
22f"(2) + z2*f""(z2) zf"(2)] 1—«a

F@D+zf"z)  f'@| 2-«a (2.42)

f’(Z) <1 N ZZf”(Z) + sz”’(Z)> _ 1‘
f'@) +2f" @ f'@) +2f"@)

1-a 2.43
“G-ar (249)
‘Z<1 + Zf”(Z)) <2f”(z) + ZfI’I(Z) B fII(Z)>
o N\ F@ @ @
<l-a (2.44)
2f" @\ (F' DI2f"() + 2" ()]
Re {<1 e )( O @D+ 2 D] 1)}
<1 (2.45)

Then f(2) € K(a).
Remark: The corollaries 2.3 - 2.6 correspond to the known results given by Irmak
and Raina [[4], corollaries 1 - 4].
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