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 . يرد عليها من أبحاث وعلى استعداد لنشرها بعد التحكيم المجلة ترحب بما

 .  المجلة تحترم كل الاحترام آراء المحكمين وتعمل بمقتضاها 
  . كافة الآراء والأفكار المنشورة تعبر عن آراء أصحابها ولا تتحمل المجلة تبعاتها

 .عما ينشر له   ية الأمانة العلمية وهو المسؤولالباحث مسؤوليتحمل 
 .   لبحوث المقدمة للنشر لا ترد لأصحابها نشرت أو لم تنشرا

 . حقوق الطبع محفوظة للكلية 
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Abstract. 

      The object of the present paper is to derive some inequalities for the starlikeness 

and convexity of analytic and p-valent functions in the open unit disk involving 

certain fractional derivative operator. Some interesting consequences of the main 

result are also mentioned. 
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1. Introduction and Preliminaries  

Let 𝐴(𝑝) denote the class of functions defined by 

    𝑓(𝑧) = 𝑧𝑝 +∑𝑎𝑝+𝑛

∞

𝑛=1

𝑧𝑝+𝑛    , 𝑎𝑝+𝑛 ∈ 𝑅;  𝑝 ∈ 𝑁                          (1.1) 

which are analytic and p-valent in the open unit disk  𝒰 = {𝑧: |𝑧| < 1},  and set 

𝐴(1) ≡ 𝐴.   A function  𝑓(𝑧) ∈ 𝐴(𝑝) is called p-valent starlike of order 𝛼  if 𝑓(𝑧) 
satisfies the condition 

Re {
𝑧𝑓′(𝑧)

𝑓(𝑧)
} > 𝛼                                                            (1.2) 

for  0 ≤ 𝛼 < 𝑝, 𝑝 ∈ 𝑁 and 𝑧 ∈ 𝒰.  We denote by 𝑆∗(𝑝, 𝛼) the class of all p-valent 

starlike functions of order 𝛼. Also a function 𝑓(𝑧) ∈ 𝐴(𝑝) is called p-valent convex of 

order 𝛼  if 𝑓(𝑧) satisfies the condition 

 

Re {1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
} > 𝛼                                                         (1.3) 

for 0 ≤ 𝛼 < 𝑝, 𝑝 ∈ 𝑁 and 𝑧 ∈ 𝒰. We denote by 𝐾(𝑝, 𝛼) the class of all p-valent 

convex functions of order 𝛼. We note that 

𝑓(𝑧) ∈ 𝐾(𝑝, 𝛼) ⇔
𝑧𝑓′(𝑧)

𝑝
∈ 𝑆∗(𝑝, 𝛼)                                                       (1.4) 

for 0 ≤ 𝛼 < 𝑝. 

       The class 𝑆∗(𝑝, 𝛼) was introduced by Patil and Thakare [10], and the class 

𝐾(𝑝, 𝛼) was introduced by Owa [9]. 

       Let ₂𝐹₁(𝑎, 𝑏; 𝑐; 𝑧) be the Gauss hypergeometric function defined for 𝑧 ∈ 𝒰 by, 

(see Srivastava and Karlsson [12]) 

₂𝐹₁(𝑎, 𝑏; 𝑐; 𝑧) = ∑
(𝑎)𝑛 (𝑏)𝑛  𝑧𝑛

(𝑐)𝑛 𝑛!

∞

𝑛=0

                                                    (1.5) 

where  (𝜆)𝑛  is the Pochhammer symbol defined, in terms of the Gamma function, by 
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(𝜆)𝑛 =
Γ(𝜆 + 𝑛)

Γ(𝜆)
= {

1                                                          , 𝑛 = 0
𝜆(𝜆 + 1)(𝜆 + 2)… . (𝜆 + 𝑛 − 1)  , 𝑛 ∈ 𝑁

            (1.6) 

 for  𝜆 ≠ 0,−1,−2,…                                      

      We recall the following definitions of fractional derivative operators which were 

used by Owa [8], (see also [11]) as follows: 

Definition 1.1. The fractional derivative operator of order 𝜆 is defined,  

    𝐷𝑧
𝜆𝑓(𝑧) =

1

Γ(1 − 𝜆)

𝑑

𝑑𝑧
∫

𝑓(𝜉)

(𝑧 − 𝜉)𝜆
𝑑𝜉

𝑧

0

                                        (1.7) 

where 0 ≤  𝜆 < 1, 𝑓(𝑧) is analytic function in a simply- connected region of the z-

plane containing the origin, and the multiplicity of (𝑧 − 𝜉)−𝜆 is removed by requiring 

log (𝑧 − 𝜉) to be real when 𝑧 − 𝜉 > 0. 
Definition 1.2. Let 0 ≤ 𝜆 < 1, and  𝜇, 𝜂 ∈ 𝑅. Then, in terms of the familiar Gauss’s 

hypergeometric function  ₂F₁ , the generalized fractional derivative operator  𝐽0,𝑧
𝜆,𝜇,𝜂

  is 

𝐽0,𝑧
𝜆,𝜇,𝜂

 𝑓(𝑧) =
𝑑

𝑑𝑧
 (

𝑧𝜆−𝜇

Γ(1 − 𝜆)
∫ (𝑧 − 𝜉)−𝜆𝑓(𝜉) ₂𝐹₁ ( 𝜇 − 𝜆, 1 − 𝜂; 1 − 𝜆; 1
𝑧

0

−
𝜉

𝑧
)𝑑𝜉)  (1.8) 

where 𝑓(𝑧) is analytic function in a simply- connected region of the z-plane 

containing the origin with the order 𝑓(𝑧) = 𝑂(|𝑧|𝜀) , 𝑧 → 0, where 𝜀 > max{0, 𝜇 −
𝜂} − 1, and the multiplicity of  (𝑧 − 𝜉)−𝜆 is removed by requiring  log (𝑧 − 𝜉) to be 

real when 𝑧 − 𝜉 > 0. 
Definition 1.3. Under the hypotheses of Definition 1.2, the fractional derivative 

operator 𝐽0,𝑧
𝜆+𝑚,𝜇+𝑚,𝜂+𝑚

 𝑓(𝑧) of a function 𝑓(𝑧) is defined by 

𝐽0,𝑧
𝜆+𝑚,𝜇+𝑚,𝜂+𝑚

 𝑓(𝑧) =
𝑑𝑚

𝑑𝑧𝑚
 𝐽0,𝑧
𝜆,𝜇,𝜂

 𝑓(𝑧)                                          (1.9) 

      Notice that 

          𝐽0,𝑧
𝜆,𝜆,𝜂

𝑓(𝑧) = 𝐷𝑧
𝜆𝑓(𝑧),           0 ≤ 𝜆 < 1                                        (1.10) 

      With the aid of the above definitions, we define a modification of the fractional 

derivative 

operator  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) by 

𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) =
Γ(𝑝 + 1 − 𝜇)Γ(𝑝 + 1 − 𝜆 + 𝜂)

Γ(𝑝 + 1)Γ(𝑝 + 1 − 𝜇 + 𝜂)
𝑧𝜇  𝐽0,𝑧

𝜆,𝜇,𝜂
𝑓(𝑧)                     (1.11) 

for 𝑓(𝑧) ∈ 𝐴(𝑝) and  𝜆 ≥ 0;   𝜇 < 𝑝 + 1;  𝜂 > max(𝜆, 𝜇) − 𝑝 − 1; 𝑝 ∈ 𝑁. Then it is 

observed that  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)  maps 𝐴(𝑝) onto itself as follows: 

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) = 𝑧𝑝 +∑𝛿𝑛(𝜆, 𝜇, 𝜂, 𝑝)

∞

𝑛=1

𝑎𝑝+𝑛𝑧
𝑝+𝑛                                   (1.12) 

where 

𝛿𝑛(𝜆, 𝜇, 𝜂, 𝑝) =
(𝑝 + 1)𝑛(𝑝 + 1 − 𝜇 + 𝜂)𝑛

(𝑝 + 1 − 𝜇)𝑛(𝑝 + 1 − 𝜆 + 𝜂)𝑛
                               (1.13) 
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      It is easily verified from (1.12) that 

𝑧 ( 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧))
′

= (𝑝 − 𝜇) 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧) + 𝜇 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)                      (1.14) 

This identity plays a critical role in obtaining information about functions defined by 

use of the fractional derivative operator. Our results in this paper will rely heavily on 

the identity. 

      Notice that 

 𝑀0,𝑧
0,0,𝜂

𝑓(𝑧) = 𝑓(𝑧), 

and 

 𝑀0,𝑧
1,1,𝜂

𝑓(𝑧) =
𝑧𝑓′(𝑧)

𝑝
 

       Making use of the fractional derivative operator  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧), we now introduce an 

interesting generalization of the class 𝑆∗(𝑝, 𝛼) of functions in 𝐴(𝑝) which satisfy the 

inequality (1.2). 



 مجلة التربوي

THE STARLIKENESS AND CONVEXITY OF P-VALENT FUNCTIONS 

INVOLVING CERTAIN FRACTIONAL DERIVATIVE OPERATOR      العدد 
 

382 
 

Definition 1.4.  A function 𝑓(𝑧) ∈ 𝐴(𝑝)  is said to be in the subclass 𝑆𝜆,𝜇,𝜂(𝑝, 𝛼) if it 

satisfies the inequality 

Re {(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
} > 𝛼  ,          𝑧 ∈ 𝒰                                   (1.15) 

(0 ≤ 𝛼 < 𝑝 ;  𝜆 ≥ 0, 𝜇 < 𝑝 + 1 ;  𝜂 > max(𝜆, 𝜇) − 𝑝 − 1 ;  𝑝 ∈ 𝑁) 

Also, a function 𝑓(𝑧) ∈ 𝐴(𝑝)  is said to be in the subclass  𝐾𝜆,𝜇,𝜂(𝑝, 𝛼) iff 

𝑧𝑓′(𝑧)

𝑝
∈ 𝑆𝜆,𝜇,𝜂(𝑝, 𝛼) 

       Observe that, 𝑆0,0,𝜂(𝑝, 𝛼) = 𝑆∗(𝑝, 𝛼)  and   𝐾0,0,𝜂(𝑝, 𝛼) = 𝐾(𝑝, 𝛼). 

 

      There are many papers in which various sufficient conditions for multivalent 

starlikeness have been obtained [1, 2, 3, 4, 6, 7]. In this paper we derive new sufficient 

conditions for the operator  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) to be p-valently starlike and p-valently convex 

in 𝒰. For their proofs we used Jack's Lemma (Lemma 1.5) below. Some interesting 

corollaries are also deduced from our main results. 

 

      To establish our results, we shall need the following lemma. 

Lemma 1.5. [5] Let 𝑤(𝑧) be non-constant and analytic function in 𝒰 with 𝑤(0)  =
 0. If |𝑤(𝑧)| attains its maximum value on the circle |𝑧|  =  𝑟, (0 <  𝑟 <  1) at the 

point  𝑧0 , then 𝑧0𝑤
′(𝑧0) = 𝑐𝑤(𝑧0) , where 𝑐 ≥  1. 

 

2.    The main results 

          By using Lemma 1.5, we now prove the following result. 

 

Theorem 2.1. Let 𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 𝑝 ;   𝜆 ≥ 0;   𝜇 < 𝑝 + 1 ;  𝜂 > max(𝜆, 𝜇) − 𝑝 − 1  

and 𝑓(𝑧) ∈ 𝐴(𝑝) and if  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) satisfies anyone of the following inequalities: 

 

|

|
1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
− (𝑝 − 𝜇)

− 1
|

|

<
1

2𝑝 − 𝜇 − 𝛼
                                                    (2.1) 

|1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
|

<
𝑝 − 𝛼

2𝑝 − 𝜇 − 𝛼
                        (2.2) 
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|
 𝑀0,𝑧

𝜆,𝜇,𝜂
𝑓(𝑧)

(𝑝 − 𝜇) 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
) − 1|

<
𝑝 − 𝛼

(2𝑝 − 𝜇 − 𝛼)2
          (2.3) 

 

|(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)

− (𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
)|       

< (𝑝 − 𝛼)          (2.4) 

Re

{
 
 

 
 

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)

(

  
 
1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
− (𝑝 − 𝜇)

− 1

)

  
 

}
 
 

 
 

< 1     (2.5) 

Then   𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) ∈ 𝑆𝜆,𝜇,𝜂(𝑝, 𝛼). 

Proof.  Let  𝑓(𝑧) ∈ 𝐴(𝑝). Since  

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
= (𝑝 − 𝜇) + 𝑑1𝑧 + 𝑑2𝑧

2 +⋯ ,     𝑧 ∈ 𝒰 

Define the function 𝑤(𝑧) by 

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
= (𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧),     𝑧 ∈ 𝒰;  0 ≤ 𝛼

< 𝑝           (2.6)  
It is clear that 𝑤(𝑧) is analytic in  𝒰 with  𝑤(0) = 0    . Also, we can find from (2.6) 

that 

𝑧 ( 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧))
′

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
−
𝑧 ( 𝑀0,𝑧

𝜆,𝜇,𝜂
𝑓(𝑧))

′

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
=

(𝑝 − 𝛼)𝑧𝑤′(𝑧)

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)
                  (2.7) 

By using (1.14) to (2.7), we have 
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(𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
+ 1

=
(𝑝 − 𝛼)𝑧𝑤′(𝑧)

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)
  (2.8) 

It follows from (2.6) that 

1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇) = 

(𝑝 − 𝛼)𝑤(𝑧) (1 +
𝑧𝑤′(𝑧)

𝑤(𝑧)

1

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)
)         (2.9) 

 

Hence,  

𝐹1(𝑧) =

1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
− (𝑝 − 𝜇)

− 1 

         

=
𝑧𝑤′(𝑧)

𝑤(𝑧)

1

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)
                                                                                                  (2.10) 

𝐹2(𝑧) = 1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
 

            

=
(𝑝 − 𝛼)𝑧𝑤′(𝑧)

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)
                                                                                                               (2.11) 

𝐹3(𝑧) =
 𝑀0,𝑧

𝜆,𝜇,𝜂
𝑓(𝑧)

(𝑝 − 𝜇) 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
) − 1 

            

=
(𝑝 − 𝛼)𝑧𝑤′(𝑧)

[(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧)]2
                                                                                                        (2.12) 

𝐹4(𝑧) = (𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)

− (𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
) 

= (𝑝
− 𝛼)𝑧𝑤′(𝑧)                                                                                                                 (2.13) 
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𝐹5(𝑧) = (𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)

(

  
 
1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

𝑓(𝑧)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

𝑓(𝑧)
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
− (𝑝 − 𝜇)

− 1

)

  
 

 

           

=
𝑧𝑤′(𝑧)

𝑤(𝑧)
                                                                                                                                             (2.14) 

If there exist a point  𝑧0 ∈ 𝒰  such that 

max
|𝑧|≤|𝑧0|

|𝑤(𝑧)| = |𝑤(𝑧0)| = 1 

Then by Lemma 1.5, we have 

𝑧0𝑤
′(𝑧0) = 𝑐𝑤(𝑧0),    𝑐 ≥ 1 

Therefore, the equations (2.10)-(2.14) yield, 

|𝐹1(𝑧0)| = |
𝑧0𝑤

′(𝑧0)

𝑤(𝑧0)

1

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)
| =

𝑐|𝑤(𝑧0)|

|(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)|
              

                

≥
1

2𝑝 − 𝜇 − 𝛼
                                                                                                                             (2.15) 

|𝐹2(𝑧0)| = |
(𝑝 − 𝛼)𝑧0𝑤

′(𝑧0)

(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)
| =

𝑐(𝑝 − 𝛼)|𝑤(𝑧0)|

|(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)|
              

                  

≥
(𝑝 − 𝛼)

2𝑝 − 𝜇 − 𝛼
                                                                                                                            (2.16) 

|𝐹3(𝑧0)| = |
(𝑝 − 𝛼)𝑧0𝑤

′(𝑧0)

[(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)]
2
| =

𝑐(𝑝 − 𝛼)|𝑤(𝑧0)|

|(𝑝 − 𝜇) + (𝑝 − 𝛼)𝑤(𝑧0)|
2
              

                  

≥
(𝑝 − 𝛼)

(2𝑝 − 𝜇 − 𝛼)2
                                                                                                                      (2.17) 

|𝐹4(𝑧0)| = |(𝑝 − 𝛼)𝑧0𝑤
′(𝑧0)| = 𝑐(𝑝 − 𝛼)|𝑤(𝑧0)|              

                  
≥ 𝑝
− 𝛼                                                                                                                                          (2.18) 
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      Re{𝐹5(𝑧0)} = Re {
𝑧0𝑤

′(𝑧0)

𝑤(𝑧0)
} = 𝑐

≥ 1                                                                                                (2.19) 
which contradict our assumptions (2.1)-(2.5), respectively. Therefore,|𝑤(𝑧)| <  1 

holds true for all 𝑧 ∈ 𝒰. From ( 2.6), we have 

|(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
− (𝑝 − 𝜇)| = (𝑝 − 𝛼)|𝑤(𝑧)| < 𝑝 − 𝛼                        (2.20) 

which implies that 

Re {(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
𝑓(𝑧)

 𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧)
} > 𝛼   

and hence  𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) ∈ 𝑆𝜆,𝜇,𝜂(𝑝, 𝛼). 

 

       If we put  
𝑧𝑓′(𝑧)

𝑝
  instead of  𝑓(𝑧)  in Theorem 2.1, we then obtain the following 

theorem. 

Theorem 2.2. Let 𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 𝑝 ;   𝜆 ≥ 0;   𝜇 < 𝑝 + 1 ;  𝜂 > max(𝜆, 𝜇) − 𝑝 − 1  

and 𝑓(𝑧) ∈ 𝐴(𝑝) and if  𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)

𝑝
}  satisfies anyone of the following inequalities: 

|

|

|1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}
− (𝑝 − 𝜇)

− 1

|

|

|

<
1

2𝑝 − 𝜇 − 𝛼
                                      (2.21) 

|1 + (𝑝 − 𝜇 − 1)
 𝑀0,𝑧

𝜆+2,𝜇+2,𝜂+2
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}
− (𝑝 − 𝜇)

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}
|

<
𝑝 − 𝛼

2𝑝 − 𝜇 − 𝛼
   (2.22) 

|
 𝑀0,𝑧

𝜆,𝜇,𝜂
{
𝑧𝑓′(𝑧)
𝑝

}

(𝑝 − 𝜇) 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}
) − 1| 

<
𝑝 − 𝛼

(2𝑝 − 𝜇 − 𝛼)2
                                                                              (2.23) 
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|(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}
(1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}

− (𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}
)|

< (𝑝 − 𝛼)                                                     (2.24) 

Re

{
 
 
 

 
 
 

(𝑝

− 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}

(

 
 
 
 
 1 + (𝑝 − 𝜇 − 1)

 𝑀0,𝑧
𝜆+2,𝜇+2,𝜂+2

{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆+1,𝜇+1,𝜂+1

{
𝑧𝑓′(𝑧)
𝑝

}
− (𝑝 − 𝜇)

(𝑝 − 𝜇)
 𝑀0,𝑧

𝜆+1,𝜇+1,𝜂+1
{
𝑧𝑓′(𝑧)
𝑝

}

 𝑀0,𝑧
𝜆,𝜇,𝜂

{
𝑧𝑓′(𝑧)
𝑝

}
− (𝑝 − 𝜇)

− 1

)

 
 
 
 
 

}
 
 
 

 
 
 

 

< 1                                  (2.25) 

Then   𝑀0,𝑧
𝜆,𝜇,𝜂

𝑓(𝑧) ∈ 𝐾𝜆,𝜇,𝜂(𝑝, 𝛼). 

 

        By setting 𝜆 = 𝜇 = 0 in Theorem 2.1, we obtain the following result. 

Corollary 2.3. Let 𝑓(𝑧) ∈ 𝐴(𝑝);  𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 𝑝 . If 𝑓(𝑧) satisfies anyone of the 

following inequalities: 

|
1 +

𝑧𝑓′′(𝑧)
𝑓′(𝑧)

− 𝑝

𝑧𝑓′(𝑧)
𝑓(𝑧)

− 𝑝
− 1| <

1

2𝑝 − 𝛼
                                                             (2.26) 
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|1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
−
𝑧𝑓′(𝑧)

𝑓(𝑧)
| <

𝑝 − 𝛼

2𝑝 − 𝛼
                                                              (2.27) 

|
𝑓(𝑧)

𝑧𝑓′(𝑧)
(1 +

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) − 1| <

𝑝 − 𝛼

(2𝑝 − 𝛼)2
                                                      (2.28) 

|
𝑧𝑓′(𝑧)

𝑓(𝑧)
(1 +

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
−
𝑧𝑓′(𝑧)

𝑓(𝑧)
)| < 𝑝 − 𝛼                                                                (2.29) 

Re {
𝑧𝑓′(𝑧)

𝑓(𝑧)
(
1+

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
−𝑝

𝑧𝑓′(𝑧)

𝑓(𝑧)
−𝑝

− 1)} < 1                                                                        (2.30)                                      

Then  𝑓(𝑧) ∈ 𝑆∗(𝑝, 𝛼). 
       If we put  𝑝 = 1  Corollary 2.3, we obtain the following result. 

Corollary 2.4. Let 𝑓(𝑧) ∈ 𝐴;  𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 1 . If 𝑓(𝑧) satisfies anyone of the 

following inequalities: 

|

𝑧𝑓′′(𝑧)
𝑓′(𝑧)

𝑧𝑓′(𝑧)
𝑓(𝑧)

− 1
− 1| <

1

2 − 𝛼
                                                                    (2.31) 

|1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
−
𝑧𝑓′(𝑧)

𝑓(𝑧)
| <

1 − 𝛼

2 − 𝛼
                                                                  (2.32) 

|
𝑓(𝑧)

𝑧𝑓′(𝑧)
(1 +

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) − 1| <

1 − 𝛼

(2 − 𝛼)2
                                                           (2.33) 

|
𝑧𝑓′(𝑧)

𝑓(𝑧)
(1 +

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
−
𝑧𝑓′(𝑧)

𝑓(𝑧)
)| < 1 − 𝛼                                                                 (2.34) 

Re{
𝑧𝑓′(𝑧)

𝑓(𝑧)
(

𝑧𝑓′′(𝑧)
𝑓′(𝑧)

𝑧𝑓′(𝑧)
𝑓(𝑧)

− 1
− 1)} < 1                                                                        (2.35) 

Then 𝑓(𝑧) ∈ 𝑆∗(𝛼). 
         By setting 𝜆 = 𝜇 = 0 in Theorem 2.2, we obtain the following result. 

Corollary 2.5. Let 𝑓(𝑧) ∈ 𝐴(𝑝);  𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 𝑝 . If 𝑓(𝑧) satisfies anyone of the 

following inequalities: 

|
1 +

2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)
𝑓′(𝑧) + 𝑧𝑓′′(𝑧)

− 𝑝

1 +
𝑧𝑓′′(𝑧)
𝑓′(𝑧)

− 𝑝
− 1| <

1

2𝑝 − 𝛼
                                           (2.36) 

|
2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
−
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
| <

𝑝 − 𝛼

2𝑝 − 𝛼
                                            (2.37) 

|
𝑓′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
(1 +

2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
) − 1|

<
𝑝 − 𝛼

(2𝑝 − 𝛼)2
                                    (2.38) 
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|𝑧 (1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) (
2𝑓′′(𝑧) + 𝑧𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
−
𝑓′′(𝑧)

𝑓′(𝑧)
)|

< 𝑝 − 𝛼                                            (2.39) 

Re{(1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
)(

1 +
2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)
𝑓′(𝑧) + 𝑧𝑓′′(𝑧)

− 𝑝

1 +
𝑧𝑓′′(𝑧)
𝑓′(𝑧)

− 𝑝
− 1)}

< 1                                  (2.40) 
Then 𝑓(𝑧) ∈ 𝐾(𝑝, 𝛼). 
        If we put  𝑝 = 1  Corollary 2.5, we obtain the following result. 

Corollary 2.6. Let 𝑓(𝑧) ∈ 𝐴;  𝑧 ∈ 𝒰;  0 ≤ 𝛼 < 1 . If 𝑓(𝑧) satisfies anyone of the 

following inequalities: 

|
𝑓′(𝑧)

𝑓′′(𝑧)
(
2𝑓′′(𝑧) + 𝑧𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
) − 1| <

1

2 − 𝛼
                                              (2.41) 

|
2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
−
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
| <

1 − 𝛼

2 − 𝛼
                                             (2.42) 

|
𝑓′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
(1 +

2𝑧𝑓′′(𝑧) + 𝑧2𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
) − 1|

<
1 − 𝛼

(2 − 𝛼)2
                                       (2.43) 

|𝑧 (1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) (
2𝑓′′(𝑧) + 𝑧𝑓′′′(𝑧)

𝑓′(𝑧) + 𝑧𝑓′′(𝑧)
−
𝑓′′(𝑧)

𝑓′(𝑧)
)|

< 1 − 𝛼                                                (2.44) 

Re {(1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) (
𝑓′(𝑧)[2𝑓′′(𝑧) + 𝑧𝑓′′′(𝑧)]

𝑓′′(𝑧)[𝑓′(𝑧) + 𝑧𝑓′′(𝑧)]
− 1)}

< 1                                               (2.45) 
Then  𝑓(𝑧) ∈ 𝐾(𝛼). 
      Remark: The corollaries 2.3 - 2.6 correspond to the known results given by Irmak 

and Raina [[4], corollaries 1 - 4]. 
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1. H. Irmak and Ö. F. Cetin, Some theorems involving inequalities on p-valent 

functions,            Turk. J. Math. 23(1999), 453-459. 
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