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Some Applications Of A Linear Operator To A Certain
Subclasses Of Analytic Functions With Negative
10 22=1) Coefficients

Aisha Ahmed Amer Rabeaa Abd Allah Alshbear

Mathmatics Department, Faculty of Science
Al-Khomus, Al-Margib University

and Nagat Muftah Alabbar
Mathmatics Department, Faculty of Education
of Benghazi, University of Benghazi

Abstract:
The main object of this paper is to introduce and study the

new subclasses TS’ (4,1,a,c) and TR;’(4,l,a,c) of analytic
functions with negative coefficients defined by a linear operator .
Coefficients inequalities for functions belonging to these subclasses
are determined. In addition, radii of close-to-convexity, starlikeness
and convexity, closure theorems are obtained.

1. Introduction

Let A(n) denote the class of all analytic functions in the

open unit disc
U={z €C:|z [<1}, of the form:

fz)=z+ Y az*(n=123.).

k=n+1
(1)
Denote T (n) the subclass of A(n) consisting of functions of
the form:

fz)=z- Y az" (a =0,neN)
(2)
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For functions f € A(n) given by (1) and g e A(n) given by
g(z)=z+ > bz,

k=n+1
we define the Hadamard product (or convolution) of f and g by

(f *g)z)=1z+ iakbkzk.

k=n+1
If f , g are analytic in U, we say that f is subordinate to g ,
denoted by f < g, if there exists a function w analytic in U with
w(@0)=0 and |w(z)|<1l (z €U), such that f (z)=gWw (z)),
(z €V). It IS known that
f(z)<g(@z) (zZe€U)=f@0)=g@O) and f U)cg(U).
Let the function ¢(a,c;z) be given by

p(a,c;z) = ZE ;" 2zt (z eU,c#0,-1,-2,-3,..),

where (x), denotes the Pochhammer symbol (or the shifted
factorial).

Corresponding to the function ¢(a,c;z), Carlson and
Shaffer [14] introduced a linear operator L (a,c) by

0

L(a,c)f (z):=¢(a,c;z)*f (z2) =

k=0
Note that:
L(a,a) IS the identity operator,and
L(a,c)=L(a,b)L(,c) (b,c=0,-1,..).
The author [1, 3] has recently introduced a new linear
operator D"*(a,b)f (z) as the following:
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Definition 1.1 Let
A @,h:z) = Z£l+ AK j (@), zk
k=0 1+1 ) (b),
where (z €eU,b #0,-1,-2,-3,...),A>0,meZ,1 >0, and (x), is
the Pochhammer symbol.
We defines a linear operator D"*(a,b):A —A by the

following Hadamard product:
m m c ﬂ“k ! (a) k+1
D™ (a,b)f (z):=¢""(a,b;z)*f (z)= (1+ ) ka z ",
| ¢ é 1+1) (b), ‘
3)

Note that:
Do*(a,b)f (z)=L(a.b)f (2),

(1+1)D™*(a,b)f (z) = (1-A+1)L(ab)f (z)+4z (L(ab)f (z))'=D,(L(a,b)f (2)),220,
D"*(a,b)f (z)=D,(D/" " (a,b)f (z)), where m eZ.

Special cases of this operator includes:

e D"°(@,b)f (z)=D*(a,b)f (z)=L(a,b)f (z).

e the Ruscheweyh derivative operator [10] in the cases:
D (B+1,1f (z)=D”f (z); f>-1.

e the Salagean derivative operator [12]: D" (1,1)f (z).

e the generalized Salagean derivative operator introduced by
Al-Oboudi [11]: D" (1,1)f (2).

e the Catas drivative operator [17]: D/™*(1,1)f (z), and

finally.
e The fractional operator introduced by Owa and Srivastava

[18]
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DJ°(2,2-p)f (z)=Qf (z)=T(2-y)z’D/f (2);
D/f (z) is the fractional derivative of f of order y;» #2,3,4,---.
Now, we introduce new subclasses of analytic functions
involving our operator D"*(a,b).
Definition 1.2 A function f €T (n) is said to be in the
subclass TS[,”‘,f(/l,l,a,c), for 0< <1, yeC/{0}) if and only
if:

—(—-1

y Vv

< p,

‘1 v’

where
v’ z(D™*(a,b))+5z%(D"*(a,b)f (z))"
v o (1—5)D,m"(a,b)f (z)+0z (D,""”“(a,b)f 2))"
(5)

(zeU, 0<6<1).
Definition 1.3 A function f €T (n) is said to be in the

subclass TR (4,1,a,c) if and only if

‘l(v'—l) <5,
Y

(z eU, 0<6<1l, 0<pB<1, yeC/{0}.
We note that there are some known subclasses of
TS;°(4,1,a,c) and TR;7(4,1,a,c)
Remark 1.1 (1) If m =0, and a=c =0 then
TSZ’j(/l,I,0,0):Sn(,b’,y,5).
(2)If m=0, and a=c =0 then

TR%2(2,1,0,0) =R, (f,7,6).
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The classes S, (5,7,0) and R (f,y,0) were investigated in [5].
3)If m=0, a=c=0and 6=0, p=|b|, y=1then
TSlgﬁ(O, l,4,¢c) =S, (b),
where (b € C/{0}). Theclass S, (b) was studied in [6].

2. Coefficient bounds
In this section, we obtain necessary and sufficient

conditions for a function to be in the subclasses ng‘,f(/l,l ,a,C)

and TR “(4,1,a,c) respectively.

Theorem 2.1 Let the function f be defined by (3). Then f
belongs to the subclass TS,"*(a,b) if and only if

o ) (A=D1 @),
k;‘11[1+5(k DIk +817] 1)( 1o j ©), .

(z eU, 0<6<1l, 0<pB<1, yeC/{0}.

a, = <Blrl

Proof: Suppose f €TS;’(4,1,a,c). By making use of
(4) we easily obtain

Re {ZVV }> Bly| @<U)

which, in view of (5), gives :

_ i [1+5(k —1)](k _1)(ﬂ(k -1)+1+1 j (a)k_1 0z -

k=n+1 1+1 (C)k -1
Re >-Blr].
kD11 @), s
Ttk 1)]( 141 J O,
(8)
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Setting z =r (0<r<1) in ( 8 ) we observe that the
expression in the denominator on the left hand side of ( 8 ) is
positive for r =0 and also for all r €(0,1). Thus by letting
r —1 <through real values ( 8) leads us to the desired condition (
7)) of the theorem.

Conversely, by applying the hypothesis ( 8 ) and setting
|z |[=1, we find by using (7)that

3 B (A =D +1+1 ) (@), 1,
. D e G N o
Y 7 - i [1+5(k —1)](’7“(k 113'*1*' j E:;k ag 7t
© B B Ak =1)+1+1 (a)k 1g gk
L _Z 1+ S(k _1)](1(k —11)|+1+Ij E?;k g g
,Blyl(l— $ e o0 _1)](l(k _11+)|+1+|J @ J
< =n+1 k-1
1- 3 [1+5(k —1)](’1(k _11+)|+1+'j E:;k =Y
=plrl

Hence, by the maximum modulus principle, we have
f eTS;7(4,1,a,c).
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Corollary 2.1 Let the function f be defined by (3)and
f eTR;’(4,1,a,c), then

8 < Blyl

- , (k >n+1),
[1+5(k 1)1k + 2] 7]-1) (ﬂ(k —11)+1+| j @),
+1 (C)k—l
9
with equality only for functions of the form
fZ =7 - /3|7| Zk, (k ZI1_F1)

[+ 5Kk DK + B 7] -1) [Mk ~1)+1+] J @)

1+1 ©).,

By using the same arguments as in the proof of Theorem 2.1 we
can establish the next theorem.

Theorem 2.2 Let the function f be defined by (3). Then f
belongs to the subclass TR/?'f (4,1,a,c) if and only if

(z(k ~1)+1+1 j @), ,
1+1 )y
(10)

S k[1+8(k ~1)]

k=n+1

a <Blrl

(z eU, 0<6<1, 0<pB<1, yeC/{0}.
Corollary 2.2 Let function f be defined by (3) and
f eTR77(4,1,a,c). Then

a, < Aly| _ (k >n+1),
K[1+5(k —1)] (’I(k ‘11+)|+1+' j E:;k—l
(11)

with equality only for functions of the form
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f=z- Al 2%, (k >n+1).

L+ 5(k —1)] (/I(k 11+)|+1+| j E:;k_l

3. Radius of starlikeness and convexity

We concentrate upon getting the radius of close-to-
convexity, starlikeness and convexity.

Theorem 3.1 Let the function f be defined by (3), belongs

to the subclass f eTS}}f(ﬂ,a,a,c), then f is close-to-convex of
order u, (0<u<1) inthedisc |z [<r, where

1+1 (C)li '
(12)

Proof: It is suffices to prove that |f ’(z)—]J <l-u,
(0<u<1) for z €U suchthat |z |<r,

f@)-1=]3 kaz**

k=n+1
f'(z)-1<1-u, if

(/l(k ~1)+1+1 j“” @),

r=inf

k>n+1

(I-w[l+ok -DIk + By |-1)
kBl7l

<Y ka, |z [

k=n+1

Thus

0

K (-1
—a, |z | <L
> falrd

k=n+1-+""

By making use of (7) we obtain

i [1+6(k DIk + By [-1)
k=n+1 kﬂ | 7/|
Then the inequality (13) will be true if

LS () (YA

1-u KByl

<1.

(i(k 1) +1+1 j @),
1+1 €) 4

(ﬂ,(k ~1)+1+1 jm @), ,
1+1 )|
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Thus

12 = inf A-@+6k DIk +B1r1-1) (i(k —1)+1+1 jm @) M_
k>n-+1 KA|y| 1+ )4

This completes the proof.

Theorem 3.2
Let the function f be defined by (3) belongs to the subclass

f eTS;°(4,1,a,c). Then f is starlike of order 4, (0<u<1) in
the disc |z |<T,, thatis,

1
Jkl

<1l-u, (0L u<) for

. [(1—#)[1+5(k DIk + 81 71-1)
= iInf

[ﬂ(k 1) +1+1 j’“ @), .,
(k—)Blrl

1+1 )4

k>n+1

Proof:

zf ’(z)_1
f(z)

(z eU) suchthat |z |<r,, we have

It is suffices to show that

| N (k —Da.z**| Sk -1)a, |z [
of (z)_l‘:kgﬂ ‘ Sé -
f(Z) 1— Zakzk_l 1— Zaklzlk—l
k=n+1 k=n+1
Thus |2H@) _ql<a s
f(z)

In virtue of (7 ) we have
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$ [0k -DIk + 1711 (/I(k ~1)+1+1 j @),
el kﬂ | 7/| 1+| (C)k—l

Then the inequality (14) will be true if

K-p, 12 < [1+o(k -k +Bly[-1) (l(k -1)+1+1 jm @) |

1-u kKB7| 1+1 (P

Thus

2 b= ing | L O DK + By 1 1) (ﬁ(k ~1)+1+1 j @,
k=n+l (k —)p| 7| 1+1 (C)k—l‘

This completes the proof.
Corollary 3.1 Let the function f be defined by (3) belongs

to the subclass f eng‘,f(ﬂ,l,a,c). Then f is convex of order g,
(0<u<1) inthedisc |z |[<r,, thatis,

ro= ing | Ao+ OKk —DIk +Aly]|-1) (A(k ~1)+1+1 jm Qm -
5 k(k =)p17] 111 ©0s

By using the same arguments as in the proofs of Theorems
3.1 and 3.2 we can obtain the radii of close-to-convexity,

starlikeness and convexity for the subclass f eTR/JT,f (4,1,a,c).
Theorem 3.3 Let the function f be defined by (3), belongs to
the subclass f eTR[’}ff(/l,l,a,c), then f is close-to-convex of

order u, (0<u<1) inthedisc |z |< p,, where

k>n+1

1

J“.

(ﬂ(k ~1)+1+1 j @),
1+1 ©),,

P, = iInf

k>n+1

(1-)[1+0o(k -1)]
Blyl
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Theorem 3.4 Let the function f be defined by (3) belongs to

the subclass f eTR[Tf(/l,I,a,C). Then f is starlike of order g,
(0<u<1) inthedisc |z |< p,, that s,
ES
= inf k(1-)[1+5Kk -]k + 3| (ﬂ(k ~1)+1+1 )m @), | "
e k—@)Blyl 1+1 ©s|)

Corollary 3.2 Let the function f be defined by (3) belongs
to the subclass f eTR;f(/l,l,a,c). Then f is convex of order g,

(0<u<1) inthedisc |z |< p,, thatis,

1

j“.

fiz)=z- > a 2" (z V).
k=n+1
We obtain the following results for the closure of functions in

the subclasses TS 7’ (4,1,a,c) and TR’ (4,1,a,c).

4
Theorem 4.1 Let the function f,(j =1,2,3....,p) be defined
by (16) belongs to the subclass f eTR/)Tf(/I,I,a,c), and let

¢, 20,(j =1,2,3...,p) suchthat >_" ¢, =1. Then the function h
defined by

Ps; = iInf

k>n+1

A=+ ok 1)
(k—)Bl7

4. Closure Theorems
Let the function f, (j =1,2,3..., p) defined by

(ﬂ(k ~1)+1+1 j @), _,
1+1 €)4

h:Zp:cjfj,
J=1

is also in the subclass TS ;7 (4,1,a,c).
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Proof: In virtue of the definition of h , we can write

p o
h=>c,z- > a,z")
J=1

k=n+1

:(icj)z =3 O, )2t

k=n+1 J=1

=z - i (Zp:cjaklj)z".

k=n+l J=1
Since the functions f, are in TS]’(4,1,ac), for every
j =1,2,3,...,p, we have

0

D [1+8k -1k +B171-1)

k=n+1

Hence we get

S [+ Sk -1k + 41| -1)

k=n+1

[i(k ~1)+1+1 j’“ @), ,
1+ €)1

A <pBlyrl.

Ot.a ) <pl7l

J=1

(i(k ~1)+1+1 J”‘ @), ,
1+1 €4

(/I(k ~1) +1+1 j’“ @), ,
1+1 ©),

<3%,(817)=Bl7 )

which implies that h is in the subclass TS 7(4,1,a,c).

Thus, the proof of the theorem is complete.
Many other work on analytic functions related to derivative

operator and integral operator can be read in [2],[4] and [5] .

ali

St S5k ~DIk + 8] 7]-1)

J=1 k=n+l
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Information for authors

1- Authors of the articles being accepted are required to
respect the regulations and the rules of the scientific research.
2- The research articles or manuscripts should be original, and
have not been published previously. Materials that are
currently being considered by another journal, or is a part of
scientific dissertation are requested not to be submitted.

3- The research article written in Arabic should be
accompanied by a summary written in English.

And the research article written in English should also be
accompanied by a summary written in Arabic.

4- The research articles should be approved by a linguistic
reviewer.

5- All research articles in the journal undergo rigorous peer
review based on initial editor screening.

6- All authors are requested to follow the regulations of
publication in the template paper prepared by the editorial
board of the journal.

Attention

1- The editor reserves the right to make any necessary
changes in the papers, or request the author to do so, or reject
the paper submitted.

2- The accepted research articles undergo to the policy of the
editorial board regarding the priority of publication.

3- The published articles represent only the authors
viewpoints.
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