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Abstract:- 

 In this purely, the focus will be on the parametric effect in several cases, and 

we will study the existence and uniqueness of the solution and the continuous 

dependence in three cases, first on the parameter μ, and secondly on the elementary 

condition   , we will notice the effect of the parameter significantly on the differential 

equation that helps us in reaching existence and the oneness of the solution  and the 

third is the study of the related dependence on μ and   , where we have demonstrated 

the existence and unity of the solution. 

 

Keywords:  Differential equation, parameter, initial value problem, continuous 

dependence, Lipschitz condition. 

Introduction: 1. 

Here we are concerned with the existence of a unique solution of the initial value 

problem of the differential equation with scalar parameter μ 

{

  ( )

  
  (   ( )  )              (   ⦌          ( )     

  ( )                                                                       
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 The continuous dependence of the solution on the scalar parameter   and      will be 

also studied    the  initial value  

     

Definition  1.1 [see 1] 

Let    be an operator defined on a set  B in a Banach space E , satisfying the condition 

: 

‖     ‖   ‖   ‖           

If   0                                                   

Definition  1.2 [see2] 

 X  :ƒ Let (X,d) and (Y,p) be two metric spaces a 

mapping is said to be Lipschitz continuous if there exists a constant  L>0 such that 

  ( ( )  ( ))    (   )            

Definition  1.3 

Continuously differentiable solution 

Consider firstly the initial value problem (1) under the following assumption. 

 ( i     )  [   ]        is continuous in 𝐭   I=⦋0,1⦌ :ƒ            

And satisfies the Lipschitz condition 

   | (     )   (       )|    (|    |  |    |)           ( ) 

The initial value problem (1) and the integral equation 

 ( )       ∫  (   ( )  )
 

 

                                          ( ) 

Are equivalent and to prove that  

Let    be a solution of (1) 

Integrate system (1), we obtain 

 ( )       ∫  (   ( )  )
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Let   be a solution of the integral equation (3). 

Differentiating (3), we get  

  ( )     (   ( )  )⁄   

At  t=0, we have  

 ( )       ∫  (   ( )  )
 

 

    

 ( )                                          

Hence the initial value problem (1) are equivalent to the integral equation (3).  

Also if the assumption (i)  be satisfied, then  

| (     )|     (| |  | |)  | (     )|  

And to prove that,  From the Lipschitz condition (2), we have 

| (     )|  | (       )|     (|    |  |    |)  

Then 

| (     )|  | (     )|     (| |  | |) 

and 

| (     )|     (| |  | |)  | (     )|  

 Defintion 1.4  [see 7] The solution of initial value problem (1) depends continuously 

on the parameter μ , if for all 𝜖                   

 (𝜖)               

|    |  δ         |    |    

Where                                                  

{

  ( )

  
  (   ( )   )              (   ⦌              ( )

 ( )                                                                                            

 

Definition  1.5 [see 7] The solution of initial value problem (1) depends continuously 

on the initial value    , if for all 𝜖                 
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  (𝜖)              

|     
 |  δ         ‖    ‖    

Where                                                   

{

  ( )

  
  (   ( )  )              (   ⦌             

 ( )    
                                             ( )

 

Definition  1.6 [see 7]  The solution of initial value problem (1) depends continuously 

on the initial value          , if for all 𝜖                        (𝜖)              

|     
 |     |    |  δ

 
          ‖    ‖    

Where                                                   

{

  ( )

  
  (   ( )   )              (   ⦌

 ( )    
                           ( )

                       

 

2- Main Result 

Theorem 2.1  [see 4]  Let the assumption (i)  be satisfied. If        

                                ( )                           [   ]. 

Proof.  Define the operator  F associated with the integral equation (3) by 

F ( )       ∫  (   ( )  )
 

 
    

The operator  F maps  [   ]               

For this let    [   ]         [   ]           |     |         

|  (   )    (   )|   |∫  (   ( )  )  
   

 

 ∫  (   ( )  )  
   

 

| 

 ∫  (   ( )  )  
   

   

 

                                 ∫   ((| |  | |)  | (     )|)      
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                                                   (       )  (‖ ‖  | |)    ∫ | (     )|  
   

   

 

This proves that       [   ]   [   ]  

Now to prove that     is contraction  

Let    ,y    [   ]      

|  (  )    (  )|   |∫  (   ( )  )  
  

 

 ∫  (   ( )  )  
  

 

| 

 ∫ | (   ( )  )   (   ( )  )|
 

 
ds                 

                                   ∫ |   |      
 

 

 

                                                      ‖   ‖                         

      ‖     ‖     ‖   ‖  

Since                                                                

theorem  , then there exists a unique solution       [   ]                      

        (1). 

Theorem  2.2  Let the assumption (i)  be satisfied, then the solution of the initial 

value problem (1) depends continuously on the parameter       

Proof.  Let           ( )       ∫  (   ( )  )
 

 
          [   ]               

Be the unique solution of the problem (1) 

 and 

  ( )       ∫  (    ( )   )
 

 

          [   ]           

be the unique solution of the problem  (4)  

Then  

| ( )    ( )|  ∫ | (   ( )  )   (    ( )   )|
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                  ∫ (|    |  |    |)  
 

 

 

                                   |    |    |    |                           

                                                                  [    ]| ( )    ( )|      |    |                   

   ‖    ‖      

and 

                     (    ) ‖    ‖                               

Hence  

                                         ‖    ‖   
   

(    ) 
 𝜖                         

This means that the solution of initial value problem (1) depends continuously on the 

parameter        

Theorem  2.3  Let the assumption (i)  be satisfied, then the solution of the initial 

value problem (1) depends continuously on the initial value        

Proof.  Let           ( )       ∫  (   ( )  )
 

 
          [   ]               

be the unique solution of the problem (1) 

 and 

  ( )     
  ∫  (    ( )  )

 

 

          [   ]           

be the unique solution of the problem  (5)  

Then  

             | ( )    ( )|  |   –   
 |  ∫ | (   ( )  )   (    ( )  )|

 

 
   

 |   –   
 |    |    | 

                            [    ]| ( )    ( )|  

                   ‖    ‖                             
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and  

  (    ) ‖    ‖                                                                                   

Hence 

                                          ‖    ‖   
 

(    ) 
 𝜖                                                         

  This means that the solution of initial value problem (1) depends continuously on the 

initial value          

Theorem  2.4  Let the assumption (i)  be satisfied, then the solution of the initial 

value problem (1) depends continuously on the initial value    and the scalar 

parameter      

Proof.  Let         

 ( )       ∫  (   ( )  )
 

 

          [   ] 

be the unique solution of the problem (1) 

 and 

                    ( )     
  ∫  (    ( )   )

 

 

          [   ]           

be the unique solution of the problem  (4)- (5)  

Then  

             | ( )    ( )|  |   –   
 |  ∫ | (   ( )  )   (    ( )   )|

 

 
   

                                             |   –   
 |   ∫ (| ( )    ( )|  |    |)

 

 

   

                                          ‖    ‖      |    |                          

                  ‖    ‖                

and  

                   (   ) ‖    ‖                                                                                          
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Hence 

                                          ‖    ‖   
        

(   ) 
 𝜖                                                         

  This means that the solution of initial value problem (1) depends continuously on the 

initial value                                                               

Conclusion: 

                  We studied and proved the oneness of the solution and used a set of 

theories that will benefit us in the future in studying  the existence and unity of the 

solution and the Continuous dependence in several cases. 
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