s 9= A ddaa

Journal of Educational 1.5 ol il Jalaa
ISSN: 2011- 421X 19 2a=ll
Arcif Q3

Boyyilldlan

wiijnll ienly

g @Aﬂ\ Q)
22021 s

o g ot
(Sou gl | o

o pSatl g Lyl i o g Sl o lgle 2 Ly i Alal)
liaiiey Jardy Cpasaall ¢ ) ol ia¥) JS o iad daal) =
» Lglas Alaal) Jaati ¥ g Walaual g1 0 oo i B gdiiall lsiY) g o) W) ABlS m
AL L L Jglaal) sa g Apalal) ALY A ghese Gl Janiy @
Sl gl iy Lglaua 45 Y ddll Aasid) Eiga) w

(ol A s k) i)

http://tarbawej.elmergib.edu.ly



s 9= A ddaa

Journal of Educational 1.5 ol il Jalaa
ISSN: 2011- 421X 19 aall
Arcif Q3
: pdl) Jay) g

bl Lo le el of all Aasid) Analall Cgadl 8 o il

sacl gy alall ) Jgual —

cAaade Al e le e culS i Gaw 38 dpalell sala)) s YT -

dna el (305 Apoal AS 3 a3 -

C OsaSaall of Lo Bi peaaa s Al gl Cgadl Jaas —

ol il g ¢ adyg dadll & gis ¢ Gladiall dae e Aaall Lgien sy ) Loyl sually Gl ol 1l -
- Sl Aaall lgrial b g (e 2ady Loy ¢ Jpaxill As giaall 4 3l

D Glgaadd

caazmdy o bt (il f Gl Jiaes 8 Bal) Alaall -

RAVSTRETPE 1 FON RCHUP P RS R RURW P VS

C sl Dl deas oo e Vo lplanal i dgay pe et b sliall Sisadl -

Information for authors

1- Authors of the articles being accepted are required to respect the regulations and the rules
of the scientific research.

2- The research articles or manuscripts should be original and have not been published
previously. Materials that are currently being considered by another journal or is a part of
scientific dissertation are requested not to be submitted.

3- The research articles should be approved by a linguistic reviewer.

4- All research articles in the journal undergo rigorous peer review based on initial editor
screening.

5- All authors are requested to follow the regulations of publication in the template paper
prepared by the editorial board of the journal.

Attention

1- The editor reserves the right to make any necessary changes in the papers, or request the
author to do so, or reject the paper submitted.

2- The research articles undergo to the policy of the editorial board regarding the priority of
publication.

3- The published articles represent only the authors' viewpoints.

& & &

http://tarbawej.elmergib.edu.ly



/\ So— il d>o
Journal of Educational 1.5 =) Sl Jalas

L , ISSN: 2011- 421X 19 222l
Arcif Q3

A-Generalizations And g- Generalizations

Khadiga Ali Arwini® ", Entisar Othman Laghah?
'Mathematics Department, Tripoli University, Tripoli-Libya
’Mathematics Department, Zawia University, Zawia-Libya
Kalrawini@yahoo.com*

ABSTRACT

In this paper, we use the concept of A-closed set and g-closed set to define two classes of
generalized regular closed sets; namely A-generalizations and g-generalizations. The class
of A-generalizations includes: r A-closed set, r*A-closed set and r A*-closed set, while the
second class of generalizations includes: g.r-closed set, g.r-closed set and r.g*-closed set.
We investigate the characterizations of these generalizations, moreover, we illustrate the
implications of these classes among themselves and with the known sets, and finally we
study their behavior in regular spaces and in extremely disconnected spaces.

Keywords: Topological space and generalizations, regular space, extremely disconnected
space.

AMS Subject Classification (2000): 54A05, 54D10, 54G05.

1. INTRODUCTION

The concept of regular closed sets was introduced be Stone in 1937 [1], where a
subset in a topological space is called regular closed (briefly r-closed) if its equals to the
closure of its interior, Stone studied this class of sets, and showed that r-closed set is
stronger than closed set. The family of r-closed sets has some applications in the
semiregularization space [1,2], also in a generalization for algebraic openings and closings
in a complete lattice [3].

Many studies in the literature have been made on defining different generalizations of
closed sets as; v-sets, g-closed sets, A-closed sets, a-closed sets, semi-closed sets, preclosed
sets, b-closed sets, etc., where these notions were defined using the closure and the interior
operations. The concept of these generalizations play a significant role in general topology,
and used to derive several forms of higher and lower separation axioms and compactness.

Maki [4] introduced the notion of a-sets in topological spaces, where a a-set is a set
that equals to its kernel, i.e. to the intersection of all open supersets of the set, then in 2021,
Almarghani and Arwini [5] introduced generalizations of regular closed sets, namely v,-
sets, g.v.-sets, g*.v-set and g*.v.-set, by considering the notion of the closure operator a,-
closure. Arenas et al. [6] introduced and investigated the notion of A-closed sets by
involving a-sets and closed sets, this enabled them to obtain new separation axioms by
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utilizing the notion of A-closure operator. The concept of generalized closed set (briefly g-
closed) was due to Levine in 1970 [7], when he used this notation to define a space called
Ti-space, and he showed that T is strictly between the spaces T; and T, [8,9,10]. In 1993,

2 2
Palaniappan [11] introduced the concept of regular generalized closed sets (briefly r.g-
closed) and he proved that this class of sets is weaker than the class of g-closed sets. Later
on 2011 [12] Bhattacharya defined a new class of sets called generalized regular closed sets
(briefly g.r-closed), when he studied the behavior relative to unions, intersections and
subspaces; moreover, he proved that these class of sets are weakly ordered as; r-closed set,
g.r-closed set, g-closed set then r.g-closed set.

The purpose of this article is to use the notions of A-closed set and g-closed set to
define two classes of generalized regular closed sets; namely A-generalizations and g-
generalizations, where A-generalizations class consists the sets: r A-closed sets, r*A-closed
sets and r A*-closed sets, while the second class of generalizations contains the sets: g.r-
closed sets, g.r-closed sets and r.g*-closed sets, where g.r-closed sets and r.g-closed sets
were due to Bhattacharya and Palaniappan, as we mentioned before. We discuss the
properties of these generalizations, moreover, we illustrate the implications of these classes
among themselves and with the known sets, and finally we investigate their behavior in
regular spaces and in extremely disconnected spaces.

We divided our article into five main sections as; introduction, preliminaries, A-
generalizations, g-generalizations and finaly conclusion.

2. PRELIMINARIES

In this section, we recall the definitions of regular-closed sets, v-sets, A-closed sets and
g-closed sets, with some of their properties that we need in the sequel.

Throughout this paper (X,t) represented non-empty topological space, and will
replaced by X if there is no chance of confusion, no separation axioms assumed unless

otherwise mentioned. If A is a subset of a space X, the notions A and A° denote the closure
and the interior of A; respectively.

2. 1. Regular Closed Sets

Definition 2.1.1. [1] A subset B of a space (X, 1) is called regular closed (briefly r-closed) if
B=B°, while the set B is called §-closed set if B is the intersection of r-closed sets. The
family of all r-closed sets in (X, t) is denoted by RC(X, 1).

Corollary 2.1.1. [1]

1- Every r-closed set is 6-closed set.

2- Every d-closed set is closed set.

3- Intersection of r-closed sets is not necessarily r-closed.
4- Finite union of r-closed sets is r-closed.

Definition 2.1.2. [13] Let A be a subset of X then, the r-closure of A is defined as the
intersection of all r-closed sets containing A, and is denoted A,
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Proposition 2.1.1. [13] Let X be a space and A, BEX, then:

1- A is 5-closed set but not r-closed set in general.
2- ACACA.

3- If Ais r-closed then A=A .

4- Ais 5-closed if and only if A=A .

Definition 2.1.3. [13] A space X is called regular-space if for any closed set F and x¢F
there exist disjoint open sets U and V such that xeU and FCV.

Definition 2.1.4. [14] A space X is called extremely disconnected (briefly e.d) if, the closue
of every open set in X is also open.

Proposition 2.1.2. [14] In extremely disconnected space (X, t); we have:

1- Any r-closed set is clopen.

2- Any r-open set is clopen.

3- RO(X, 1) =RC(X,1) =1 N F, where RO(X, 1) is the family of all r-open sets in X, and F
is the collection of all closed sets in X.

2. 2. A-Sets and Regular a-Sets
Definition 2.2.1. [4] Let B be a subset of a topological space (X, 1), then:

1- BY=U{F: FCB, F is closed}.

2- B*=n{U: BcU, U is open}.

3- B'r =U{ N: NESB, N is r-closed}.
4- Br=n{W: BSW, W is r-open}.

Definition 2.2.2. [4] A subset B of a topological space (X, 1) is called:

1- v-setif B'=B.
2- a-setif B =B".
3- v,-setif BVr=B.
4- Ap-setif B = Br,

Theorem 2.2.1. [5] Let A and B be subsets of a topological space (X, t), then the following
properties are hold:

1- BYr&BVCEB c B € B*r.,

2- If ASBthen A'rEB'r and A%rc B*r,
3- (B'r)Vr=B"r,

4- (B%r) Ar= BAr,

5- (B¥r)" = (B )".

6- (B*r)'=(B9)'r.
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Theorem 2.2.2. [5] In a topological space (X, t) the following hold:

1- Everyr-closed is v.-set.
2- Every v,-set is v-set.

3- Every r-open is a,-Set.
4- Every a.- set is a-set.

5- B is v,-set iff B is a.-set.

Diagram 1, shows the implications between the generalizations:

r-closed = v,.-set r-open = A,-set
U U and U U
closed = v-set open = a-set

Diagram 1. Generalizations of regular closed sets and regular open sets.

Theorem 2.2.3. [5] In e.d space (X, 1), if ASX then AM=A
Theorem 2.2.4. [5] In regular space (X, 7), if ACX, then A = A.

Corollary 2.2.1. [5] In regular e.d space X, if ACX, then A*r=A =A.

2. 3. A-Closed Sets

Definition 2.3.1. [6] A subset A of a topological space (X, 1) is called A-closed if A= LNF,
where L is a-set and F is closed set.

Corollary 2.3.1. [6]
1-Every closed set is A-closed
2- Every a-set is A-closed.

Theorem 2.3.1. [6] For a subset A of a topological space (X, 1) the following statements are
equivalent:

1- A is A-closed.

2- A= A*NA.

2. 4. g-Closed Sets

Definition 2.4.1. [10,11,12] A subset A of a topological space (X, t) is said to be :
1- Generalized closed (briefly g-closed) if A SU whenever ACU and U is open in X.

2- Regular generalized closed (briefly r.g-closed) if A €W whenever ACW and W is r-
open .
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3- Generalized regular closed (briefly g.r-closed) if A CU whenever ACU and U i open
in X.

Corollary 2.4.1. [10]

1- Any closed set is g-closed.

2- Union of g-closed sets is g-closed.

3- Finite Intersection of g-closed sets is not necessarily g-closed.

Corollary 2.4.2. [10] If X is a topological space and x is a point in X such that {x} is not
closed, then {x}° is a g-closed set.

Theorem 2.4.1. [10] For a subset A of a topological space (X, t) the following statements
are equivalent:

1- Aisclosed.

2- A'is g-closed and A-closed.

3. ~-GENELAIZATIONS

In this section, we define a new class of generalizations by involving a.-sets and r-
closed sets; namely A-generalizations that contains the sets: r A-closed set, r*A-closed set and
r A*-closed set. We prove that these sets are weakly ordered as: r-closed set, r A-closed set,
r A*-closed set, A-closed set. In addition, we investigate the properties of this class of
generalizations in regular spaces and in e.d spaces.

Definition 3.1. A subset A of a topological space (X, 1) is called:
1- rA-closed if A=LNF, where L is a.-set and F is r-closed set.
2- rA*-closed if A=LNF, where L is a-set and F is r-closed set.
3- r*A-closed if A=LNF, where L is a.-Set and F is closed set.

Theorem 3.1. In a topological space (X, t), we have:
1- Any r-closed set in X is r A-closed and r A*-closed.
2- Any closed set in X is r*A-closed and A-closed.

3- Every a-set is r A-closed set and r*A-closed.

4- Every a-set is r A*-closed set and A-closed.

Corollary 3.1.

1- Every r A-closed set is r A*-closed and r*A-closed.

2- EveryrA*-closed is A-closed.

3- Every r*A-closed is A-closed.

Proof:

1- Direct since every r-closed is closed and a,-set is a-set.
2- Direct since every r-closed is closed

3- Direct since every a,-Set is A-set.
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Example 3.1. Let X= {a,b,c,d} and 1= {@, X, {a}, {b,c}, {a,b,c}}, then RC(X, 1)= {9, X,
{b,c,d}, {a,d}}. If A= {a,b,c}, B={b,c} and C= {d}, then:

3- AisrA*-closed but not r A-closed; also A is A-closed but not r*A-closed.

4- B isr A-closed but not r-closed; also B is r*A-closed but not closed.

5- Cis A-closed but not r A*-closed; also C is r*A-closed but not r A-closed.

Theorem 3.2. A subset A of a topological space (X, 1) is r A-closed iff A=A%r N0 A

Proof: = Suppose A is r A-closed then A=BNF, where B is a.-set and F is r-closed set, so
Ac A and AcAM, thus Ac AM N A ....(1), A=SBNFcF then A cF (F is r-closed), A=
BNFCB then AMcB (B is a, -set) and AM N A B NF, i.e. AM 0 A c A... (2). From (1)
and (2) we get A=AM N A .

<& Suppose A=A%r N Kr, since A% is a.-set and A is r-closed then A is r A-closed.

Theorem 3.3. A subset A of a topological space (X, 1) is r A*-closed iff A=A" N A

Proof: = Suppose A is r A*-closed, so A= BNF where B is a-set and F is r-closed set, and
since Ac A" and Ac A*we have A c A*N A ......(1), now since A=BNFcF, then A cF (F
is r-closed), A=BNFc B then A* =B (B is a-set), we obtain A* N A CBNF, ic. A*NA
A...... (2). From (1) and (2) we get A=A" N A

< Suppose A=A" N Kr, since A is a-setand A is r-closed then A is r*A-closed.

Theorem 3.4. A subset A of a topological space (X, 7) is r*A -closed iff A=A N A .

Proof: = Suppose A is r*A-closed, so A= TNC, where T is a.-Set and C is closed set, since
Ac Aand AcA’r then Ac A N A .....(1), now A=TNCcC then AcC (C is closed ), A=
TNCc Tso AM T (Tis a,-set ), we have A% N ACT NC, i.e. AN NAC A......(2). From
(1) and (2) we get A=A% N A,

< Suppose A=A’ N A, since A% is a,-set and A is closed then A is r*A -closed.

Theorem 3.5. In regular space (X, 1) if AcX then:
1- Alis r A*-closed iff A is A-closed.

2- A is r A-closed iff A is r*A-closed.

Proof:

1- = Direct.

< If A is A-closed then from theorems (2.3.1), (2.2.4) and (3.3) we obtain A= A* N A=A* N

A 50 Ais rA*-closed.
2- = Direct.
< If A isr*i-closed then from theorems (3.4), (2.2.4) and (3.2) we obtain A= A% n

A=AMn A soAdisr A-closed.
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Theorem 3.6. In e.d space (X, t) if AcX then:

1- Aisra-closed iff A =A.

2- AlisrA*-closed iff A is a-set.

3- Alisr*A-closed iff A is closed.

Proof:

1- = IfAisrA-closed then ASAM N A=A NA=A .
< If A=A, then A’ nA = AP 0 A=A, 50 A is r A-closed.

2- = If AlisrA*-closed, then A=A* N Kr: A* N AP =A% s0 A is a-set.

< If Ais a-set, then A* N A =AN A =A, 50 A is r A*-closed.

3- = If Aisr*A-closed, then A=A nA =A N A=A, s0 A is closed.
< If Ais closed, then A 0 A =AM NA=A, so A is r*A-closed.

Corollary 3.2. In e.d regular space X, if AcX, then these statements are equivalent:

1- Alis a-set.

2- Ais A-closed.

3- AlisrA*-closed.

Proof: Direct from the previous theorems.

Corollary 3.3. In e.d regular space X, if AcX, then these statements are equivalent:

1- Aisr A-closed.
2- Ais r*A-closed.
3- Alisclosed.

—r

4- A =A.
Proof: Direct from theorems (3.5) and (3.6).

4. ¢-GENERALIZATIONS

In the present section, we define a new generalization of r-closed sets; namely r.g *-
closed sets. We study their properties and illustrate the implication of this set with the
known sets; as is g-closed set, r.g-closed set and g.r-closed set, then we investigate the

behaviour of these generalizations in regular spaces and in e.d spaces.

Definition 4.1. A subset A of a space X is said to be regular generalized star closed (briefly

r.g*-closed) if A CW whenever ACW and W is r-open in X.

Corollary 4.1. In any a topological space (X, t) these statements are hold:

1- Every r-closed set is g.r-closed.
2- Every g.r-closed set is r. g *-closed.
3- Everyr.g *-closed set is r.g-closed.
4- Every g-closed set is r.g-closed.
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Proof:

1- Directsince A =A
2- Direct since every r-open set is open.

3- Direct since A CA" for any subset A in X.
4- Direct since every r-open set is open.

Examples 4.1. In the cofinite topology on R, we have RO(R ,t.) ={R, @}. If A isany non-
empty finite set then A =Rand the only r-open set W such that AcW is W=R, so A is
r.g*-closed, but not g.r-closed since A =Rand U={x}’, where x& A is an open set contains
A but A ¢U.

Corollary 4.2. If X is a topological space and x is a point in X such that {x} is not r-closed,
then {x} is r.g-closed set.

Theorem 4.1. A subset A in a topological space (X,t) is g-closed iff A € A,
Proof: = Let A be a g-closed set in X , and let VV be an open set such that ACV , then

AC A* CV, since A is g-closed and V is open then A CV, i.e. for any open set V such that A
CcV we have A CV, s0 A < N, V. Hence A C A™

& Suppose A SA*and V is an open set such that A €V, then AC A*CV, so A C A*CV, i.e.
A'is g-closed set.

Theorem 4.2. A subset A in a topological space (X,7) is g.r-closed iff A C A
Proof: = For any open set U in X such that A €U we have Ac A*cU and A cU since A is
g.r-closed so KFQAQVU. U is an open set, then A CA®,

& Suppose KrgA“, and U is an open set in X such that A €U, then AC A*cU we have
A C A*CU then A cU. Hence A is g.r-closed.

Theorem 4.3. A subset A in a topological space (X,t) is r.g*-closed iff A CAM,
Proof: = Suppose A is r.g*-closed set, then for any r-open set W in X such that A €W we

have ACAMrcW since A is r.g*-closed, we get Krgw, then KrgAQWW, W is r-open so
A CAM, i

& Suppose A CAM and W is r-open set such that A CW then ACAMCW so A CAArCW,
i.e. A CW hence A is . g*-closed.

Corollary 4.3. For a subset A of a topological space (X, 1), we have:
1- If Aisr-closed set then A is r.g*-closed and r A-closed.
2- If Alisr.g*-closed and r A-closed then A is 8-closed.
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Proof:
1- Direct from theorem (3.1) and corollary (4.1).

2- Since A is r.g*-closed and r A-closed, we have A CA®r and A=A N4, then
ACAMNA,s0A CA, Qe A =A. We get A is 5-closed closed.

Corollary 4.4. In e.d space (X, 1), any subset of X is r.g-closed and r. g*-closed.
Proof: Let AcX, and W is r-open set such that ASW, since any r-open set in e.d space is r-

closed, then A CW so A CW and we have A € A CW, thus A is r.g-closed and r.g*-
closed.

Corollary 4.5. In regular space (X, 1), a subset A of X is r.g-closed iff A is r. g*-closed.
Proof: < Direct since any r. g*-closed is r.g-closed.

— Suppose A is r.g-closed and ACW when W is r-open set, then A €W since X is regular,
we have A =4, s0 A €W, hence A is r. g*-closed.

Corollary 4.6. In regular space (X, 1), any subset A of X is g-closed iff A is g.r-closed.
Proof: < Direct.

— Suppose A is g-closed, and ACU where U is an open set, then A CU, since X is regular
—r —_T1 —
space A =Aso A €A c U, thus A is g.r-closed.

CONCLUSION

In this paper, we introduce new classes of generalizations using the notions of A-closed sets
and g -closed sets; namely A-generalizations and g-generalizations. The first class of
generalizations includes; r A-closed set, r*A-closed set and r A*-closed set, while the class of g-
generalizations includes; g.r-closed set, g.r-closed set and r.g*-closed set, where g.r-closed
and g.r-closed were due to Bhattacharya and Palaniappan. The characterizations of these
generalizations are studied, moreover, we illustrate the implications between these sets, and
finally we study their behavior in regular spaces and in extremely disconnected spaces.

Here we summarize our results:

e The following diagrams show the implications between the new classes of
generalizations:

r-closed = r A-closed = r A*-closed
[} U U
Closed = r*A-closed = A-closed
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Diagram 2. Implication between the class of A-generalization sets.

r-closed = g.r-closed = r.g *-closed
U U U
Closed = g-closed = r.g-closed

Diagram 3. Implication between the class of g-generalization sets.

e Inany space X, if a singleton {x} is not r-closed then {x}° is r.g-closed set.
e Inanyspace X, if AcX then:

- Alis g-closed iff A € A

~ Als gr-closed iff A < A",

_ Alsr.g*-closed iff A C AAr,

- If Alisr.g*-closed and r A-closed then A is d-closed.
e Inregular space X, if AcX then:

- A =A

- AlisA-closed set iff Ais r A*-closed.

- Alisr\-closed set iff Ais r*A -closed.

- A'is g-closed-set iff A is g. r-closed.

- Aisr.g-closed-set iff Aisr. g"-closed.
e Ine.dspace X, if AcX then:

- A=A,

- Alsclosed iff Ais r*A-closed.

- Alisa-setiff AlisrA*-closed.

- A =Aiff Aisri-closed.
- Any subset of X is r. g-closed and r. g*-closed.
e Inregular e.d space X, if ASX then these statements are equivalent:
- Alis a-set.
- AisA-closed.
- AisrA*-closed.
e Inregular e.d space X, if ACX then these statements are equivalent:
- Aisr\-closed.
- Als r*A-closed.
- Alsclosed.

—r

- A=A
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