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Abstract 
In this paper we introduce new subclasses of starlike functions in the open unit disk by 

using fractional derivative operator. We obtain coefficient inequalities and distortion theorems 
for functions belonging to these subclasses. Further results include distortion theorems 
(involving the generalized fractional derivative operator). The radii of convexity for functions 
belonging to these subclasses are also studied. 
Keywords: univalent functions; starlike functions; convex functions; fractional derivative 
operators. 
Mathematics subject classification: 30C45, 26A33 

1- Introduction 
Two interesting subclasses ܶכሺߙǡ ǡߚ ǡߙሺܥ  ሻ andߛ ǡߚ  ሻ of univalent starlike functions withߛ

negative coefficients in the open unit disk�࣯ were introduced by Srivastava and Owa[10]. These 
classes become the subclasses of the class ܭሺߙǡ  ሻ which was introduced by Gupta [1] when theߚ
function ݂ሺݖሻ is univalent with negative coefficients. Using the results of Srivastava and 
Owa[10], Srivastava and Owa[11] have obtained several distortion theorems involving fractional 
derivatives and fractional integrals of functions belonging to the classes ܶכሺߙǡ ǡߚ   ሻ andߛ
ǡߙሺܥ ǡߚ  .ሻߛ
      Fractional calculus operators have recently found interesting applications in the theory of 
analytic functions (see e.g. [2, 4, 8, 9]).  In the present paper, by making use of a certain 
fractional derivative operator, we introduce new subclasses ఒܶǡఓǡఎ

כ ሺߙǡ ǡߚ ǡߙఒǡఓǡఎሺܥ ሻ andߛ ǡߚ  ሻߛ
(defined below) of starlike functions with negative coefficients.  
       This paper is organized as follows: Section 2 gives preliminary details and definitions of 
starlike functions, convex functions and fractional derivative operators. In Section 3 we describe 
coefficient inequalities for the functions belonging to the subclasses ఒܶǡఓǡఎ

כ ሺߙǡ ǡߚ  ሻ andߛ
ǡߙఒǡఓǡఎሺܥ ǡߚ  ሻ. Section 4 considers the distortion properties. Its further distortion propertiesߛ
(involving the generalized fractional derivative operator) are discussed in section 5. Finally, in 
section 6 we determine the radii of convexity for functions belonging to these subclasses of 
starlike functions. 
 
2- Preliminaries And Definitions   

Let ܣ denote the class of functions defined by 
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݂ሺݖሻ ൌ ݖ ܽ

ஶ

ୀଶ

 ���������������������������������������������������������������ሺʹǤͳሻݖ

which are analytic in the open unit disk ࣯ ൌ ሼݖǣ ȁݖȁ ൏ ͳሽ.  Further, let ܵ denote the class of all 
functions in ܣ which are univalent in ࣯. Then a function  ݂ሺݖሻ belonging to the class ܵ is said to 
be starlike of order ߙ if and only if (see, e.g. , [2,5]) 

�� ൜
ሻݖᇱሺ݂ݖ
݂ሺݖሻ

ൠ  ݖ������������ǡߙ א ࣯��������������������������������������������������ሺʹǤʹሻ 

for some ߙሺͲ  ߙ ൏ ͳሻǤ We denote by ܵכሺߙሻ the class of all starlike functions of order ߙ.A 
function ݂ሺݖሻ belonging to the class ܵ is said to be convex of order ߙ if and only if 

�� ൜ͳ 
ሻݖᇱᇱሺ݂ݖ
݂ᇱሺݖሻ

ൠ  ݖ�������ǡߙ א ࣯����������������������������������������������ሺʹǤ͵ሻ 

for some ߙሺͲ  ߙ ൏ ͳሻǤ We denote by ܭሺߙሻ the class of all convex functions of order ߙ.Note 
that ݂ሺݖሻ א ሻݖԢሺ݂ݖሻ if and only ifߙሺܭ א  ,ሻ, and thatߙሺכܵ

ሻߙሺכܵ ك ሺͲሻכܵ ൌ  ,כܵ
ሻߙሺܭ ك ሺͲሻܭ ൌ  ,ܭ

and 
ሻߙሺܭ ؿ ሻߙሺכܵ ؿ ܵ 

for Ͳ  ߙ ൏ ͳǤThe classes ܵכሺߙሻ and ܭሺߙሻ were first introduced by Robertson[5]. 
      Letܶdenote the subclass ofܵconsisting of functions of the form 

݂ሺݖሻ ൌ ݖ െܽ

ஶ

ୀଶ

ሺܽݖ  Ͳሻ��������������������������������������������������ሺʹǤͶሻ 

We denote by ܶכሺߙሻ and ܥሺߙሻ, respectively, the classes obtained by taking the intersections 
ofܵכሺߙሻ andܭሺߙሻwith  ܶ, that is 

ሻߙሺכܶ ൌ ሻߙሺכܵ ת ܶ 
and 

ሻߙሺܥ ൌ ሻߙሺܭ ת ܶ 
The classesܶכሺߙሻandܥሺߙሻwere introduced by Silverman [6]. 
      Let ܨΌሺܽǡ ܾǢ ܿǢ ݖ ሻ be the Gauss hypergeometric function defined, forݖ א ࣯ by; (see[7]). 

ܨΌሺܽǡ ܾǢ ܿǢ ሻݖ ൌ 
ሺܽሻሺܾሻ௭
ሺܿሻ݊Ǩ

ஶ

ୀ

�������������������������������������ሺʹǤͷሻ 

where ሺߣሻis the Pochhammer symbol defined, in terms of the Gamma function, by 

ሺߣሻ ൌ
Ȟሺߣ  ݊ሻ
Ȟሺߣሻ

ൌ ൜ͳ����������������������������������������������������������ǡ ݊ ൌ Ͳ
ߣሺߣ  ͳሻሺߣ  ʹሻǥ Ǥ ሺߣ  ݊ െ ͳሻ��ǡ ݊ א Գ 

for  ߣ ് Ͳǡെͳǡെʹǡǥ 
      Now we recall the following definitions of fractional derivative operators, adopted for 
working in classes of analytic functions in complex plane as follows see ([2,4]). 
Definition 2.1. The fractional derivative of order ߣ is defined by 
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ሻݖ௭ఒ݂ሺܦ ൌ
ͳ

Ȟሺͳ െ ሻߣ
݀
ݖ݀

න
݂ሺߦሻ

ሺݖ െ ሻఒߦ
ߦ݀

௭


�����������������������������������ሺʹǤሻ 

where�Ͳ  ߣ ൏ ͳǡ���݂ሺݖሻ is analytic function in a simply- connected region of the z-plane 
containing the origin, and the multiplicity of�ሺݖ െ ݖ) ሻିఒis removed by requiring logߦ െ  ሻ to beߦ
real when ݖ െ ߦ  ͲǤ 
Definition 2.2.Let Ͳ  ߣ ൏ ͳ, andߤǡ ߟ א Թ. 7KHQ�� LQ� WHUPV� RI� WKH� IDPLOLDU� *DXVV¶V�
hypergeometric function   FΌ , the generalized fractional derivative operator  ܬǡ

ఒǡఓǡఎ  is 

ǡܬ
ఒǡఓǡఎ݂ሺݖሻ ൌ

݀
ݖ݀

ቆ
ఒିఓݖ

Ȟሺͳ െ ሻߣ
න ሺݖ െ Όܨሻߦሻିఒ݂ሺߦ ൬ߤ െ ǡߣ ͳ െ Ǣߟ ͳ െ Ǣߣ ͳ െ

ߦ
ݖ
൰ ߦ݀

௭


ቇ ሺʹǤሻ 

where  ݂ሺݖሻis analytic function in a simply- connected region of the z-plane containing the 
origin with the order ݂ሺݖሻ ൌ ܱሺȁݖȁఌሻ�ǡ ݖ ՜ Ͳ, whereߝ  ሼͲǡݔܽ݉ ߤ െ ሽߟ െ ͳǡ�and the multiplicity 
of  ሺݖ െ ݖ) ሻିఒ is removed by requiring logߦ െ ݖ ሻ to be real whenߦ െ ߦ  ͲǤ 
 
Notice that 

ǡܬ
ఒǡఒǡఎ݂ሺݖሻ ൌ ሻǡ���������������������Ͳݖ௭ఒ݂ሺܦ  ߣ ൏ ͳ�����������������������ሺʹǤͺሻ 

 
      Now we define the following classes of starlike functions based on fractional derivative 
operator. 
Definition 2.3.The function ݂ሺݖሻ א ܶ is said to be in the class   ఒܶǡఓǡఎ

כ ሺߙǡ ǡߚ  ሻ  ifߛ

ተተ
௭ቀబǡ

ഊǡഋǡആሺ௭ሻቁ
ᇲ

ሺ௭ሻ
െ ͳ

௭ቀబǡ
ഊǡഋǡആሺ௭ሻቁ

ᇲ

ሺ௭ሻ
 ͳ െ ߚʹ

ተተ ൏ ݖ��������������ሺߛ א ࣯ሻ����������������������������ሺʹǤͻሻ 

ሺߣ  Ͳǡ ߤ ൏ ʹ�Ǣ ߟ�  ���ሺߣǡ ሻߤ െ ʹ�Ǣ �Ͳ  ߙ ൏ ͳǢ Ͳ  ߚ ൏ ͳǢ �Ͳ ൏ ߛ  ͳሻ 
 
for the function  

݃ሺݖሻ ൌ ݖ െܾ

ஶ

ୀଶ

ሺܾݖ  Ͳ�ሻ���������������������������������������������ሺʹǤͳͲሻ 

belonging to ܶכሺߙሻǤ  Dented by ܲǡ௭
ఒǡఓǡఎ݂ሺݖሻ the modification of the fractional derivative operator 

which is defined in terms of  ܬǡ
ఒǡఓǡఎ as follows: 

ܲǡ௭
ఒǡఓǡఎ݂ሺݖሻ ൌ �

Ȟሺʹ െ ʹሻȞሺߤ െ ߣ  ሻߟ
Ȟሺʹ െ ߤ  ሻߟ

ǡܬఓݖ
ఒǡఓǡఎ݂ሺݖሻ��������������ሺʹǤͳͳሻ 

Further, if ݂ሺݖሻ א ܶ satisfies the condition (2.9) for ݃ሺݖሻ א ሻݖሻǡwe say that݂ሺߙሺܥ א
ǡߙఒǡఓǡఎሺܥ ǡߚ  ሻǤߛ
 
     The above-defined classes ఒܶǡఓǡఎ

כ ሺߙǡ ǡߚ ǡߙఒǡఓǡఎሺܥ ሻ andߛ ǡߚ  ሻ are of special interest and theyߛ
contain well-known classes of analytic functions. In particular, in view of (2.11), we find that 

ܲǡ௭
ǡǡఎ݂ሺݖሻ ൌ ݂ሺݖሻ��������������������������������������������������������ሺʹǤͳʹሻ 
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Thus, for  ߣ ൌ ߤ ൌ Ͳ, we have 
ܶǡǡఎ
כ ሺߙǡ ǡߚ ሻߛ ൌ ǡߙሺכܶ ǡߚ  ሻߛ

and 
ǡߙǡǡఎሺܥ ǡߚ ሻߛ ൌ ǡߙሺܥ ǡߚ  ሻߛ

where ఒܶǡఓǡఎ
כ ሺߙǡ ǡߚ ǡߙఒǡఓǡఎሺܥ ሻ andߛ ǡߚ  ሻ are the subclasses of starlike functions which wereߛ

studied by Srivastava and  Owa[10], andSrivastava and  Owa[11]. 
 
      In order to prove our results we shall need the following lemmas for the classes 
 :ሻdue to Silverman [6]ߙሺܥሻandߙሺכܶ
Lemma 2.4. Let the function ݃ሺݖሻ defined by (2.10). Then ݃ሺݖሻ is in the class ܶכሺߙሻ if and only 
if 

ሺ݊ െ �ሻܾߙ  ͳ െ ߙ
ஶ

ୀଶ

��������������������������������������������������������ሺʹǤͳ͵ሻ 

Lemma 2.5. Let the function ݃ሺݖሻ defined by (2.10). Then ݃ሺݖሻ is in the class ܥሺߙሻ if and only if 

݊ሺ݊ െ �ሻܾߙ 
ஶ

ୀଶ

ͳ െ  ������������������������������������������������������ሺʹǤͳͶሻߙ

 
      We mention to the following known result which shall be used in the sequel (see Raina and 
Srivastava[4]). 
Lemma 2.6. Let  ߣǡ ǡߤ ߟ א Թǡ such thatߣ�  Ͳ and ݇  ሼͲǡݔܽ݉ ߤ െ ሽߟ െ ͳ  then 

ǡܬ
ఒǡఓǡఎݖ ൌ

ሺ݇߁  ͳሻ߁ሺ݇ െ ߤ  ߟ  ͳሻ
ሺ݇߁ െ ߤ  ͳሻ߁ሺ݇ െ ߣ  ߟ  ͳሻ

 ିఓ����������������������������ሺʹǤͳͷሻݖ

3- Coefficient Inequalities 

Theorem 3.1. Let the function ݂ሺݖሻ be defined by (2.4). If ݂ሺݖሻbelongs to the class 
ఒܶǡఓǡఎ
כ ሺߙǡ ǡߚ   ሻ, thenߛ

ቈ߰ሺ݊ሻ݊ሺͳ  ሻܽߛ െ
ሺͳ െ ሻሺͳߙ െ ߛ  ሻߚߛʹ

݊ െ ߙ


ஶ

ୀଶ

 ሺͳߛʹ െ  ሻ��������������������ሺ͵Ǥͳሻߚ

where 

߰ሺ݊ሻ ൌ
ሺʹሻିଵሺʹ  ߟ െ ሻିଵߤ

ሺʹ െ ʹሻିଵሺߤ  ߟ െ ሻିଵߣ
��ǡ��������������������݊  ʹ������������������������������ሺ͵Ǥʹሻ 

 
Proof. Applying Lemma 2.6, we have from (2.4) and (2.11) that 

ܲǡ௭
ఒǡఓǡఎ݂ሺݖሻ ൌ ݖ െ

ሺʹሻିଵሺʹ  ߟ െ ሻିଵߤ
ሺʹ െ ʹሻିଵሺߤ  ߟ െ ሻିଵߣ

ܽݖ�
ஶ

ୀଶ

 

Since݂ሺݖሻ א � ఒܶǡఓǡఎ
כ ሺߙǡ ǡߚ  ሻ such thatߙሺכܶ� ሻbelonging to the classݖሻ, there exist a function ݃ሺߛ
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ቮ
ቀݖ ܲǡ௭

ఒǡఓǡఎ݂ሺݖሻቁ
ᇱ
െ ݃ሺݖሻ

ቀݖ ܲǡ௭
ఒǡఓǡఎ݂ሺݖሻቁ

ᇱ
 ሺͳ െ ሻݖሻ݃ሺߚʹ

ቮ ൏ ݖ����ǡߛ א ࣯����������������������������ሺ͵Ǥ͵ሻ 

It follows from (3.3) that 

�� ቊ
σ ሾ߰ሺ݊ሻ݊ܽ െ ܾሿஶ
ୀଶ ିଵݖ

ʹሺͳ െ ሻߚ െ σ ሾ߰ሺ݊ሻ݊ܽ  ሺͳ െ ሻܾሿஶߚʹ
ୀଶ ିଵݖ

ቋ ൏  ���������������������������ሺ͵ǤͶሻߛ

Choosing values of  ݖ  on the real axis so that   
௭ቀబǡ

ഊǡഋǡആሺ௭ሻቁ
ᇲ

ሺ௭ሻ
   is real, and letting   ݖ ՜ ͳି through 

real axis, we have  

ሾ߰ሺ݊ሻ݊ܽ െ ܾሿ
ஶ

ୀଶ

 ߛ ൝ʹሺͳ െ ሻߚ െሾ߰ሺ݊ሻ݊ܽ  ሺͳ െ ሻܾሿߚʹ
ஶ

ୀଶ

ൡ 

or, equivalently, 

ሾ߰ሺ݊ሻ݊ሺͳ  ሻܽߛ െ ሺͳ െ ߛ  ሻܾሿߚߛʹ
ஶ

ୀଶ

� ሺͳߛʹ െ  ሻ�������������������������ሺ͵Ǥͷሻߚ

Note that, by using Lemma 2.4, �݃ሺݖሻ א  ሻ  impliesߙሺכܶ�

��ܾ� 
ͳ െ ߙ
݊ െ ߙ

������ǡ�������������݊  ʹ��������������������������������������������������ሺ͵Ǥሻ 

0DNLQJ�XVH�RI�������LQ��������ZH�FRPSOHWH�WKH�SURRI�RI�7KHRUHP������������������������������������Ƒ 
Corollary 3.2.Let the function ݂ሺݖሻ be defined by (2.4) be in the class ఒܶǡఓǡఎ

כ ሺߙǡ ǡߚ   ሻ. Thenߛ

ܽ� 
ሺͳߛʹ െ ሻሺ݊ߚ െ ሻߙ  ሺͳ െ ሻሺͳߙ െ ߛ  ሻߚߛʹ

߰ሺ݊ሻ݊ሺͳ  ሻሺ݊ߛ െ ሻߙ
ǡ���݊  ʹ��������������������������ሺ͵Ǥሻ 

where�߰ሺ݊ሻis given by (3.2). The result (3.7) is sharp for a function of the form: 

����݂ሺݖሻ ൌ ݖ െ
ሺͳߛʹ െ ሻሺ݊ߚ െ ሻߙ  ሺͳ െ ሻሺͳߙ െ ߛ  ሻߚߛʹ

߰ሺ݊ሻ݊ሺͳ  ሻሺ݊ߛ െ ሻߙ
ǡ�������݊ݖ  ʹ��������������ሺ͵Ǥͺሻ 

with respect to  

��������������݃ሺݖሻ ൌ ݖ െ
ͳ െ ߙ
݊ െ ߙ

ǡݖ ݊  ʹ������������������������������������ሺ͵Ǥͻሻ 

 
Remark 1. Letting ߣ ൌ ߤ ൌ Ͳ�ǡ and ߙ ൌ Ͳ in Corollary 3.2, we obtain a result was proved by 
[Gupta [1], Theorem 3]. 
 
In a similar manner, Lemma 2.5 can be used to prove the following theorem: 
Theorem 3.3. Let the function݂ሺݖሻbe defined by (2.4) be in the classܥ��ఒǡఓǡఎሺߙǡ ǡߚ   ሻ. Thenߛ

ቈ߰ሺ݊ሻ݊ሺͳ  ሻܽߛ െ
ሺͳ െ ሻሺͳߙ െ ߛ  ሻߚߛʹ

݊ሺ݊ െ ሻߙ


ஶ

ୀଶ

 ሺͳߛʹ െ  ሻ��������������������ሺ͵ǤͳͲሻߚ

where�߰ሺ݊ሻis given by (3.2). 
Corollary 3.4. Let the function ݂ሺݖሻ be defined by (2.4) be in the classܥ��ఒǡఓǡఎሺߙǡ ǡߚ   ሻ. Thenߛ



   
 
 
 
 

 
  

  

Journal of Humanitarian, Scientific and Social Sciences                                                                            
Elmergib University ± Faculty of Arts and Sciences Kasr Khiar                                                                       

4th  Issue December 2017 

16 

ܽ� 
ሺͳߛʹ െ ሻ݊ሺ݊ߚ െ ሻߙ  ሺͳ െ ሻሺͳߙ െ ߛ  ሻߚߛʹ

߰ሺ݊ሻ݊ଶሺͳ  ሻሺ݊ߛ െ ሻߙ
ǡ���݊  ʹ������������ሺ͵Ǥͳͳሻ 

where�߰ሺ݊ሻis given by (3.2). The result (3.11) is sharp for a function of the form: 

��݂ሺݖሻ ൌ ݖ െ
ሺͳߛʹ െ ሻ݊ሺ݊ߚ െ ሻߙ  ሺͳ െ ሻሺͳߙ െ ߛ  ሻߚߛʹ

߰ሺ݊ሻ݊ଶሺͳ  ሻሺ݊ߛ െ ሻߙ
ǡ�������݊ݖ  ʹ����������ሺ͵Ǥͳʹሻ 

with respect to  

�����݃ሺݖሻ ൌ ݖ െ
ͳ െ ߙ

݊ሺ݊ െ ሻߙ
ǡݖ ݊  ʹ�������������������������������������ሺ͵Ǥͳ͵ሻ 

4- Distortion Properties 

      Next, we state and prove results concerning distortion properties of ݂ሺݖሻ belonging to the 
classes ఒܶǡఓǡఎ

כ ሺߙǡ ǡߚ ǡߙఒǡఓǡఎሺܥ�ሻ andߛ ǡߚ  .ሻߛ
Theorem 4.1. Let ߣǡ ǡߤ ߟ א Թ  such that 

ߣ  ͲǢ ߤ ൏ ʹ�Ǣ ߟ  ߣ ൬
ߤ െ ͵
ߤ

൰�������������������������������ሺͶǤͳሻ 

Also, let ݂ሺݖሻ defined by (2.4) be in the class  ఒܶǡఓǡఎ
כ ሺߙǡ ǡߚ  ሻ. Thenߛ

ȁ݂ሺݖሻȁ  ȁݖȁ െ ǡߙఒǡఓǡఎሺܣ ǡߚ  ȁଶǡ�������������������������������������������������ሺͶǤʹሻݖሻȁߛ
ȁ݂ሺݖሻȁ  � ȁݖȁ  ǡߙ�ఒǡఓǡఎሺܣ ǡߚ  ȁଶǡ�������������������������������������������������ሺͶǤ͵ሻݖሻȁߛ

ȁ݂ᇱሺݖሻȁ  �ͳ െ ǡߙ�ఒǡఓǡఎሺܣʹ ǡߚ ȁǡݖሻȁߛ ሺͶǤͶሻ 
and 

ȁ݂ᇱሺݖሻȁ  �ͳ  ǡߙ�ఒǡఓǡఎሺܣʹ ǡߚ  ȁሺͶǤͷሻݖሻȁߛ
forݖ�� א ࣯ǡ��provided that Ͳ  ߙ ൏ ͳǡ Ͳ  ߚ ൏ ͳ�  and Ͳ ൏ ߛ  ͳǡ�where 

ǡߙఒǡఓǡఎሺܣ ǡߚ ሻߛ ൌ
ሺʹ െ ʹሻሺߤ  ߟ െ ሺͳߛʹሻሼߣ െ ሻߚ  ሺͳ െ ሻሺͳߙ  ɀሻሽ

Ͷሺʹ  ߟ െ ሻሺͳߤ  ɀሻሺʹ െ ሻߙ
����������������������������ሺͶǤሻ 

The estimates forȁ݂ሺݖሻȁ and ȁ݂ᇱሺݖሻȁ are sharp. 
Proof. We observe that the function ߰ሺ݊ሻ defined by (3.2) satisfy the inequality߰ሺ݊ሻ 
߰ሺ݊  ͳሻǡ ݊  ʹ, provided that ߟ  ߣ ቀఓିଷ

ఓ
ቁ, thereby, showing that ߰ሺ݊ሻ is non-decreasing. 

Thus under the conditions stated in (4.1), we have 

Ͳ ൏
ʹሺʹ  ߟ െ ሻߤ

ሺʹ െ ʹሻሺߤ  ߟ െ ሻߣ
ൌ ߰ሺʹሻ  ߰ሺ݊ሻǡ ݊  ʹ�����������������������������ሺͶǤሻ 

For݂ሺݖሻ א� ఒܶǡఓǡఎ
כ ሺߙǡ ǡߚ  ሻ, (3.5) impliesߛ

�������ʹ߰ሺʹሻሺͳ  ሻܽߛ

ஶ

ୀଶ

െ ሺͳ െ ߛ  ሻܾߚߛʹ

ஶ

ୀଶ

 ሺͳߛʹ െ  ሻ����������������������ሺͶǤͺሻߚ

For  ݃ሺݖሻ א  ሻ , Lemma 2.4 yieldsߙሺכܶ

ܾ

ஶ

ୀଶ


ͳ െ ߙ
ʹ െ ߙ

����������������������������������������������������������������������ሺͶǤͻሻ 
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So that (4.8) reduces to 

ܽ

ஶ

ୀଶ

 �
ሺʹ െ ʹሻሺߤ  ߟ െ ሺͳߛʹሻሼߣ െ ሻߚ  ሺͳ െ ሻሺͳߙ  ɀሻሽ

Ͷሺʹ  ߟ െ ሻሺͳߤ  ɀሻሺʹ െ ሻߙ
 

ൌ ǡߙఒǡఓǡఎሺܣ ǡߚ  ሻ��������������������������������������������������������������������������������ሺͶǤͳͲሻߛ
Consequently, 

ȁ݂ሺݖሻȁ  � ȁݖȁ െ ȁݖȁଶ ܽ

ஶ

ୀଶ

������������������������������������������ሺͶǤͳͳሻ 

and 

ȁ݂ሺݖሻȁ  � ȁ�ȁ  ȁݖȁଶܽ୬

ஶ

ୀଶ

������������������������������������������ሺͶǤͳʹሻ 

On using (4.11), (4.12) and (4.10), we easily arrive at the desired results (4.2) and (4.3). 
      Furthermore, we note from (3.5) that 

߰ሺʹሻሺͳ  ሻ݊ܽߛ

ஶ

ୀଶ

െ ሺͳ െ ߛ  ሻܾߚߛʹ

ஶ

ୀଶ

� ሺͳߛʹ െ  ሻ����������������������ሺͶǤͳ͵ሻߚ

which, in view of (4.9), becomes 

݊ܽ

ஶ

ୀଶ

 �
ሺʹ െ ʹሻሺߤ  ߟ െ ሺͳߛʹሻሼߣ െ ሻߚ  ሺͳ െ ሻሺͳߙ  ɀሻሽ

ʹሺʹ  ߟ െ ሻሺͳߤ  ɀሻሺʹ െ ሻߙ
 

ൌ ǡߙ�ఒǡఓǡఎሺܣʹ ǡߚ  ሻሺͶǤͳͶሻߛ
Thus, we have 

ȁ݂ᇱሺݖሻȁ  �ͳ െ ȁ�ȁ݊ܽ

ஶ

ୀଶ

������������������������������������������ሺͶǤͳͷሻ 

and  

ȁ݂ᇱሺݖሻȁ  �ͳ  ȁ�ȁ݊�ܽ

ஶ

ୀଶ

������������������������������������������ሺͶǤͳሻ 

On using (4.15), (4.16) and (4.14), we arrive at the desired results (4.4) and (4.5). 
       Finally, we can prove that the estimates forȁ݂ሺݖሻȁ and ȁ݂ᇱሺݖሻȁ are sharp by taking the 
function 

��݂ሺݖሻ ൌ ݖ െ
ሺʹ െ ʹሻሺߤ  ߟ െ ሺͳߛʹሻሼߣ െ ሻߚ  ሺͳ െ ሻሺͳߙ  ɀሻሽ

Ͷሺʹ  ߟ െ ሻሺͳߤ  ɀሻሺʹ െ ሻߙ
 ଶ�����������������ሺͶǤͳሻݖ

with respect to  

݃ሺݖሻ ൌ ݖ െ
ͳ െ ߙ
ʹ െ ߙ

 ଶ�������������������������������������������������������ሺͶǤͳͺሻݖ

This completes the proof of Theorem 4.1.                                                                         Ƒ 
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Corollary 4.2. Let the function ݂ሺݖሻ be defined by (2.4) be in the class ఒܶǡఓǡఎ
כ ሺߙǡ ǡߚ  ሻ. Then theߛ

unit disk  ࣯� is mapped onto a domain that contains the disk  ȁݓȁ ൏  ଵǡ whereݎ

ଵݎ ൌ ͳ െ
ሺʹ െ ʹሻሺߤ  ߟ െ ሺͳߛʹሻሼߣ െ ሻߚ  ሺͳ െ ሻሺͳߙ  ɀሻሽ

Ͷሺʹ  ߟ െ ሻሺͳߤ  ɀሻሺʹ െ ሻߙ
����������������������������ሺͶǤͳͻሻ 

The result is sharp with the extremal function defined by (4.17). 
 
Remark 2. Letting ߣ ൌ ߤ ൌ Ͳ�ǡ and ߙ ൌ Ͳ in Theorem 4.1, we obtain a result was proved by 
[Gupta [1], Theorem 4].  
 
Theorem 4.3. Under the conditions stated in (4.1), let the function ݂ሺݖሻ defined by (2.4)be in the 
class  ܥఒǡఓǡఎሺߙǡ ǡߚ  ሻ. Thenߛ

ȁ݂ሺݖሻȁ  ȁ�ȁ െ ǡߙఒǡఓǡఎሺܤ ǡߚ  ሻȁ�ȁଶǡ��������������������������������������������������������ሺͶǤʹͲሻߛ
ȁ݂ሺݖሻȁ  � ȁ�ȁ  ǡߙ�ఒǡఓǡఎሺܤ ǡߚ  ȁଶǡ�������������������������������������������������������ሺͶǤʹͳሻݖሻȁߛ
ȁ݂ᇱሺݖሻȁ  �ͳ െ ǡߙ�ఒǡఓǡఎሺܤʹ ǡߚ  ሻȁ�ȁǡ��������������������������������������������������������ሺͶǤʹʹሻߛ

and 
ȁ݂ᇱሺݖሻȁ  �ͳ  ሺ�  ͳሻܤఒǡఓǡఎሺߙǡ ǡߚ  ሻȁ�ȁሺͶǤʹ͵ሻߛ

forݖ�� א ࣯ǡ��provided thatͲ  ߙ ൏ ͳǡ Ͳ  ߚ ൏ ͳ�andͲ ൏ ߛ  ͳ�ǡ  where  

ǡߙఒǡఓǡఎሺܤ� ǡߚ ሻߛ ൌ
ሺʹ െ ʹሻሺߤ  ߟ െ ሺͳߛሻሼͶߣ െ ʹሻሺߚ െ ሻߙ  ሺͳ െ ሻሺͳߙ െ ߛ  ʹɀȾሻሽ

ͺሺʹ  ߟ െ ሻሺͳߤ  ɀሻሺʹ െ ሻߙ
����������ሺͶǤʹͶሻ 

The estimates forȁ݂ሺݖሻȁ and ȁ݂ᇱሺݖሻȁ are sharp. 
Proof. By using Lemma 2.5, we have 

ܾ

ஶ

ୀଶ


ͳ െ ߙ

ʹሺʹ െ ሻߙ
��������������������������������������������������������ሺͶǤʹͷሻ 

since ݃ሺݖሻ א  ሻǡ  the assertions (4.20), (4.21), (4.22) and (4.23) of Theorem 4.3 follow if weߙሺܥ
apply (4.25) to (3.5).The estimates forȁ݂ሺݖሻȁ and ȁ݂ᇱሺݖሻȁ  are attained by the function 

��݂ሺݖሻ ൌ ݖ െ
ሺʹ െ ʹሻሺߤ  ߟ െ ሺͳߛሻሼͶߣ െ ʹሻሺߚ െ ሻߙ  ሺͳ െ ሻሺͳߙ െ ߛ  ʹɀȾሻሽ

ͺሺʹ  ߟ െ ሻሺͳߤ  ɀሻሺʹ െ ሻߙ
 ଶ��������������ሺͶǤʹሻݖ

with respect to  

�����݃ሺݖሻ ൌ ݖ െ
ͳ െ ߙ

ʹሺʹ െ ሻߙ
 ଶ������������������������������������������ሺͶǤʹሻݖ

This completes the proof of Theorem 4.3.           Ƒ 
Corollary 4.4. Let the function ݂ሺݖሻ be defined by (2.4) be in the classܥఒǡఓǡఎሺߙǡ ǡߚ  ሻ. Then theߛ
unit disk࣯is mapped onto a domain that contains the diskȁݓȁ ൏  ଶǡ whereݎ

ଶݎ ൌ ͳ െ
ሺʹ െ ʹሻሺߤ  ߟ െ ሺͳߛሻሼͶߣ െ ʹሻሺߚ െ ሻߙ  ሺͳ െ ሻሺͳߙ െ ߛ  ʹɀȾሻሽ

ͺሺʹ  ߟ െ ሻሺͳߤ  ɀሻሺʹ െ ሻߙ
������������������������ሺͶǤʹͺሻ 

The result is sharp with the extremal function defined by (4.26).  

5-  Further Distortion Properties 
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      We next prove two further distortion theorems involving generalized fractional derivative 
operator ܬǡ

ఒǡఓǡఎǤ 
Theorem 5.1.Let ߣ  ͲǢ ߤ� ൏ ʹǢ ߟ�  ǡߣሺݔܽ݉ ሻߤ െ ʹ. Also let the function ݂ሺݖሻ be defined by 
(2.4) be in the class ఒܶǡఓǡఎ

כ ሺߙǡ ǡߚ  ሻ.Thenߛ

ቚܬǡ
ఒǡఓǡఎ݂ሺݖሻቚ 

Ȟሺʹ  ߟ െ ሻߤ
Ȟሺʹ െ ʹሻȞሺߤ  ߟ െ ሻߣ

ȁ�ȁଵିஜ ቊͳ െ
ሺͳߛʹ െ ሻߚ  ሺͳ െ ሻሺͳߙ  ɀሻ

ሺͳ  ɀሻሺʹ െ ሻߙ
ȁ�ȁቋ���������������ሺͷǤͳሻ 

and 

ቚܬǡ
ఒǡఓǡఎ݂ሺݖሻቚ 

Ȟሺʹ  ߟ െ ሻߤ
Ȟሺʹ െ ʹሻȞሺߤ  ߟ െ ሻߣ

ȁ�ȁଵିஜ ቊͳ 
ሺͳߛʹ െ ሻߚ  ሺͳ െ ሻሺͳߙ  ɀሻ

ሺͳ  ɀሻሺʹ െ ሻߙ
ȁ�ȁቋ���������������ሺͷǤʹሻ 

for ݖ א ࣯. The results (5.1) and (5.2) are sharp. 
Proof. Consider the function  ܲǡ௭

ఒǡఓǡఎ݂ሺݖሻ defined by (2.11). With the aid of (4.7) and (4.14) we 
find that 

ቚ ܲǡ௭
ఒǡఓǡఎ݂ሺݖሻቚ  ȁݖȁ െ ߰ሺʹሻȁݖȁଶ �݊ܽ

ஶ

ୀଶ

 

 ȁݖȁ െ
ሺͳߛʹ െ ሻߚ  ሺͳ െ ሻሺͳߙ  ɀሻ

ሺͳ  ɀሻሺʹ െ ሻߙ
ȁݖȁଶ��������������ሺͷǤ͵ሻ 

and 

ቚ ܲǡ௭
ఒǡఓǡఎ݂ሺݖሻቚ  ȁݖȁ  ߰ሺʹሻȁݖȁଶ �݊ܽ

ஶ

ୀଶ

 

 ȁݖȁ 
ሺͳߛʹ െ ሻߚ  ሺͳ െ ሻሺͳߙ  ɀሻ

ሺͳ  ɀሻሺʹ െ ሻߙ
ȁݖȁଶ��������������ሺͷǤͶሻ 

which yields the inequality (5.1) and (5.2) of Theorem 5.1. 
      Finally, by taking the function ݂ሺݖሻ defined by  

ǡܬ
ఒǡఓǡఎ݂ሺݖሻ ൌ

Ȟሺʹ  ߟ െ ሻߤ
Ȟሺʹ െ ʹሻȞሺߤ  ߟ െ ሻߣ

ଵିఓݖ ቊͳ െ
ሺͳߛʹ െ ሻߚ  ሺͳ െ ሻሺͳߙ  ɀሻ

ሺͳ  ɀሻሺʹ െ ሻߙ
�ቋ��������������������ሺͷǤͷሻ 

The results (5.1) and (5.2) are easily seen to be sharp. Ƒ 
Corollary 5.2. Let the function ݂ሺݖሻ defined by (2.4) be in the class ఒܶǡఓǡఎ

כ ሺߙǡ ǡߚ   ሻǤ Thenߛ
ǡܬ
ఒǡఓǡఎ݂ሺݖሻ is included in a disk with its centre at the origin and radius  ݎଷ given by 

ଷݎ ൌ
Ȟሺʹ  ߟ െ ሻߤ

Ȟሺʹ െ ʹሻȞሺߤ  ߟ െ ሻߣ
ቊͳ 

ሺͳߛʹ െ ሻߚ  ሺͳ െ ሻሺͳߙ  ɀሻ
ሺͳ  ɀሻሺʹ െ ሻߙ

ቋ����������������������������ሺͷǤሻ 

 
Similarly we can establish the following result: 
Theorem 5.3.Let ߣ  ͲǢ ߤ� ൏ ʹǢ ߟ  ǡߣሺݔܽ݉ ሻߤ െ ʹ�, and let the function ݂ሺݖሻ be defined by 
(2.4) be in the classܥఒǡఓǡఎሺߙǡ ǡߚ  ሻ. Thenߛ

หܬǡ
ఒǡఓǡఎ݂ሺݖሻห 

Ȟሺʹ  ߟ െ ሻߤ
Ȟሺʹ െ ʹሻȞሺߤ  ߟ െ ሻߣ

ȁ�ȁଵିஜ ቊͳ െ
ሺͳߛʹ െ ʹሻሺߚ െ ሻߙ  ሺͳ െ ሻሺͳߙ െ ߛ  ʹɀȾሻ

ሺͳ  ɀሻሺʹ െ ሻߙ
ȁ�ȁቋ��������������ሺͷǤሻ 

and 
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หܬǡ
ఒǡఓǡఎ݂ሺݖሻห 

Ȟሺʹ  ߟ െ ሻߤ
Ȟሺʹ െ ʹሻȞሺߤ  ߟ െ ሻߣ

ȁ�ȁଵିஜ ቊͳ 
ሺͳߛʹ െ ʹሻሺߚ െ ሻߙ  ሺͳ െ ሻሺͳߙ െ ߛ  ʹɀȾሻ

ሺͳ  ɀሻሺʹ െ ሻߙ
ȁ�ȁቋ��������������ሺͷǤͺሻ 

for ݖ א ࣯�. The results (5.7) and (5.8) are sharp. 
Corollary 5.4. Let the function ݂ሺݖሻ defined by (2.4) be in the class ܥఒǡఓǡఎሺߙǡ ǡߚ  ሻǤ Thenߛ
ǡܬ
ఒǡఓǡఎ݂ሺݖሻis included in a disk with its centre at the origin and radius  ݎସ  given by 

ସݎ ൌ
Ȟሺʹ  ߟ െ ሻߤ

Ȟሺʹ െ ʹሻȞሺߤ  ߟ െ ሻߣ
ቊͳ 

ሺͳߛʹ െ ʹሻሺߚ െ ሻߙ  ሺͳ െ ሻሺͳߙ െ ߛ  ʹɀȾሻ
ሺͳ  ɀሻሺʹ െ ሻߙ

ቋ��������������ሺͷǤͻሻ 

 
Remark 3. Letting ߤ ൌ  ,and using the relationship (2.9) in Theorem 5.1, Corollary 5.2 ߣ
Theorem 5.3, and Corollary 5.4, we obtain the results which were proved by [Srivastava and 
Owa [11], Theorem 5, Corollary 3, Theorem 6, and Corollary 4, respectively]. 
 

6- Convexity Of Functions  

      In view of Lemma 2.4, we know that the function ݂ሺݖሻ defined by (2.4) is starlike in the unit 
disk ࣯ if and only if 

݊ܽ

ஶ

ୀଶ

 ͳ�����������������������������������������������������������������������ሺǤͳሻ 

for �݂ሺݖሻ א � ఒܶǡఓǡఎ
כ ሺߙǡ ǡߚ  ሻ, we find from (3.5) and (4.9) thatߛ

݊ܽ

ஶ

ୀଶ

 ǡߙఒǡఓǡఎሺܣʹ ǡߚ ሻߛ  ͳ�����������������������������������ሺǤʹሻ 

where ܣఒǡఓǡఎሺߙ�ǡ ǡߚ ሻݖሻ is defined by (4.6). Furthermore, for ݂ሺߛ א ǡߙఒǡఓǡఎሺܥ� ǡߚ  ሻ, we haveߛ

݊ܽ

ஶ

ୀଶ

 ǡߙఒǡఓǡఎሺܤʹ ǡߚ ሻߛ  ͳ���������������������������������ሺǤ͵ሻ 

where ܤఒǡఓǡఎሺߙ�ǡ ǡߚ ሻ is defined by (4.24). Thus we observe that ఒܶǡఓǡఎߛ
כ ሺߙǡ ǡߚ ǡߙఒǡఓǡఎሺܥ ሻ andߛ ǡߚ  ሻߛ

are subclasses of starlike functions. Naturally, therefore, we are interested in finding the radii of 
convexity for functions in ఒܶǡఓǡఎ

כ ሺߙǡ ǡߚ ǡߙఒǡఓǡఎሺܥ ሻ andߛ ǡߚ  :ሻ. We first stateߛ
Theorem 6.1. Let the function݂ሺݖሻdefined by (2.4) be in the class ఒܶǡఓǡఎ

כ ሺߙǡ ǡߚ  ሻisݖሻ. Then ݂ሺߛ
convex in the disk  ȁݖȁ ൏  ହ,  whereݎ

ହݎ ൌ ���୬ஹଶ ቊ
ͳ

ǡߙఒǡఓǡఎሺܣ�݊ʹ ǡߚ ሻߛ
ቋ
ଵ
ሺିଵሻൗ

����������������������������ሺǤͶሻ 

andܣ�ఒǡఓǡఎሺߙǡ ǡߚ   .ሻ is given by (4.6). The result is sharpߛ
Proof.  It suffices to prove 

ቤ
ሻݖᇱᇱሺ݂ݖ
݂ᇱሺݖሻ

ቤ  ͳ����������ǡ�����ȁݖȁ ൏  ହ������������������������������������ሺǤͷሻݎ

Indeed we have 
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ቤ
ሻݖᇱᇱሺ݂ݖ
݂ᇱሺݖሻ

ቤ ൌ ቤ
െσ ݊ሺ݊ െ ͳሻܽݖିଵஶ

ୀଶ

ͳ െ σ ݊ܽݖିଵஶ
ୀଶ

ቤ 


σ ݊ሺ݊ െ ͳሻஶ
ୀଶ ܽȁݖȁିଵ

ͳ െ σ ݊ܽȁݖȁିଵஶ
ୀଶ

��������������������������������������ሺǤሻ 

Hence (6.5) is true if 

݊ሺ݊ െ ͳሻ
ஶ

ୀଶ

ܽȁݖȁିଵ  ͳ െ݊ܽȁݖȁିଵ
ஶ

ୀଶ

������������������������������������������������ሺǤሻ 

that is, if 

݊ଶ
ஶ

ୀଶ

ܽȁݖȁିଵ  ͳ����������������������������������������������������������ሺǤͺሻ 

with the aid of (4.14), (6.8) is true if 

���݊ȁݖȁିଵ 
ͳ

ǡߙఒǡఓǡఎሺܣʹ ǡߚ ሻߛ
����ǡ�����݊  ʹ�������������������������������������������ሺǤͻሻ 

Solving (6.9) for ȁݖȁǡ we get  

ȁݖȁ  ቊ
ͳ

ǡߙఒǡఓǡఎሺܣ�݊ʹ ǡߚ ሻߛ
ቋ
ଵ
ሺିଵሻൗ

�����ǡ�������݊  ʹ���������������������������������ሺǤͳͲሻ 

     Finally, since ݊
ିଵ

ሺିଵሻൗ  is an increasing function for integers  ݊  ʹ , we have (6.5) for  
ȁݖȁ ൏  .ହ  is given by (6.4)ݎ  ହ, whereݎ
       In order to complete the proof of Theorem 6.1, we note that the result is sharp for the 
function  ݂ሺݖሻ א � ఒܶǡఓǡఎ

כ ሺߙǡ ǡߚ  ሻ of the formߛ

�݂ሺݖሻ ൌ ݖ െ
ǡߙఒǡఓǡఎሺܣʹ ǡߚ ሻߛ

݊
����ǡ�������݊ݖ  ʹ���������������������������������ሺǤͳͳሻ 

                                                                                                 Ƒ 
      Similarly, we can prove the next theorem. 
Theorem 6.2. Let the function݂ሺݖሻdefined by (2.4) be in the class ܥఒǡఓǡఎሺߙǡ ǡߚ  ሻisݖሻ. Then ݂ሺߛ
convex in the disk  ȁݖȁ ൏  , whereݎ

ݎ ൌ ���୬ஹଶ ቊ
ͳ

ǡߙఒǡఓǡఎሺܤ�݊ʹ ǡߚ ሻߛ
ቋ
ଵ
ሺିଵሻൗ

������������������������������������������ሺǤͳʹሻ 

andܤ�ఒǡఓǡఎሺߙǡ ǡߚ ሻݖሻ is given by (4.24). The result is sharp for the function ݂ሺߛ א ǡߙఒǡఓǡఎሺܥ� ǡߚ   ሻߛ
of the form  

��݂ሺݖሻ ൌ ݖ െ
ǡߙఒǡఓǡఎሺܤʹ ǡߚ ሻߛ

݊
��ǡݖ ݊  ʹ��������������������������������ሺǤͳ͵ሻ 

7- Conclusion     

      We have studied new classes  ఒܶǡఓǡఎ
כ ሺߙǡ ǡߚ ǡߙఒǡఓǡఎሺܥ ሻ andߛ ǡߚ  ሻ of univalent functions withߛ

negative coefficients defined by a certain fractional derivative operator in the unit disk ࣯Ǥ We 



   
 
 
 
 

 
  

  

Journal of Humanitarian, Scientific and Social Sciences                                                                            
Elmergib University ± Faculty of Arts and Sciences Kasr Khiar                                                                       

4th  Issue December 2017 

22 

obtained the sufficient conditions for the function ݂ሺݖሻ to be in ఒܶǡఓǡఎ
כ ሺߙǡ ǡߚ  ሻ andߛ

ǡߙఒǡఓǡఎሺܥ ǡߚ  ሻ.In addition, we derived a number of distortion theorems of functions belonging toߛ
these classes as well as distortion theorems for a certain fractional derivative operator of 
functions in theclasses. Also, we have determined the radii of convexity for functions belonging 
to these classes. 
Some of the known results follow as particular cases from our results; see for example, Gupta 
[1]; Srivastava and Owa[10] and Srivastava and Owa [11].  
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