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Abstract

The purpose of the present paper is to investigate the Fekete-Szego problem for
certain new subclasses starlike and convex functions of complex of order b denoted by
57 (m,q,A) and c; ?(m,q,A) respectively, which involving certain a generalized

derivative operator D*°(m,q, 1) defined in [8]. Various known or new special cases of
our results are also pointed out.

Keywords: Analytic functions; Starlike of complex of order b ; Convex of complex of
order b, generalized derivative operator

Introduction and Preliminaries

Fekete-Szeg6 problem may be considered as one of the most important results
about univalent functions, which is related to coefficients of a function’s Taylor series
and was introduced by Fekete and Szegd [1], studied a special inequality which arises
naturally from a combination of two coefficients a, and a3 of a class of univalent

analytic normalized function S. They obtained sharp upper bound of |a@, — 4 a3 |, where

M is real. The problem of maximizing the absolute value of the functional a; — a3 is

called Fekete-Szegd problem. After 30 years or so, Keogh and Merkes [2] solved the
problem for certain subclasses of univalent functions. Then Koepf [3] gave excellent
results for the class of close-to-convex functions. Moreover, this functional has also
been studied for u as real as well as complex number. And many others follow the

(321)
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same problems with different techniques for different classes. For other examples
defined on various classes can be read in ([3]- [5] and [8] ).

Let A denote the family of analytic functions f in the unit diskU={z e C:|z |<1}

normalized by f(0) = 0 = f'(0) — 1. If f € A then f has the following
representation

f(z)=z+iakzk. (1)

We also consider S the class of those functions from A which are univalent in U .
Nasr and Aouf [6, 7] introduced s*(b)and C(b), the class of starlike functions of
complex order and the class of convex functions of complex order respectively. More
preciously, the function f € A is said to be in the class s°(b), if it satisfies the
following condition
s*(b)zRe{l+l[M—lj}>O,z € U andb # 0.
b\ f(z)

Similarly, the function f € A is said to be in the class C (), if it satisfies the

following condition
(MJ}>O,Z € U andb # 0.
1'@)

Observe that S *(1) and C(1) represent standard starlike and convex univalent functions,

1
C(b)—Re{HE

respectively.

Nagat and Duras in( [8],[9]) have recently introduced generalized derivative operator
D"’ (m,q,A) as the following;

For the function f € A given by (1), we define a new generalized derivative operator
as follows:

D (mq A () =2 + Yk~ aye(s.)a,2 "
k=2 l+¢g
where 5,0(€N0 = {0,1,2...},m €, A,q >0 and c(8,k)= (i;‘)l)k—l ’
k-1

where (x ), denotes the Pochhammer symbol (or the shifted factorial) defined

by

(322)
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1 for k=0
(e = {x(x +1D)x+2)..(x+k—1) for keN=1,2,3,....

By specializing the parameters of Da’ﬁ(M,q ,A), we get the following derivative and
integral operators.

« The derivative operator introduced by Ruscheweyh [10];

D""(0,4,4)=D""(1,0,0);(n eNy))=R" =z + Y c(n,k)a,z".

k=2

« The derivative operator introduced by Salagean [12];
D*%(0,q,4) =D (n,0,1);(n eN))=D" =z + ik "a,z ‘
k=2
« The generalized Salagean derivative operator introduced by Oboudi [11];
D*(n,0,1);(neN,)=D} =z + i(l+l(k -1)'a,z".
k=2

« The generalized Ruscheweyh derivative operator introduced by Darus and Al-Shagsi
[13];

D™ (1,0,A);(n €N =R} =z + Y (1+ Ak —1)c(n,k)a,z".
k=2

« The derivative operator introduced by Catas [17];

D (m,1,A):(m eNy)=D" (4, B.1)=z *Z[%
+

k=2

j’” c(B.k)a,z".

« The integral operator introduced by Cho and T. H. Kim [14];

>, 1+
D=, A N=1"=z+Yk "a.z".

Using the operator D’ (m,q, 1), we now introduce the following classes

Definition 1.1. We say that a function f € A is in the class S];x,é' (m,q,A)if

a0 [;
Re{L+l[Zl) (”“q’iyw@)-4J}>o,z € Uandb #0

b\ D" (m,q,A)f (z)

(323)
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By giving specific values to m,a,§ and b, we obtain the following important subclass
studied by slon (0,g,4)=s"(1-b) (Nasr and Aouf [6]).
Definition 1.2. We say that a function f € A is in the class C,*’ (m,q, A)if

z D" (m,q, A "'(z)
D™ (m,q,A)f (z)

1
C(b)—Re{l—I—b—(

)}>o,z € Uandb #0
Note that fecCc’(mq,2) < zf € S (m,q,A).

2. Main results
Befor we consider how the Taylor series coefficients of functions in the classes

s, ’é(m,q,ﬂ) and C ba’g(m,q,/i) might be bounded, let us first consider this problem
for the Caratheodory functions.

Let P be the family of all functions p analytic in U for which Re{p} >0,
givenby p(z)=l+cz +c,z’+.., z el.
Lemma 2.1([15]) If p € P then

lc, <2, for all k eN.

Lemma 2.2([16]) If p,(z)=1+c,z +c,z” +... is an analytic function with positive real
part in U, then

|c, —vel |€2max{1,| 2v—1]}.
The result is sharp for the function

)= o ()= U

(I-z) (1-z7)

Theorem 2.3. Let b be nonzero complex number. If f of the form (1) is in

D*’(m,q,A) , then

(I+g)Ibl
2071 (1+q + ﬂ,)m(5+1)

la,| <

(324)
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2[b|(1+q)

las| < max|[1,1+ |1+ 2b| — 1].

3¢(1+q +2ﬂ)m(5+1)(5+2)
Proof.

By the definition of the class S, ?(m,q,A) there exists p € P such, that

2D (m,q,A)f '(z)
Da’(s(ma%l)f (z)

so that,

m m
7 [1 + pa+l (%;’1) c(8,2)ayz + 3%+1 (1 4‘16{{_4;12/1) (6 + 1)2(5 + 2) 137 + -

=1—-b+bp(2)

1+qg+2 1+q+2/1>m(6+1)(6+2)

m
2 3
T+ ) c(6,2)ayz +3“( T+g > asz3 +

Z+2“(

=1—-b+b[l+ci1z+ 2% + -],
which implies the equality

1+qg+4
1+q

=Z+[clb+2“(

3

1+q+2/1>m(6+1)(6+2)

m
) c(8,2)a,z? + 3%t1 ( T+a 5 asz

zZ+ 2‘”1(

1+qg+2
1+g¢q
1+qg+4\"
[24
+Ic2b+clb2 (—1+ ) c(6,2)
1+qg+21\"(6+1)(6 +2)
(L4202
1+¢ 2

1+qg+1\"
+ lc3b + (Lq) c(8,2)c,b

)m c(6, 2)] a,z?

1+
1+q+2/1m(5+1)(5+2)l .
AR P

b3“(
+cq 1+¢

Equating the coefficients of both sides we have

20{(1+q+A

m
1+q ) (5+1)a2=C1b,

c1%b

m 2
3a<1+q+2/1) 6+ 1) +2) _b<2 c;>+(1+2b)

1+q 2 =3 4

SO

(325)
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— __ bal+a) _ b(ca+bed)(1+9)
“ 43 = Sa(lrqt ™G+ D (5+2) )

T 20(14q+ )M (5+1)

Taking into account (2) and Lemma 2.1, we obtain

bc;(1+q)
laz| =
2¢(1+4q+A)" (6 + 1)
2|bl(1+ q)
2¢(1+g+4)" (6 + 1)
_ |b|(1+q)
20-1(14+q+ )" (6 + 1)
2 2
las| = bd +49) cz—%+%+bcfl
3¢ (1+g +24)" (6 + 1)(5 + 2)
|b|(1+ q) '2 |C1|2+|1+2b||C lzl
> - 1
3e(l4g +2A) s+ DG +2)L 2 2
B |b|(1+ q) '2+|C |2|1+2b|—1l
— P
3¢(l+q+24)" (6 + (S +2) | 2

2|b|(1+q)

sa(1+q +24)" (s+1)(5+2)

max[1,1+ |1+ 2b| — 1].

First, we consider the case, when |a; — ,ua22 | for complex £ .
Theorem 2.4. Let b be a nonzero complex number and let s, 0 (m,q,A) . Then for 1

complex then

2b(1+q)
3%(1+q+22)"M(6+1)(5+2)

max [1, |1 +2b —

2 2ub(1+q) (6+2)3%(1+q+20)™
laz — paz| <

229(1+q+A)?™M(6+1)

For each _ there is a function in §,”° (m,¢, A) such that equality holds.

Proof. Applying (2) we have

(326)
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= b(1+q) e, + bc?]
2T 3“(1+q+22) 6+ 16 +2) '
cz(1+q)?

- 22“(1 +q + )2 (S + 1)2

b(1+q) [ e
T3¢(1+q+21) 6+ D6 +2) '
pbci(1+q) (6 +2)3%(1 +q +20)™
B 22¢(1 + g + )2 (5 + 1) l

B b(1+ q) N 2bc? ¢ ¢}
T3 (14 g+ 20mG DG+ |2 2 272
2ubc?(1+q) (6 + 2)3%(1 + g + 20)™]

222¢(1 4+ q + 0)2(§ + 1)

B b(1+q) [ c?
T3 (I+q+20m0+ DG +2) |2

2

2 2ub(14+q) (6 +2)3%(1 +q +20)™
L (4o 2+ ) (6+2)3%(1 +q + 21) , 3)

2 222(1+q+0)*™m(6+ 1)

lag — paj| <
b(1+q) el
3¢(1+q+20)™(5 + 1)(6 + 2) 2
2ub(1 + 6+ 2)3%(1+q+20)™
+u1+2b_u( q) (6+2)3°(1+q+21)
2 222(1+q+20)*™m(5+1)

_ b(1+q) 2+ __ 2pb(1+q) (6+2)3“(1+q+zx)m| 1
T 32(14+q+20)™M(5+1)(5+2) 2 222(14+q+A)2M(5+1) )

Then, with the aid of Lemma 2.2, we obtain

2ub(1+q) (8+2)3“(1+q+zx)m|]

_ 2 2b(1+q) _
las — paz| < max [1' |1 +2b 22a(14+q+0)2M(5+1)

3%(1+q+22)™M(6+1)(5+2)

Takingd =q=m =a = 0andb =1 in Theorem 2.4, we have
Corollary 2.5 [2] If f € s¥, then for p € C we have
|a3 — paj| < max{1,|4p — 3|}

Moreover, for each p, there is a function in S such that equality holds.

(327)
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Theorem 2.6 Let b > 0, and let Sba’{s(m,q,/l) .Then for 4/ real,

Then,
2b(1+¢) (1+2b[1_ﬂ3“y(f+2)(1+q+2/1)"’(1+q) j] f uso,
35 +1) (6 +2)(1+q +24)" 24(0+1) (I+g+ )™
o 2b(1+9) .
o py 1€ F (10 +2)(1+g +20)" Vo suso
W(1+q) [_I_Zb(l+u3aﬂ(§s+z)(1+q+2z)"’(1+q) D i uzo,
(0 +1)(0+2)(1+g +24)" 2°(5+1) (I+g + )™
Where

o - 29(5+1)(1+g + )™
b3 (14q)" (1+q +24)" (5 +2)

o 205 +1)(1+g + A" [1+b]
2 3% (14+q)" (1+g +20)" (5 +2)

Moreover for each y, there is a function in s,°(m,q, 1) such that equality hold

Proof By (3), we obtain

, b(1+q) c?
BRL T rgr20mG+ DG +2) |2 2
2 2ub(1+q) (6 +2)3%(1 + q +20)™
L 4y 2+ @) (5+2)3%( +q + 21)
2 222(1+q+20)*™m(6+1)

First, let. < o,, In this case, by (3), Lemma 2.1 and give
lag — paj| <

b(1+q) _|612|
3¢(1+q +20™m@G + D + 2) 2
2 2ub(1+q) (6 +2)3%(1 +qg +20)™
Lledlly 5, _2ub(+q) (6+2)3%(A +q +2M)
2 22¢(14+q+ 2?6+ 1)
P 2b(1+q) (H%(l_ysw(fu)(nq +2/1)'"(1+q) D
30+ 0+ 2)(1+g +2)" 2°°(0+1) (1+g +A)™

Now let o, < u<o,, Then, using the above calculations, we get

(328)



ISSN: 2706-9087

ISSUE sdal
fpdnhillg AoLwilll ggl=ll Alna
DESEMBER 2019 —m O
2b(1+
@, — ua? |< (1+q)

39S +1)S +2)(1+q +24)"

Finally, if > o,, then we obtain

las — ua3| <
b(1+q) Ied|
3¢(1+q + 20)™( + D6 + 2) 2
2| 2ub(1 + ) (5+2)3a(1+q+2x)mH

——|-1-2b
+ +

222(1+q+20)*™(5 + 1)

3 2b(1+¢) o1 TS+ +20)" (1+q)
3 S+1)( S +2)(1+g +22)" 2°%(5+1) (1+g +A)™" '

Using the well-known Alexander relation, we easily obtain bounds of coefficients and a
solution of the Fekete-Szegd problem for the class ¢’ (m,q, )

Theorem 2.7. Let b be nonzero complex number. If f of the form (1) is in

D*“’(m,q,) , then

(1+¢)Ib|
2¢(1+4g+A)" (6 + 1)

la,| <

2(1+q)|b]
las| < (I+g) [1+ 1+ 2b]]

3¢+ (1+q +24)" (6 + 1)(6 + 2)

las —,ua%| <

2b(1+q) _
3¢+1(14q+20)M(5+1)(642) max [1’ |1 +2b

3ub(1+q) (6+2)3“(1+q+zx)m|]
22¢+1(14+q+2)2™M(5+1)

Takingd =q=m =a = 0and b= 1 in Theorem 2.7, we have

Corollary 2.8 [2] SIff € s*, then for u € C we have

(329)
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1
a3 — pa3| < max{g,l,u — 1|}.
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