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Totally Semi-open Functions in Topological Spaces 

 

Amna Mohamed  Abdelgader Ahmed 

Department of Mathematics, Faculty of Sciences, Elmergib University 

 

Abstract 

In this paper, we introduce the concept of totally semi-open functions in topological spaces.   

Some interesting results and properties of totally semi-open functions are investigated and 

proven. 

 

Keywords: Semi-open function, Semi-open set, Semi-closed set, Semi-clopen set, Totally open 

function. 

 

1 Introduction 

The notion of semi-open sets and semi-continuity was first introduced and investigated by 

Levine [8] in 1963.  In 1969, Biswas [2] defined and studied semi-open functions.  Irresolute 

functions and semi-homeomorphisms were introduced and studied by Crossley and 

Hildebrand [4].  Nour [11] defined totally semi-continuous and strongly semi-continuous 

functions. Benchalli and Neeli in [1] introduced and studied semi-totally continuous and 

semi-totally open functions. Garg  and Shivaraj  in [7] introduced  the concept of preclosed 

mapping.   

In this paper, a new generalization of  semi-open functions is introduced and studied. We 

define totally semi-open functions and prove some interesting results and properties in this 

connection. 

 

2 Preliminaries 

Throughout this paper,    will always denote a topological space. If A is a subset of X, then  

 ̅ and     respectively denote the closure and the interior of A in X. 

Definition 1. A subset   of a topological space       is said to be 

1) semi-open set [8] if there exists an open set   in   such that         ̅, i.e.,       ̅̅̅.   
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2) semi-closed set [4] if    is the complement of a semi-open set, i.e.,     ̅     .  Definition 

2. [4] (1) The semi-closure of a set   in   is the intersection of all semi-closed sets that 

contains  ; this set is denoted by  . 

2)  The semi-interior of a set   in   is the union of all semi-open sets of    contained in   ; 

this set is denoted by    

3) A point      is said to be a semi-limit point of a set   in   if every semi-open set 

containing   contains at least one point of   different from   itself. 

Theorem 1. [8]  If  {  }    a collection of semi-open sets in a topological space   then 

⋃       is semi-open. 

Definition 3. A function          is said to be 

1) semi-continuous [8] if the inverse image of each open subset of    is semi-open in  . 

2) semi-open [2] if      is semi- open in   for each open set   in   .  

3) totally semi-continuous [11] if the inverse image of every open subset of   is semi- clopen 

in   . 

4) irresolute [4] if the inverse image of every semi- open set in   is semi-open in     

5) pre semi-open [4] if the image of every semi-open set in   is semi-open in     

6) semi-totally continuous [1] if the inverse image of every semi- open subset of   is clopen 

in  . 

7) semi-totally open [1] if the image of every semi-open set in   is clopen in   . 

Definition 4. [9] A topological space   is said to be 

1) semi-   if for each pair of distinct points in  , there exists a semi-open set containing one 

point but not the other. 

2) semi-   if for each pair of distinct points   and   of   , there exist semi-open sets   and   

such that             and             . 

3) semi-    if for each pair of distinct points   and   of   , there exist semi-open sets   and   

such that              and      . 

Definition 5. [10] A topological space   is said to be semi-connected if     is not the union 

of two nonempty disjoint semi-open subsets of   . 

Definition 6. [5] A topological space   is said to be semi-compact if any semi-open cover of   

  has a finite subcover. 
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3 Totally Semi-open Functions 

In this section, we introduce the concept of totally semi-open functions. Further, we study 

many properties and prove some results. 

Definition 7. A function          is said to be totally semi-open if the image of every 

open set in   is semi-clopen in   . 

Example 1.  Let   {     },    {    { }} and    {    { } {   }}. The function 

                defined by                       is totally semi-open. 

Example 2.  Let         be the identity function. If                , then   is 

open, but         is not semi-clopen in  . So,    is not totally semi-open. 

Theorem 2. Let          be a totally semi-open injective function and let    . For any 

   , if       is a semi-limit point of      then   is a limit point of   . 

Proof. Suppose that   is not  a limit point of   , so there exists an open set   in    such that 

    and     { }   . But then           {    }    and hence      is not a semi-

limit point of      since      is semi-clopen in  . 

Definition 8. A function          is said to be totally semi-closed if the image of every 

closed set in   is semi-clopen in   . 

Lemma 1. A bijection         is totally semi-open if and only if  it is totally semi-closed. 

Proof.  Suppose    is totally semi-open and let     be a closed set, then        

       is semi-clopen in   if and only if        is also semi-clopen in  .  

Theorem 3.  If          is a totally semi-open function then for all    : 

1)               

2)         ̅  

Proof. 1) Since        then           . Hence,                       , since 

      is semi-open in  . 

2) Since     ̅   then         ̅ .  From Lemma 1  we have   is also totally semi-closed, 

so    ̅  is semi-clopen  in  . Hence,          ̅      ̅ . 

Lemma 2. [8] Let {  }    be a collection of topological spaces and for each  ,     is a semi-

open (resp. semi-closed) set in   , then   ∏        is semi-open (resp. semi-closed) in the 

product space ∏      . 
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Theorem4. Let {       }    be a collection of totally semi-open functions.  Then the 

function     ∏       defined by                 is totally semi-open.  

Proof. Let   be an open set in  , then      ∏         , where       is semi-clopen in   

for all    , so the proof follows directly from Lemma 2. 

Theorem 5. Let         be a function and             the graph function of   

where               for each     . If   is totally semi-open then   is also totally semi-

open. 

Proof. Let   be an open set in  , then              is semi-clopen in     . Since 

       is semi-open,                 ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅     ̅̅ ̅         ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , so             ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and 

     is semi-open in  . Similarly, we can prove that      is semi-closed in  . Therefore, 

     is semi-clopen in   and f  is totally semi-open function. 

Definition 9. A function          is said to be totally open if the image of every open set 

in   is clopen in   . 

Theorem 6. Every totally open function is totally semi-open. 

Proof. The proof   follows directly  from the fact that every clopen set is also semi-clopen. 

Remark 1.  The converse of Theorem 6 is not true  as shown by the following example. 

Example 3.  Let   {     },   {    {   }} and    {    { } { } {   }}. The function 

               defined by         is a totally semi-open function,  but  is not totally 

open. 

Theorem 7. Every totally semi-open function is semi-open.  

Proof. Let          be a totally semi-open function and     be an open set, then      

is semi-clopen in  , so      is semi-open in  . 

Remark 2. The converse of the above theorem is false as shown by: 

Example 4. Let   {     } and   {    { }}, then the identity function on   is semi-open 

but not totally semi-open.   

Theorem 8. Every semi-totally open function is totally semi-open. 

Proof. Let          be a semi-totally open function and     be an open set. So,   is 

also semi-open and then      is clopen in   . Since a clopen set is also  semi-clopen, the 

proof is complete. 

Remark 3. The converse of Theorem 8 is not true, for example, the function   defined in 

Example 3 is totally semi-open but not semi-totally open. 
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Remark 4. A totally semi-open function need not be pre-semi-open. Also, a pre-semi-open 

function need not be totally-semi-open as is illustrated in the following examples: 

Example 5.  The identity function on    is pre-semi-open but not totally semi-open.  

Example 6. Let   {     },    {    { }} and    {    { } {   }}. The function 

                defined  by         is totally semi-open but not pre-semi-open. 

Remark 5. Example 5 and Example 3 also illustrate that totally semi-open functions and  open 

functions are independent notions. 

Remark 6. The composition of two totally semi-open functions need not be a totally semi-

open function as is illustrated in the following example. 

Example 7. Let   {     },   {    {   }} and    {    { } { } {   }}  and let 

   {       } and    {    { } {   } { }}. Let                  be defined as  

                     and let                   be defined by           

               , then both          are totally semi-open. But the composition   

    is not a totally semi-open function because       {   }  {   } and {   } is not semi-

clopen in   although {   } is open in  . 

The proof of the following theorem is obvious. 

Theorem 9. If          is open  and           is  totally semi-open, then          

   is totally semi-open. 

Theorem 10. If          and          are functions and            is totally 

semi-open  then: 

 (1) if   is  continuous and surjective, then   is totally semi- open. 

 (2) if   is semi-totally continuous  and injective, then   is totally semi-open. 

Proof.  (1) Let   be an open set in   then        is open in   since   is continuous, Since 

  is surjective then      (      )      .  Since     is totally semi-open then      is 

semi- clopen in  .  

(2) Let   be an open set in  , then                  is semi-clopen (and hence semi-

open) in Z since      is totally semi-open. But   is totally semi-continuous  and injective, 

so                     is clopen  and hence semi-clopen in  . 

 

The proof of the following theorem is obvious and hence omitted. 
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Theorem 11. If          is a totally semi-open function and   is an open subset of  , 

then the restriction function             is also totally semi-open. 

Remark 7. Let         be a function and        where     are open. If  both 

    and     are totally semi-open, then   need not be totally semi-open since, from Theorem 

1,  the union of semi-clopen sets is not necessarily  semi-clopen.             

Theorem 12. If          is a totally semi-open bijection and   is a   space then   is a 

semi-   space. 

Proof. Let       and     then               . Since   is a   -space, then there exist 

an open set   such that            and           .  Now,              are disjoint 

semi-clopen sets (hence semi-open sets) and         ,           . Therefore,   is a 

semi-   space. 

Corollary 1.  If          is a totally semi-open bijection  and   is a   -space or a   -space  

then   is a semi-   space.  

The proof of the following theorem follows directly from the definitions of semi-connected 

spaces and totally semi-open maps. 

Theorem 13. If          is a totally semi-open  bijection and   is a semi-connected space, 

then   is connected. 

Theorem 14. If          is a totally semi-open  bijection and   is a semi-compact space, 

then   is compact. 

Proof. Suppose that   is not compact, then there exists an open cover {  }    of   which has 

no subcover. Since   is a totally semi-open  bijection, then {     }    is a semi-open cover of 

  and has not subcover, so   is not semi-compact. 

 

Conclusion 

In the study, we have introduced the concept of totally semi-open functions in topological 

spaces and investigated several properties. Other properties of totally semi-open functions 

can be studied and totally semi-closed maps might also be defined and investigated.  
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