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Abstract

In this paper, we obtain the approximate solution of nonlinear heat equation numerically by
using Adomian decomposition method [ADM].we formulate the [ADM]; we applied this
method for two examples.

Key words. Nonlinear Heat Equation, [ADM].
1. Introduction

We deal with the nonlinear heat equation, the numerical solutions of initial value problems of
nonlinear heat equation are.

We can find the solution by numerical method, called the Adomian decomposition method
[ADM].

2. Adomian decomposition method [ADM]

In the year 1980 AD, the American scientist George Adomian presented a new effective way
to solve linear and nonlinear differential equations

Steps apply the solution of PDE by [ADM],
1. We use the differential operator to solve the PDE as following,
Lu(x,t) + Ru(x, t) + Nu(x,t) = g(x, t). ()

d* u(x, 0)

Initial condition, qp-1

=fs-1(x)  ,s=123, ..

Where,

Lu(x,t) Is Differential operator, highest derivative order.
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Ru(x,t) Is the rest of the differential operator with the lowest order. Nu(x,t) Is nonlinear

functions, g(x, t) is Nonhomogeneous term.

L.~ Inverse Operator,

2. Applying the inverse operator L, 'to equation (i) becomes

uC, 16 = =L [Laa (u(x, )] = L "Ru(x, £) — L 'Nu(x, t)

+Lt_1g(x, t)

u(x,t) = u(x,0) = Ly Ly (u(x, )] — Ly "Ru(x, t) — L, 'Nu(x, t)

Using the initial condition of the previous problem, yields to,

+Lt_1g(x, t)

u(x,t) = u(x,0) — L, ' Lyu(x, t) — L, 'Ru(x, t) — L, *Nu(x, t)

+Lt_1g(x, t) (i)

3. We decompose the unknown function u(x, t) as a sum of components defined by the

series,

o

u(x,t) = Z u,(x,t)

n=0

We decompose the unknown nonlinear functions Nu(x, t) by Polynomials Adomian,

Nu(x,t) = Z Apu,(x,t)
n=0

We Substitute values u(x, t) and Nu(x, t) in equation (ii),

o)

o

D unG8) = u(60) = L L ) un () -

n=0

Lt_lRu(x, t) — z Apun(x,t) + Lt_lg(x, t)
n=0

n=0

http://tarbawej.elmergib.edu.ly

213



r\l/‘ Journal of Educational

1.5 (sond) Ll Jales

ISSN: 2011- 421X 19 22l
Arcif Q3
4. To find different solutions u,, (x, t) from u(x, t) we use the iterative
relationship,
uo(x,t) = u(x,0) + L, ‘g(x,t)
W1 (6 8) = =L Ly wi (6,8) = L 'R 06, 8) = L A we (1) k20

We can find, u, (x,t) ,u,(x,t) ,us(x,t)...

U (x,t) = =Ly ' Lyug(x,t) — L 'Rug(x, t) — Ly Agug (x, t)

u(x,t) = _Lt_lexul (x,t) — Lt_lRu1 (x,t) — Lt_1A1u1 (x, t)

uz(x,t) = _Lt_lequ (x,t) — Lt_lRuz (x,t) — Lt_lAzuz (x,t)

3. Polynomials Adomian

By Adomian in 1992, as it gave a general formula to the values A, u, (x,t)

1]|dn -y
Anun(x, t) = ; W N Z/llui (x, t) n=0
=0
Where,
A, Is parameter variable.  Nu(x,t), Is nonlinear functions.
We can find the Agug(x, t), Ajuq,(x, t), Ayuy (x, t), ...
— 1 dO X 0 —
Aguo(5,6) == | 5 Z)l Uy (x, £) = N(uy(x, 1))
| =0 1=0
[ 1
1 dl i d 0 1
Ay 6) = 7| (N ZOA w0 ||| = gy NQOug (8 + A (6 0)]amo
i = 1=0

= [N' (A% (x, £) + Aty (x, t))]lzo(ul(x, t)) =

uyN' (o (x, 1))
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Auy(x,t) = o0 d/lz (Z A (x, t))

A=0
1 d?
=3 [d/1 (N (Q%uq(x, t) + Atuy (x, t) + A2uy(x, £)))] 5=

(ul(-;c. t)) Nﬂ( O(x t)) -|—u2N (uo(x t))
Asuz(x,t) = 31 d/13 (2 Ay (x, t)) =
A=0
1 d3

3117 —[—== FTE (N(A%uq(x, ) + Auy (x, 1) + 212uy(x, t) + Bug(x, ) ]2=0

3
i=uz (x, ON' (uo(x, 1)) + uy (x, Duy (x, )N (o (x,8)) + MN”’ (uo(x, t))

4. Numerical results
Example (D

Find the approximate solution of nonlinear Heat Equation.

Up = Uy, — 2u3

. e 1+2x (@)
Initial condition, u(x,0) = ———
x2+x+1
Exact Solution,
(x.0) 1+2x __ 8 -
= x2+x+
e 24x+1°

Approximate Solution:

Using the differential operator on both sides of the equation,

Leu = Lyu — 2u3.
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Applying the inverse operator on both sides of the equation,

Lt Leu(x,t) = L Lyu(x, £)] — 2L, W3 (x, 1),
u(, )16 = L Ly (u(x, £))] = 2L, (W3 (%, 1),
u(x,t) = u(x,0) + Ly [Lyy (u(x, )] — 2L, (B (x, 1)).
Using the 1.C of the previous problem, yields,

1+ 2x

S Tl L) = 207 @ ().

u(x,t) =

We decompose the unknow u(x, t) as a sum of component defined by the series,

o)

u(x,t) = z u,(x,t) , Nu(x,t) = Z A, up(x, t).
n=0

n=0

We substitute values u(x, t)andNu(x, t) in previous equation,

C 1+2x R
Zun(x, t) :m+Lt Lxx un(x, t)
n=0 n=0

—2L, 7t Z Ay, (x, ).
n=0

We use the iterative relationship,

1+ 2x
x2+x+1

uy(x, t) =
U1 (X, t) = Lt_l[Lxxuk(x; t)] -
2L, Y Au (x,t) k=0
We get,

1+ 2x

W) =

—6(1 + 2x)

w06 6) = L L ()] = 2L (W0") = Gz 7 17t
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_ _ 36(1 + 2x)
Uy (%,8) = L [Lyx (ur)] — 2L Buig?uy) = rxr il

Uz (6,8) = L [Lax (uz)] — 2L, Buous® + 3uo’u,)

_ —216(1+2x)
(x4 x+ 1)

oo

fu(x, t) = Z Up(x,t) = up(x, t) +u (x, t) + uy(x, t) + us(x, t) + -

n=0

142 " 6t N 36t2

_x2+x+1( x2+x+1 (x24x+1)2

216t3
(x2+x+1)37
Where,
6t 36¢2 6t o (—6D)"

(1 ) = e XxX%’+x+1 =

_ + _ — -~ Z
> +x+1 (Z+x+1)2 0(x2+x+1)”
n=

Approximate Solution,
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We note this solution is corresponding with exact one,

approximate solution of Example 1. [ADM] when t=0.005.

Fig ((1)) comparative between exact and Fig ((1)) the solution of Example 1 using

W

M

.

2 A s~

=}

1

Example

Find the approximate solution of nonlinear Heat Equation.

{ Up = Uy, + u? — (u,)? }(i)
Initial condition, u(x,0) = e*

Exact Solution,
u(x, t) = e*tt,

Approximate Solution:

Using the differential operator on both sides of the equation,

Lau = Lyu +u? — (L)

Applying the inverse operator on both sides of the equation,

Lt Leu(x, ) = Ly LuCe, O] + L (w2 (x, 1) — (L [Lyu(x, D3,

()
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uC, 16 = L Lo )] + L u?(x, 6) = (L [Leu(x, O],

u(x, t) = u(x,0) + Ly~ Ly (u(x, )] + L u?(x, t)
—(Le M [LyuCx, O]
Using the I.C of the previous problem, yields,
u(x,t) = e* + L, Lyu(x, )] + L u?(x, t) — (L [Lyulx, ]2

We decompose the unknow u(x, t) as a sum of component defined by the series,

o

u(x, t) = Z u,(x,t) ,Nyu(x, t) = Z Apuy(x,t) ,
n=0

n=0

Nou(x, t) = Z Bpuy,(x,t).
n=0

We substitute values u(x, t)andN;u(x, t), Nou(x, t) in previous equation,

Z Up(6,t) = e* + Ly, Ly Y up(x,t) + L1 Z Ay upn(x, t)
n=0 n=0 n=0

—L, 7t Z Bpu,(x,t).
n=0

We use the iterative relationship,
up(x,t) = e”,
U1 (x,t) = Lt_l[Lxxuk(x, )]+
L Apu (x, t) — Ly Brug (%, £),k = 0
We get,
uy(x, t) = e*

W (6,8) = L ML ()] + Lo (o) — L (wo?) = et
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- _ _ 1
Up (%, ) = L Loy (uy)] + L™ 2(uoug) = L™ (Quotty)y = Eextz

uz (6, 1) = Ly Ly (up)] + L™ (g + 2ugup) — L (ug? + 2uguy),y

— _ext3
6

In addition,so on

(0]

u(x,t) = z Up(x,t) =ug(x, t) +u (x, t) + uy(x, t) + ug(x, t) + -

n=0

=ex(1+t+1t2+lt3 )
5 s

Where,

o~

1 1 > (t
2 3 — —
(1+t+—2!t + 3t ) =et = E —
Approximate Solution,

u(x, t) = e*tt
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We note this solution is corresponding with exact one,

Fig ((2)) comparative between exact and Fig ((2)) the solution of Example 2 using
approximate solution of Example 2. [ADM] when t=0.5.
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5. Conclusion

We have studied the Adomian decomposition method [ADM] to the nonlinear heat equation,
we implement this method to two examples, and the results showed that the [ADM] is an

efficient technique and simple for solving nonlinear heat equations.
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