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Abstract

In the present paper we obtain Fekete-Szeg6 inequalities and sharp bounds for certain
classes of analytic and p-valent functions in the open unit disk involving certain fractional
derivative operator.

Keywords: p-valent function , subordination , starlike function , convex function,
fractional derivative operator, Fekete-Szeg0 inequality.

1. Introduction and Preliminaries

Let A(p) denote the class of functions defined by

f@ =2+ apn™  (EN) (1.1)
n=1

which are analytic and p-valent in the open unit disk U = {z: |z]| < 1}.

Let f(z) and g(z) be functions analytic in U, we say that the function f(z) is
subordinate to g(z), if there exists a Schwarz function w(z), analytic in U, with w(0) = 0
and [w(z)| <1 (z € W), and such that f(z) = g(w(z)) forall ze U .

This subordination is denoted by f < g or f(z) < g(z). It is well known that, if the
function g(z) is univalent in U, then f(z) < g(z) if and only if f(0) = g(0) and f(U) c
g(W).

Let ¢(z) be an analytic function with ¢(0) =1, ¢'(0) > 0 and Re(¢p(2)) >0 (z €
U), which maps the open unit disk U onto a region starlike with respect to 1 and is
symmetric with respect to the real axis . Ali et al. [1] defined and studied the class S, ,,(¢)
to be the class of functions f(z) € A(p) for which

LT
blp f(2)

and the class C,, ,, (¢) of all functions for which

1+ 1} <¢(z), (zeUbeC\{0}

http://tarbawej.elmergib.edu.ly 174




/-\ So— il dl >o
Journal of Educational 1.5 ond Ll Jalas

L, ISSN: 2011- 421X 19 2axl
| Arcif Q3

RN PO U, b € C\{0
__+_{ +f,(Z)}<¢(z), (z € U b € C\{0)

Note that S7,(¢) =S*(¢) and C,,(¢) = C(¢), The classes were introduced and
studied by Ma and Minda [4]. The familiar class S*(«) of starlike functions of order « and
the class C(a) of convex functions of order a, 0 < a < 1 are the special cases of 57 ;(¢)
and Cy ;(¢), respectively, when

1+(1—-2a)z
1—2z

¢(2) =

Let ,F;(a,b; c; z) be the Gauss hypergeometric function defined for z € U by, (see
Srivastava and Karlsson [9]).

,Fi(a,b; c; z) = ZMZ”

c),n!
L (O

where (1),, is the Pochhammer symbole defined, in terms of the Gamma function, by

(A)n=r(/1+n)_{1, n=0,

ra  UAa+1D@A+2).A+n-1), n € N.
for 2#0,-1,-2,....

We recall the following definitions of fractional derivative operators which were used
by Owa [6], (see also [8]) as follows:

Definition 1.1. The fractional derivative operator of order A is defined by

1 d [ f®

PO = tanaz), G-y

d§, 0<i<1 (1.2)

where f(z) is analytic function in a simply-connected region of the z-plane containing the
origin, and the multiplicity of (z — &)~* is removed by requiring log(z — &) to be real
when z —¢& > 0.

Definition 1.2. Let 0 <A< 1, and u,n € R. Then, in terms of the familiar Gauss’s
hypergeometric function ,F; , the generalized fractional derivative operator ]0 s

d
]S,’é”’f(z)——(r(1 A)f(z 3] Af(ff)zFl(u Al-m1—-241- f)df) (1.3)
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where f(z) is analytic function in a simply- connected region of the z-plane containing the
origin, with the order f(z) = 0(|z|¢), z —» 0, where ¢ >max{0,ux—n}—1 and the
multiplicity of (z — £)~* is removed requiring log(z — &) to be real when z — & > 0.

Definition 1.3 Under the hypotheses of Definition 1.2, the fractional derivative operator
A+m,u+mn+m

oz of a function f(z) defined by
dm
é:m,ﬂ+mﬂ7+m f(Z) — dZ_m]gélﬂf(z) (1'4)
Notice that
Jodf(@) = Dif(2), 0<A<1 (1.5)

Amsheri and Zharkova [2], (see also [3], [10]) defined the fractional derivative operator
Mg; "7 f(2) by

Tp+1-wWlp+1—21+u)

/1
Moz " f @ = Drp+ 1=+ )

24T (2)

=74 ) Va1, D)y " (1.6)

n=1

forf(z) e A(p)and A >0; u <p+1; n>max(4, ) —p—1;p € N, where

@+ Dp(p+1—p+n),
R s S W S s M L7

Very recently, Zayed et al. [10] defined the operator N, ’1"""'8"’(2) A(p) - A(p), for
m € N, =NU{0}and 6§ = 0 as follows:

Noy PP f(2) = Mgt " f (2)

Noy "™ f(2) = NP £ (2)

Z
= (L= OMGL"f@) + 8- (M TP f(7))

p +6n
=zP + Z ( > )Vn(/L 11, 0)Ap 4 2Pt
n=1

and (in general),

l,u,n,&p l u n,6,p rnym—-1,A4un,8,p
f(z) = Ny, f(2))
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> p+ S\
=2+ ) () mGun e, (18)
n=1

We Iet Yn(/‘l; M; TI) p) = }/n '

Motivated essentially by aforementioned works, we introduce a more general class of
p-valent analytic functions of complex order S, ,,s(¢) which we define in the
following.

Definition 1.4 Let ¢p(z) be an univalent starlike function with respect to 1 which maps the
open unit disk U onto a region in the right half-plane and symmetric with respect to the
real axis, ¢(0) = 1 and ¢'(2) > 0. A function f(z) € A(p) is inthe class Sy, ; , n s(¢) if

1 (N(;n./'l+1.li+1,77+1,5.17f(z)
1+ —= —
Aun,s,
N(‘;,nz wn pf(Z)

5 1) <¢(z), (zeUDbecC\{0} (1.9)

AISO, we Iet S{n,p,l,,u,nﬁ(qb) = S;)?}A,ﬂ,n,é‘((l)).

LT

classes of analytic functions. In particular; for m = A = u = 0, we have

Sl?,p,O,O,n,S ((,‘b) = Sz,p (9)

where Sp ., (¢) is precisely the class which was studied by Al et al. [1].

Furthermore, by specializing the parameters b, p, 4, u, 8 and m we obtain the following
subclasses which were studied by various other authors:

1- Forb=1p=1and A=p=45=0, we get the class S7'o0,0(P) =S" (¢)
which studied by Ma and Minda [4].

2- Forp=1and A=pu=48=0, we get the class Sy o0,0(®) =S; (¢) which
studied by Ravichandran et al. [7].

3- Forb=1and A=u=6=0, we get the class 57} .0..0(®P) = Sp(¢) which
studied by Ali et al. [1].

4- For m =0, we get the class Sg,p,a,ﬂ,n,s(fl’) = Spaunsp(@) Which studied by
Amsheri and Zharkova [2].

The motivation of this paper is to give a generalization of the Fekete-Szeg6 inequalities
obtained by Ali et al [1], Ma and Minda [4], Ravichandran et al. [7] and also by Amsheri
and Zharkova [2].

Let Q be the class of analytic functions of the form
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w(z) = wyz + wyz? + -
in the open unit disk U satisfying |w(z)| < 1.

In order to prove our results, we need the following results which shall be used in the
sequel.

Lemma15([1]. If w e Q, then

¢t if t<-—1,
lw, —tw?|<{ 1 if —1<t<1,
¢ if t>1.

when t < —1 or t > 1, the equality holds if and only if w(z) = z or one of its rotations.
If —1 <t <1, then equality holds if and only if w(z) =z or one of its rotations.
Equality holds for t = —1 if and only if

A+z
1+Az°

w(z) =z 0<1<1)

or one of its rotations, while for t = 1, the equality holds if and only if

A+z
1+ Az

w(z) =—-z , (0<4<1)

or one of its rotations .
Although the above upper bound is sharp, it can be improved as follows when
-1<t<1:

lw, —twi|+ (t+ Dwy? <1, (-1<t<0)
and

lwy, —tw?|+ (1 —0)|w > <1, 0<t<).

Lemma 1.6 [5]. If w € Q, then for any complex number ¢,

lw, — tw?| < max(1, |¢]).
The result is sharp for the functions w(z) = z or w(z) = z2.
2. Coefficient Bounds

By making use of Lemmas 1.5-1.6, we prove the following:
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Theorem2.1. Let0 <0 <1, 1=>20, u<p+L,n>max(,u)—p—1, meNy=NU
{0}; § >0 and p € N. Further, let ¢(z) =1+ B;z+ B,z? + ---, where B, s are real
with B; >0, B, = 0, and

+ 5\*"
(B, = B + (0 — B2} (E2-2)
o = 1 , 2.1)
2y,Bi(p — 1) (’ﬂ#)
+ 5\
(B, + B + (0 — BRIy (222)
0y = m ’ (2.2)
2y,Bf (p — 1) (p ;26>
+ 5"
(B52) " 182+ (0 — B3]
03 = m (23)
2v2B{ (p — 1) (W;fw)
If £(z) given by (1.1) belongs to S77, ; , n s(¢), then
|ap+2 = 64|
+ 28\ + 5\
- 1) / (p_“)(zyze(pp ) _ylz(pT) ) \
m BZ - 2 Blz ) 0 S 0-11
0 (B5) ()
2 p }/1 p
(r - B,
<1, (p+25)m' 0o
Y2 P
+ 28\ + 5\
_ / (- 2r:6 (p ) - ¥ (p—) \
_& B, — p P B2 0 > o
2 (p+26)m ’ z(P+6)2m i
Y2 D Vi P
(2.4)

Further, if o, <6 < 03, then
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141 <—p

|ap+2 - 6a§+1| +

+

2y:8:(p — ) (p 26)m

=

+28\™ + 5"
(p—u)(znﬁ(p ) —yf(p—) ) )
1_&4. P P B, ||a |2<M (2.5)
By 2 (p+ 8" L= + 26\
yl( p ) 72"

If 05 <6 <o0,,then
2p+6)2
V1(—p

p m

2]/231(29—.“)( D )

_ +26\" _ z(mf’”

/ B, @ u)(ZnH( D ) i

p

J1+-=-
B, 2( +5)2m
Up

For any complex number 6 ,

m
|ap+2 - 9a§+1| + 75

=
>

—

+ 25\ p+8\°™"
- 20 (B5) - (55
- (v - 1B, 1 (v #)()’z D ni{ , B,
|ap+2 ap+1 = 2 (p + 26)m max 4 1, ] (p n 6)2m 1~ B_l
S A )
(2.7)
The results are sharp.
Proof. If f(2) € S} 1,.4.56(®), then there is a Schwarz function
w(z) =wiz+wyz? ++ EQ
such that
Nm,l+1,u+1,n+1,8,pf(z)
Ty = p(w(2)) (2.8)
N()‘z f(Z)
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since
Nm,/'l+1,u+1,r]+1,6,p (Z) +65 m
NI A ( y_l )(p ) Ap+1Z +
Ny, f(2) p—u p
p+25\" p + 8\*
(p 'u)[ YZ ) Ap+2 — V1 < » ) a)29+1 72 + ..
We have from (2.8),
(» — wWw
Apt1 = p—-|—61m B, (2.10)
“(p)
and
_ (p - ‘Ll) 2N, .2
Apy2 = >+ 20\" {Biw, + (B, + (p — WB{wi'} (2.11)
2 (25
Y2 P
Therefore, we have
(» —wB
Apiz — 00541 = o+ 261 m wy —vwi} (2.12)
2y2( p )

where

oo (s (52 (050"
. _22 (2.13)

p+6) B,
Yl( D

The results (2.4)-(2.7) are established by an application of Lemma 1.5 and inequality (2.7)
by Lemma 1.6.
To show that the bounds in (2.4)-(2.7) are sharp, we define the functions Ky, (n =

2,3,...) by

mA+Lu+1,n+1,8,p
NOZ 7 K Tl( )

=96, Kgn(©) = (Kpu) 0 —1=0

mAun,o,p
NOZ “ K Tl(Z)

and the functions F., G, (0 <r < 1) defined by
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Nggl+1,u+1,n+1,é‘,pF (Z) Z(Z + T) ,
YR 112 ) E0)=FE(0)-1=0
N0z E.(2)
and
A+1,u+1,n+1,68,
NP G () (_z(z+r)> 6.(0) = G/(0)—1=0
N] Z’Ll""'&PG (2) 1+rz )’ r "

:::::

If 8 <o, or 6> o, , then the equality holds if and only if f is Kg, or one of its
rotations. If oy <6 <o, , the equality holds if and only if f is Kg; or one of its
rotations. If 6 = o, , then the equality holds if and only if f is E. or one of its rotations. If
6 = g, , then the equality holds if and only if f is G, or one of its rotations.

Theorem 2.2. Let A=>0;u<p+1; n>max(L,u)—p—1, b€ C\{O}; meN,=NU
{0}; 6 = 0 and p € N. Further, let ¢(z) =1+ B;z+ B,z*> + ---, where B, s are real
with B; >0, B, = 0. If f(z) given by (1.1) belongs to Sb s(@), then for any
complex number 6, we have

(0 - WIbIE L (”'”)b(zh( ) -5 )B_&\L

|ap+2_9ap+1|—wmax p+o B[
w(50) | i(t5)" )

DA,

(2.14)

The result is sharp.

Proof. The proof is similar to the proof of Theorem 2.1.
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