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 Abstract   

In this work, the modified simple equation method, the ሺீ
ᇲ

ீ
ሻ-expansion method, the 

two variables ሺீ
ᇲ

ீ
ǡ ଵ
ீ
ሻ-expansion method, and ���ሺథ

ଶ
ሻ-expansion method have been applied 

to extract new kink soliton, singular soliton, hyperbolic function, and trigonometric 
function solutions of the ሺʹ ൅ ͳሻ-dimensional coupled Burgers equation. Comparisons of 
results and the efficiency of the methods have been discussed. 
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1� Introduction 
  Solutions of some nonlinear partial differential equations play an important role for 
understanding many physical phenomena in logical way. One of these equations which 
arises in various areas such as fluid mechanics, the modeling of gas dynamics, and traffic 
flow is Burgers equation ሾͳ െ ͷሿ  

௧ݑ  ൌ ௬ݑݑ� ൅ ௫ݑߥܽ ൅ ௬௬ݑܾ ൅  ௫௫ (1.1)ݑܾܽ

௫ݑ  ൌ  ௬ǡ (1.2)ߥ

 where the subscripts denote differentiations and ܽ and ܾ are constants such that ܽ א Թ, 
ܽ ് െͳ and ܾ א Թ. In the special case when ܽ ൌ ʹǡ ܾ ൌ ͲǤͷ and ݑ௬ ൌ Ͳ, El-Sabbagh ሾͳሿ 
has obtained new various sequences of exact solutions by using combinations of the 
B ሷܽcklund transformations and the generalized tanh function expansion method. Kong ሾʹሿ 
obtained new explicit exact soliton-like solutions and multi-soliton solutions of equation 
ሺͳǤͳሻ and ሺͳǤʹሻ by using the further extended tanh method. Wang ሾ͵ሿ constructed a series 
of exact solutions of equation ሺͳǤͳሻ and ሺͳǤʹሻ including rational, triangular, periodic wave 
solutions, rational solitary wave solutions, and rational wave solutions by using a new 
Riccati equation rational expansion method. Multiple kink solutions and multiple singular 
kink solutions of equation ሺͳǤͳሻ and ሺͳǤʹሻ was derived by Wazwaz ሾͶሿ XVLQJ� +LURWD¶V�
bilinear method. Yan ሾͷሿ obtained the variable separation solution with arbitrary number of 
variable separated function of equation ሺͳǤͳሻ and ሺͳǤʹሻ by using the multi-linear variable 
separation approach. Many powerful methods have been applied to extract the exact 
solutions as well as the soliton solutions for the nonlinear partial differential equations. 
Some of these methods are the modified simple equation method ሾ͸ െ ͳͲሿ, The ሺீ

ᇲ

ீ
ሻ-

expansion method ሾͳͳ െ ͳͶሿ, the two variables ሺீ
ᇲ

ீ
ǡ ଵ
ீ
ሻ-expansion method ሾͳͷ െ ͳͻሿ, the 

improved ���ሺథሺ఍ሻ
ଶ
ሻ-expansion method ሾʹͲ െ ʹͷሿ, etc.. 

The objective of this work is to use four different methods, namely, the modified 
simple equation method, the ሺீ

ᇲ

ீ
ሻ-expansion method, the two variables ሺீ

ᇲ

ீ
ǡ ଵ
ீ
ሻ-expansion 

method, and ���ሺథሺ఍ሻ
ଶ
ሻ-expansion method to extract new kink soliton, singular soliton, 

hyperbolic function, and trigonometric function solutions of the ሺʹ ൅ ͳሻ-dimensional 
coupled Burgers equation. The article is organized as follows: Section ʹ describes the four 
mentioned methods. The exact solution is given in section ͵. Applications of these 
methods are given in section Ͷ. Section ͷ is devoted to discussion and conclusion.  

2� Description of the modified simple equation method 
 Assume that we are given nonlinear partial differential equation of the form;  

 ܹሺݑǡ ௫ǡݑ ௧ǡݑ ௫௫ǡݑ ௫௧ǡݑ Ǥ Ǥ Ǥ ሻ ൌ Ͳǡ (2.1) 

 where ܹ is a polynomial function. The main steps for solving equations ሺͳǤͳሻ and ሺͳǤʹሻ 
using the modified simple equation method are;  

Step 1: We use the wave transformation  
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ݑ  ൌ ߞ����ሻǡߞሺݑ ൌ ݔ ൅ ݕ െ  Ǥ� (2.2)݊݋݅ݐܿ݊ݑ݂��݈ܽ݁ݎ��ܽ��ݏ݅��ߞ��݁ݎ݄݁ݓ�����ǡݐߤ

Step 2: Substituting (2.2) into (2.1) yields an ordinary differential equation in ߞ of the 
form;  

 ܳሺݑǡ ሻǡߞᇱሺݑ ǡ ሻǡߞᇱᇱሺݑ ǡ ሻǡߞᇱᇱᇱሺݑ Ǥ Ǥ Ǥ ሻ ൌ Ͳǡ (2.3) 

 where ܳ is a general polynomial.  

Step 3: Assume that (2.3) has the formal solution;  

ሻߞሺݑ  ൌ σே
௜ୀ଴ ௜ܦ ቀ

టᇲሺ఍ሻ
టሺ఍ሻ

ቁ
௜
ǡ (2.4) 

 where ܦ௜ are constants to be determined, such that ܦே ൌ Ͳ, and ߰ሺߞሻ is an unknown 
function to be determined later.  

Step 4: Determining the positive integer ܰ by balancing the highest order derivatives and 
the nonlinear terms in equation (2.3).  

Step 5: Substituting (2.4) into (2.3) and collecting all the coefficients of ߰ି௜ሺߞሻ, ݅ ൌ
Ͳǡͳǡʹǡ͵ǡ Ǥ ǤǤ then setting each coefficient to zero, a set of algebraic equations is obtained for 
߰௜ሺߞሻ and ܦ௜. Solving the system we find ߰௜ሺߞሻ, ܦ௜ and the exact solution of (2.3).  

3� Description of the ሺࡳ
ᇲ

ࡳ
ሻ-expansion method 

 Assume that we are given a nonlinear partial differential equation of the form;  

 ܹሺݑǡ ௫ǡݑ ௧ǡݑ ௫௫ǡݑ ௫௧ǡݑ Ǥ Ǥ Ǥ ሻ ൌ Ͳǡ (3.1) 

 where ܹ is a polynomial function.  

Step 1: We use the wave transformation;  

ݑ  ൌ ߞ����ሻǡߞሺݑ ൌ ݔ ൅ ݕ െ  ǡ� (3.2)݊݋݅ݐܿ݊ݑ݂��݈ܽ݁ݎ��ܽ��ݏ݅��ߞ��݁ݎ݄݁ݓ�����ǡݐߤ

 to transfer the partial differential equation (3.1) into an ordinary differential equation of 
the form;  

 ܳሺݑǡ ሻǡߞᇱሺݑ ሻǡߞᇱᇱሺݑ ሻǡߞᇱᇱᇱሺݑ Ǥ Ǥ Ǥ ሻ ൌ Ͳǡ (3.3) 

 where ܳ is a general polynomial.  

Step 2: Assume that (3.3) has the formal solution;  

ሻߞሺݑ  ൌ σே
௜ୀ଴ ݇௜ ቀ

ீᇲሺ఍ሻ
ீሺ఍ሻ

ቁ
௜
ǡ (3.4) 

 where ܩሺߞሻ satisfies the equation.  

ᇱᇱܩ  ൅ ᇱܩߣ ൅ ܩ߬ ൌ Ͳǡ (3.5) 
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 and ݇௜, ߣ, ߬ are constants to be determined, such that ݇ே ് Ͳ, and ܩ is the general solution 
of (3.5) which is of the form  

 ሺீ
ᇲ

ீ
ሻ ൌ

ۉ

ۈ
ۈ
ۈ
ۇ
ξఒమିସఛ

ଶ
൭
௖భୡ୭ୱ୦ሺ

ඥഊమషరഓ
మ ఍ሻା௖మୱ୧୬୦ሺ

ඥഊమషరഓ
మ ఍ሻ

௖మୡ୭ୱ୦ሺ
ඥഊమషరഓ

మ ఍ሻା௖భୱ୧୬୦ሺ
ඥഊమషరഓ

మ ఍ሻ
൱ െ ఒ

ଶ
ǡ ଶߣ െ Ͷ߬ ൐ Ͳǡ

ξସఛିఒమ

ଶ
൭
௖భୡ୭ୱሺ

ඥరഓషഊమ
మ ఍ሻି௖మୱ୧୬ሺ

ඥరഓഊమ
మ ఍ሻ

௖మୡ୭ୱሺ
ඥరഓషഊమ

మ ఍ሻା௖భୱ୧୬ሺ
ඥరഓషഊమ

మ ఍ሻ
൱ െ ఒ

ଶ
ǡ ଶߣ െ Ͷ߬ ൏ ͲǤ

 (3.6) 

Step 3: Determining the positive integer ܰ by balancing the highest order derivatives and 
the nonlinear terms in equation (3.3).  

Step 4: Substitute (3.4) and (3.5) into (3.3) and collect all the coefficients of ሺீ
ᇲ

ீ
ሻ௜, ݅ ൌ

Ͳǡͳǡʹǡ͵ǡ Ǥ ǤǤ then setting each coefficient to zero, a set of algebraic equations are obtained. 
Solving the system we find ߤ ,߬ ,ߣ, and ݇௜. Substitute back into (3.4) along with (3.6) we 
get the exact solution of (3.3).  

4� Description of the two variable ሺࡳ
ᇲ

ࡳ
ǡ ૚
ࡳ
ሻ-expansion method 

 Consider the equation  

ሻߞᇱᇱሺܩ  ൅ ሻߞሺܩߣ െ ߬ ൌ Ͳǡ (4.1) 

 set ߶ ൌ ீᇲ

ீ
, ߰ ൌ ଵ

ீ
, then we get  

 ߶ᇱ ൌ െ߶ଶ ൅ ߬߰ െ ǡ��������߰ᇱߣ ൌ െ߶߰Ǥ (4.2) 

 The general solution for (4.1) is represented as follows  

Case 1: For ߣ ൏ Ͳ,  

ሻߞሺܩ  ൌ ሻߞߣଵ����ሺξെܣ ൅ �ଶܣ���ሺξെߞߣሻ ൅
ఛ
ఒ
ǡ 

 and we have  

 ߰ଶ ൌ ିఒ
ఒమሺ஺భమି஺మమሻାఛమ

ሺ߶ଶ െ ʹ߬߰ ൅  ሻǤ (4.3)ߣ

 Case 2: For ߣ ൐ Ͳ,  

ሻߞሺܩ  ൌ ሻߞߣଵ���ሺξܣ ൅ �ଶܣ��ሺξߞߣሻ ൅
ఛ
ఒ
ǡ 

 and we have  

 ߰ଶ ൌ ఒ
ఒమሺ஺భమି஺మమሻିఛమ

ሺ߶ଶ െ ʹ߬߰ ൅  ሻǤ (4.4)ߣ

 Case 3: For ߣ ൌ Ͳ,  
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ሻߞሺܩ  ൌ ఛ

ଶ
ଶߞ ൅ ߞଵܣ ൅  ଶǡܣ

 and we have  

 ߰ଶ ൌ ଵ
஺భమିଶఛ஺మమ

ሺ߶ଶ െ ʹ߬߰ሻǤ (4.5) 

 Assume that we are given nonlinear partial differential equation of the form;  

 ܹሺݑǡ ௫ǡݑ ௧ǡݑ ௫௫ǡݑ ௫௧ǡݑ Ǥ Ǥ Ǥ ሻ ൌ Ͳǡ (4.6) 

 where ܹ is a polynomial function.  

Step 1: We use the wave transformation;  

ݑ  ൌ ߞ����ሻǡߞሺݑ ൌ ݔ ൅ ݕ െ  �ǡ (4.7)݊݋݅ݐܿ݊ݑ݂��݈ܽ݁ݎ��ܽ��ݏ݅��ߞ��݁ݎ݄݁ݓ��������ǡݐߤ

 to transfer the partial differential equation (4.6) into an ordinary differential equation of 
the form;  

 

 ܳሺݑǡ ሻǡߞᇱሺݑ ሻǡߞᇱᇱሺݑ ሻǡߞᇱᇱᇱሺݑ Ǥ Ǥ Ǥ ሻ ൌ Ͳǡ (4.8) 

 where ܳ is a general polynomial.  

Step 2: Assume that (4.8) has the formal solution;  

ሻߞሺݑ  ൌ σே
௜ୀ଴ ܽ௜߶௜ ൅ σே

௜ୀଵ ܾ௜߶௜ିଵ߰ǡ (4.9) 

 where ܽ௜, ܾ௜, ݅ ൌ ͳǡʹǡ͵ǡ Ǥ Ǥ Ǥ ǡ ܰ are constants to be determinant.  

Step 3: Determining the positive integer ܰ by balancing the highest order derivatives and 
the nonlinear terms in equation (4.8).  

Step 4: Substitute (4.3) for ߣ ൏ Ͳ, (4.4) for ߣ ൐ Ͳ, (4.5) for ߣ ൌ Ͳ and (4.9) into (4.8) and 
collect all the coefficients of ߶ and ߰ where the degree of ߰ is less than or equal to ͳ. Set 
each coefficient to zero, a set of algebraic equations are obtained. Solving the system using 
Matlab we find ߤ ,߬ ,ߣ, ܾ௜, and ܽ௜.  

5� Description of ܖ܉ܜሺࣘ
૛
ሻ-expansion method 

 Assuming that we are given a nonlinear partial differential equation of the form  

 ܹሺݑǡ ௫ǡݑ ௧ǡݑ ௫௫ǡݑ ௫௧ǡݑ Ǥ Ǥ Ǥ ሻ ൌ Ͳǡ (5.1) 

 where ܹ is a polynomial function. The main steps of ���ሺథ
ଶ
ሻ expansion method are:  

Step 1: Substituting the wave transformation  

ǡݔሺݑ  ǡݕ ǡݐ Ǥ Ǥ Ǥ ሻ ൌ ߞ����ሻǡߞሺݑ ൌ ݔ ൅ ݕ െ  �Ǥ(5.2)݊݋݅ݐܿ݊ݑ݂��݈ܽ݁ݎ��ܽ��ݏ݅��ߞ��݁ݎ݄݁ݓ���ǡݐߤ

 Substituting (5.1) into (5.2) yields an ordinary differential equation in ߞ of the form.  
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 ܳሺݑǡ ሻǡߞᇱሺݑ ሻǡߞᇱᇱሺݑ ሻǡߞᇱᇱᇱሺݑ Ǥ Ǥ Ǥ ሻ ൌ Ͳǡ (5.3) 

 where ܳ is a general polynomial.  

Step 2: Assume that (5.3) has the formal solution  

ሻߞሺݑ  ൌ σே
௜ୀ଴ ௜ߜ ቂܲ ൅ ሺథሺ఍ሻ݊ܽݐ

ଶ
ሻቃ
௜
൅ σே

௜ୀଵ ௜ߪ ቂܲ ൅ ሺథሺ఍ሻ݊ܽݐ
ଶ
ሻቃ
ି௜
ǡ (5.4) 

 where ݅ ൌ ͳǡʹǡ͵ǡ Ǥ Ǥ Ǥ ǡ ேߜ ௜ are constants to be determined, such thatߪ ௜ andߜ ,ܰ ് Ͳ, ߪே ് Ͳ 
and ߶ ൌ ߶ሺߞሻ satisfies the following equation  

 ߶ᇱሺߞሻ ൌ ሻሻߞ���ሺ߶ሺߙ ൅ �ߚ��ሺ߶ሺߞሻሻ ൅  ߛ

Step 3: Determining the positive integer ܰ by balancing the highest order derivatives and 
the nonlinear term in equation (5.3).  

Step 4: Substituting the result into (5.3) and collecting all the coefficients of ���ሺథሺ఍ሻ
ଶ
ሻ௜ and 

���ሺథሺ఍ሻ
ଶ
ሻ௜ then setting each coefficient to zero, we get a set of algebraic equations.  

Step 5: Solve the system using Matlab or Mathematica then substitute the values of ߜ଴, 
  .in (5.4) we get the solution ܲ ,ߤ ,ேߪ ,...,ଶߪ ,ଵߪ ,ேߜ ,...,ଵߜ

6. The exact solution 
 Using the substitutions ݑሺݔǡ ǡݕ ሻݐ ൌ ǡݔሺߥ ሻ andߞሺݑ ǡݕ ሻݐ ൌ ߞ ሻ whereߞሺߥ ൌ ݔ ൅ ݕ െ

  into equations ሺͳǤͳሻ and ሺͳǤʹሻ we get ݐߤ

 െݑߤᇱ ൌ ᇱݑݑ� ൅ ᇱݑߥܽ ൅ ᇱᇱݑܾ ൅  ᇱᇱ (6.1)ݑܾܽ

ᇱݑ  ൌ  ᇱǤ (6.2)ߥ

 Setting ܿ ൌ Ͳ in the integral form ݑ ൌ ߥ ൅ ܿ of equation ሺ͸Ǥʹሻ gives  

ᇱݑߤ  ൅ ሺͳ ൅ ܽሻݑݑᇱ ൅ ܾሺͳ ൅ ܽሻݑᇱᇱ ൌ ͲǤ (6.3) 

 The exact solution of this equation is thus given by  

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ ఓ
ሺଵା௔ሻ

ቀ����ሺ ఓ఍
ଶ௕ሺଵା௔ሻ

ሻ െ ͳቁǤ (6.4) 

  

7. On solving ሺ૚Ǥ ૚ሻ and ሺ૚Ǥ ૛ሻ using the modified simple equation 
method 

 Balancing ݑᇱ and ݑଶ in equation (6.3) we get ܰ ൅ ͳ ൌ ʹܰ, i.e. ܰ ൌ ͳ. Substituting 
into equation (2.4) gives  

ሻߞሺݑ  ൌ ଴ܦ ൅ ଵܦ ቀ
టᇲሺ఍ሻ
టሺ఍ሻ

ቁǡ (7.1) 
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 which on substituting into (6.3) and collecting all the coefficients of ߰଴ሺߞሻ, ߰ିଵሺߞሻ and 
߰ିଶሺߞሻ and setting them equal to zero we get a set of algebraic equations in the unknowns 
  ଵ. Solving this system using Matlab we getܦ ଴, andܦ

Case 1: For ܦ଴ ൌ Ͳ and ܦଵ ൌ ʹܾ we have the exact solution  

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ ଶ�௕�௪భ௘
ష ഋ
್ሺభశೌሻഅ

௪మି
ೢభ್ሺభశೌሻ

ഋ ௘
ష ഋ
್ሺభశೌሻഅ

ǡ (7.2) 

 where ݓଵ ൌ ݁௖, ܿ is the first integration constant and ݓଶ is the second integration 
constant. When ߤ ൌ െܾሺͳ ൅ ܽሻ we have  

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ ଵݓ�ܾ�ʹ ቂ
௘അ

௪మା௪భ௘അ
ቃǡ (7.3) 

 െ If ݓଵ ൌ ͳ and ݓଶ ൌ ͳ, we obtain the kink soliton solution  

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ ܾ ቂͳ ൅ ����ሺ఍
ଶ
ሻቃǡ (7.4) 

 െ If ݓଵ ൌ ͳ and ݓଶ ൌ െͳ, we obtain the singular soliton solution  

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ ܾ ቂͳ ൅ ����ሺ఍
ଶ
ሻቃǡ (7.5) 

 Case 2: For ܦ଴ ൌ
ିଶఓ
ሺଵା௔ሻ

 and ܦଵ ൌ ʹܾ we have the exact solution  

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ െ ଶఓ
ሺଵା௔ሻ

൅ ቎ ଶ�௕�௪భ௘
ഋ

್ሺభశೌሻഅ

௪మା
ೢభ್ሺభశೌሻ

ഋ ௘
ഋ

್ሺభశೌሻഅ
቏ǡ (7.6) 

 when ߤ ൌ െܾሺͳ ൅ ܽሻ we get  

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ ʹ�ܾ ൅ ଵݓ�ܾ�ʹ ቂ
௘షഅ

௪మି௪భ௘షഅ
ቃǡ (7.7) 

 െ If ݓଵ ൌ െͳ and ݓଶ ൌ ͳ, we obtain the kink soliton solution  

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ ʹ�ܾ െ ܾ ቂͳ െ ����ሺ఍
ଶ
ሻቃǡ (7.8) 

 െ If ݓଵ ൌ െͳ and ݓଶ ൌ െͳ, we obtain the singular soliton solution  

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ ʹ�ܾ െ ܾ ቂͳ െ ����ሺ఍
ଶ
ሻቃǤ (7.9) 

  

8. On solving ሺ૚Ǥ ૚ሻ and ሺ૚Ǥ ૛ሻ using ሺࡳ
ᇲ

ࡳ
ሻ-expansion method 

 Substituting ܰ ൌ ͳ into equation (3.4) we get  



 
  � 
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ሻߞሺݑ  ൌ ݇଴ ൅ ݇ଵ ቀ

ீᇲሺ఍ሻ
ீሺ఍ሻ

ቁǡ (8.1) 

 Substituting into equation (6.3) and collecting all the coefficients of ቀீ
ᇲሺ఍ሻ
ீ
ቁ
௜
,  ݅ ൌ Ͳǡͳǡʹ 

setting them equal to zero we obtain a set of algebraic equations in the unknowns ߣ,  ߬,  ݇଴,  
and ݇ଵ. Solving this system using Matlab we get  

߬ ൌ െ߬, ߣ ൌ േඥସ�௔మ�௕మఛା଼�௔�௕మఛାସ�௕మఛାఓమ

ሺଵା௔ሻ
,  ݇଴ ൌ

௕ఒିఓ
ሺଵା௔ሻ

,  and ݇ଵ ൌ ʹ�ܾ.  

െ For ߣଶ െ Ͷ߬ ൐ Ͳǡ we get the hyperbolic function solution  

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ ௕ఒିఓ
ሺଵା௔ሻ

൅ ܾξߣଶ െ Ͷ߬ ൭
௖భୡ୭ୱ୦ሺ

ඥഊమషరഓ
మ ఍ሻା௖మୱ୧୬୦ሺ

ඥഊమషరഓ
మ ఍ሻ

௖మୡ୭ୱ୦ሺ
ඥഊమషరഓ

మ ఍ሻା௖భୱ୧୬୦ሺ
ඥഊమషరഓ

మ ఍ሻ
൱ െ ఒ

ଶ
Ǥ (8.2) 

 െ For ߣଶ െ Ͷ߬ ൏ Ͳǡ we get the trigonometric function solution  

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ െ ௕ఒାఓ
ሺଵା௔ሻ

൅ ܾξͶ߬ െ ଶߣ ൭
௖భୡ୭ୱሺ

ඥరഓషഊమ
మ ఍ሻି௖మୱ୧୬ሺ

ඥరഓഊమ
మ ఍ሻ

௖మୡ୭ୱሺ
ඥరഓషഊమ

మ ఍ሻା௖భୱ୧୬ሺ
ඥరഓషഊమ

మ ఍ሻ
൱ െ ఒ

ଶ
Ǥ (8.3) 

  

9. On solving ሺ૚Ǥ ૚ሻ and ሺ૚Ǥ ૛ሻ using the two variables ሺࡳ
ᇲ

ࡳ
ǡ ૚
ࡳ
ሻ-expansion 

method 
 Substituting ܰ ൌ ͳ in equation (4.9) we get  

ሻߞሺݑ  ൌ ܽ଴ ൅ ܽଵ߶ ൅ ܾଵ߰ǡ (9.1) 

 Substituting into equation (6.3) and collecting all the coefficients of ߶௜ ,߰, and ߶߰ where 
݅ ൌ Ͳǡͳǡʹ setting them equal to zero yields a set of algebraic equations in the unknowns ߣ,  
ܽ଴,  ܽଵ,  and ܾଵ. Solving this system using Matlab we get  

െ For ߣ ൏ Ͳ,  we have the hyperbolic function solutions  

Case 1: ߣ ൌ െ ఓమ

௔మ௕మାଶ௔௕మା௕మ
,  ܽ଴ ൌ െ ఓ

ሺଵା௔ሻ
,  ܽଵ ൌ ܾ,  ܾଵ ൌ

ఓට஺భమି஺మమାଵ

ሺଵା௔ሻ
ǡ  

 

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ െ ఓ
ሺଵା௔ሻ

൅ ܾ ቀீ
ᇲሺ఍ሻ
ீሺ఍ሻ

ቁ ൅
ఓට஺భమି஺మమାଵ

ሺଵା௔ሻ
ቀ ଵ
ீሺ఍ሻ

ቁǤ (9.2) 

Case 2: ߣ ൌ െ ఓమ

௔మ௕మାଶ௔௕మା௕మ
,  ܽ଴ ൌ െ ఓ

ሺଵା௔ሻ
,  ܽଵ ൌ ܾ,  ܾଵ ൌ െ

ఓට஺భమି஺మమାଵ

ሺଵା௔ሻ
ǡ  

 



 
  � 
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ሻߞሺݑ  ൌ ሻߞሺߥ ൌ െ ఓ
ሺଵା௔ሻ

൅ ܾ ቀீ
ᇲሺ఍ሻ
ீሺ఍ሻ

ቁ െ
ఓට஺భమି஺మమାଵ

ሺଵା௔ሻ
ቀ ଵ
ீሺ఍ሻ

ቁǡ (9.3) 

 where ܩሺߞሻ ൌ ሻߞߣଵ����ሺξെܣ ൅ �ଶܣ���ሺξെߞߣሻ ൅
ఛ
ఒ
,  ߬ ൌ െ߬, and ܣଵ, ܣଶ are arbitrary 

constants.  

െ For ߣ ൐ Ͳ, we have the trigonometric function solutions  

Case 1: ߣ ൌ ఓమ

௔మ௕మାଶ௔௕మା௕మ
,  ܽ଴ ൌ െ ఓ

ሺଵା௔ሻ
,  ܽଵ ൌ ܾ,  ܾଵ ൌ

ఓට஺మమି஺భమାଵ

ሺଵା௔ሻ
,  

 

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ െ ఓ
ሺଵା௔ሻ

൅ ܾ ቀீ
ᇲሺ఍ሻ
ீሺ఍ሻ

ቁ ൅
ఓට஺మమି஺భమାଵ

ሺଵା௔ሻ
ቀ ଵ
ீሺ఍ሻ

ቁǤ (9.4) 

Case 2: ߣ ൌ ఓమ

௔మ௕మାଶ௔௕మା௕మ
,  ܽ଴ ൌ െ ఓ

ሺଵା௔ሻ
,  ܽଵ ൌ ܾ,  ܾଵ ൌ െ

ఓට஺మమି஺భమାଵ

ሺଵା௔ሻ
,  

 

ሻߞሺݑ  ൌ ሻߞሺߥ ൌ െ ఓ
ሺଵା௔ሻ

൅ ܾ ቀீ
ᇲሺ఍ሻ
ீሺ఍ሻ

ቁ െ
ఓට஺మమି஺భమାଵ

ሺଵା௔ሻ
ቀ ଵ
ீሺ఍ሻ

ቁǤ (9.5) 

 Where ܩሺߞሻ ൌ ሻߞߣଵ���ሺξܣ ൅ �ଶܣ��ሺξߞߣሻ ൅
ఛ
ఒ
,  ߬ ൌ െ߬, and ܣଵ, ܣଶ are arbitrary 

constants.  

െ For ߣ ൌ Ͳ, we have ܽ଴ ൌ െ ఓ
ሺଵା௔ሻ

,  ܽଵ ൌ Ͳ,  and  ܾଵ ൌ Ͳ. In this case we obtained 
the rejected trivial solution.  

10. On solving ሺ૚Ǥ ૚ሻ and ሺ૚Ǥ ૛ሻ using ܖ܉ܜሺࣘ
૛
ሻ-expansion method 

 Substituting ܰ ൌ ͳ in equation (5.4) we have  

ሻߞሺݑ  ൌ ଴ߜ ൅ ݌ଵሾߜ ൅ ���ሺథሺ఍ሻ
ଶ
ሻሿ ൅ ݌ଵሾߪ ൅ ���ሺథሺ఍ሻ

ଶ
ሻሿିଵǤ (10.1) 

 Substituting into equation (6.3) and collect all the coefficient of ���௡ሺథሺ఍ሻ
ଶ
ሻ setting them 

equal to zero we obtain a set of algebraic equations in the unknowns ߜ଴,  ߜଵ,  ߪଵ,  ݌,  and ߤ. 
Solving this system using Matlab we get  

଴ߜ ൌ ܾൣሺߙ ൅ ߚሺ݌ െ ሻሻߛ ט ܾඥߙଶ ൅ ଶߚ െ ଵߜ  ,ଶ�൧ߛ ൌ Ͳ, 

ଵߪ ൌ ܾሾߚ ൅ ߛ െ ݌ߙʹ െ ߚଶሺ݌ െ ݌  ,ሻሿߛ ൌ െ݌,  

and ߤ ൌ േܾሺͳ ൅ ܽሻඥߙଶ ൅ ଶߚ െ  .ଶߛ

Substituting into (10.1) we get  



 
  � 
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ሻߞሺݑ  ൌ ሻߞሺߥ ൌ ଴ߜ ൅

ఙభ
௣ା୲ୟ୬ሺഝሺഅሻమ ሻ

Ǥ (10.2) 

 Using family ͳ, ʹ, ͵, Ͷ and ͷ, which can be found in ሾʹͲǡʹͳǡʹͷሿ, we obtained the 
following solutions  

ሻߞଵሺݑ  ൌ ሻߞሺߥ ൌ ଴ߜ ൅
ఙభ

ቌ௣ା ഀ
ഁషംି

ටംమషഁమషഀమ

ഁషം ୲ୟ୬ሺ
ටംమషഁమషഀమ

మ ఍ሻቍ

Ǥ (10.3) 

  

ሻߞଶሺݑ  ൌ ሻߞሺߥ ൌ ଴ߜ ൅
ఙభ

ቌ௣ା ഀ
ഁషംା

ටഀమశഁమషംమ

ഁషം ୲ୟ୬୦ሺ
ටഀమశഁమషംమ

మ ఍ሻቍ

Ǥ (10.4) 

  

ሻߞଷሺݑ  ൌ ሻߞሺߥ ൌ ଴ߜ ൅
ఙభ

ቌ௣ାഀ
ഁା

ටഀమశഁమ

ഁ ୲ୟ୬୦ሺ
ටഀమశഁమ

మ ఍ሻቍ

Ǥ (10.5) 

  

ሻߞସሺݑ  ൌ ሻߞሺߥ ൌ ଴ߜ ൅
ఙభ

ቌ௣ିഀംା
ටംమషഀమ

ം ୲ୟ୬ሺ
ටംమషഀమ

మ ఍ሻቍ

Ǥ (10.6) 

  

ሻߞହሺݑ  ൌ ሻߞሺߥ ൌ ଴ߜ ൅
ఙభ

ቌ௣ାටഁశം
ഁషം୲ୟ୬୦ሺ

ටഁమషംమ

మ ఍ሻቍ

Ǥ (10.7) 

  

11. Discussion and conclusion 
  Solutions using the four mentioned methods have been plotted verses the exact solution 
ሺ͸ǤͶሻ in some selected cases to depict the agreement of results when ܽ ൌ ͳ,  ܾ ൌ ͲǤͳ,  ߤ ൌ
െͲǤʹ,  ݕ ൌ ͳ,  ݐ ൌ ͳ,  and  െͳͷ ൑ ݔ ൑ ͳͷ. Figures (1) (a) represents the kink soliton 
solution using the modified simple equation method ሺ͹ǤͶሻ, verses the exact solution. 
Figure (1) (b) compares the hyperbolic function solution ሺͺǤʹሻ due to the ሺீ

ᇲ

ீ
ሻ-expansion 

method with the exact solution for  ߬ ൌ െͲǤʹͷ,  ߣ ൌ Ͳ,  ܿଵ ൌ Ͳ,  and  ܿଶ ൌ ͳ. Figure (1) (c) 
depicts the hyperbolic function solution ሺͻǤʹሻ due to the ሺீ

ᇲ

ீ
ǡ ଵ
ீ
ሻ-expansion method against 

the exact solution for  ߬ ൌ െͳ,  ߣ ൌ െͳ,  ܣଵ ൌ Ͳ,  and ܣଶ ൌ ͳ. Figure (1) (d) represents 
the trigonometric function solution ሺͳͲǤ͸ሻ due to ���ሺథ

ଶ
ሻ-expansion method for  ߙ ൌ ͳǤʹͺ,  

ߚ ൌ Ͳ,  ߛ ൌ ͲǤͺ,  and   ݌ ൌ െͳͷ. Our solutions are considered new compared with other 
results in ሾͳ െ ͷሿ.   



 
  � 
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Figure  1: The Exact solution vs: ሺܽሻ the modified simple equation method, ሺܾሻ the ሺீ
ᇲ

ீ
ሻ-

expansion method, ሺܿሻ the ሺீ
ᇲ

ீ
ǡ ଵ
ீ
ሻ-expansion method, ሺ݀ሻ the ���ሺథሺ఍ሻ

ଶ
ሻ. 
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