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 ها بعد التحكيم المجلة ترحب بما ي  .رد عليها من أبحاث وعلى استعداد لنشر
       ى وتعمل بمقتضاها ام آراء المحكمير م كل الاحتر  .المجلة تحتر
 تبعاتها  كافة الآراء والأفكار المنشورة تعتر عن آراء أصحابها ولا تتحمل المجلة . 
   يتحمل الباحث مسؤولية الأمانة العلمية وهو المسؤول عما ينشر له. 
     ت أو لم تنشر  .   البحوث المقدمة للنشر لا ترد لأصحابها نشر

 (حقوق الطبع محفوظة للكلية)
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 :ضوابط النشر 
ي 
ي البحوث العلمية المقدمة للنشر أن يراعى فيها ما يأتر

 
ط ف  :يشتر

 .أصول البحث العلمي وقواعده   

ها أو كانت جزءا من رسالة    .علمية ألا تكون المادة العلمية قد سبق نشر

 .يرفق بالبحث تزكية لغوية وفق أنموذج معد   

 .تعدل البحوث المقبولة وتصحح وفق ما يراه المحكمون  

ات   ي وضعتها المجلة من عدد الصفحات ، ونوع الخط ورقمه ، والفتر
ام الباحث بالضوابط التر التر 

 .الزمنية الممنوحة للتعديل ، وما يستجد من ضوابط تضعها المجلة مستقبلا  
 : تنبيهات

ي تعديل البحث أو طلب تعديله أو رفضه  
 
 .للمجلة الحق ف

ي النشر لأولويات المجلة وسياستها  
 
 .يخضع البحث ف

 .البحوث المنشورة تعتر عن وجهة نظر أصحابها ، ولا تعتر عن وجهة نظر المجلة  
  

Information for authors 

 

1- Authors of the articles being accepted are required to respect the regulations and the rules 

of the scientific research. 

2- The research articles or manuscripts should be original and have not been published 

previously. Materials that are currently being considered by another journal or is a part of   

scientific dissertation are requested not to be submitted. 

3- The research articles should be approved by a linguistic reviewer. 

4- All research articles in the journal undergo rigorous peer review based on initial editor 

screening.  

5- All authors are requested to follow the regulations of publication in the template paper 

prepared by the editorial board of the journal. 

 

Attention 

1- The editor reserves the right to make any necessary changes in the papers, or request the 

author to do so, or reject the paper submitted. 

2- The research articles undergo to the policy of the editorial board regarding the priority of 

publication.    

3- The published articles represent only the authors' viewpoints.   

 

     



 

 مجــلة الــتربــوي
Journal of Educational 

ISSN: 2011- 421X 
Arcif Q3 

 36.1معامل التأثير العربي 
 32العدد 

 

1111                                  http://tarbawej.elmergib.edu.ly                                                                                                                  

 

Integral Averaging Techniques for Oscillation Nonlinear Differential Equations 

of Third Order 

 

M. J. Saad
1
, N. Kumaresan

2
 and Kuru Ratnavelu

2 

1
Department of Mathematics, Education Faculty, University of Sirte, Sirte, Libya

 

2
Institute of Mathematical Sciences, University of Malaya, 50603, Kuala Lumpur, 

Malaysia 

masaa2011@yahoo.com 

 
 

Abstract: In this paper, we study the sufficient conditions for oscillation of the 

solutions of the third order nonlinear equation of the form 

))(),(),(,())(()()(()( 1 txtxtxtHtxgtqtxftr












  

and establish some oscillation theorems which guarantee that all solutions of  the 

above equation are oscillatory. An illustrative example of the obtained result is given. 

Keywords: Nonlinear equations, Oscillatory solutions, Runge Kutta method, Third 

order. 

AMO (MOS) Subject Classification: 34 A 34, 34 C10. 

Introduction: 

In this paper, we are concerned with the problem of oscillation of third order non-

linear ordinary differential equation of the form 

)()),(),(),(,())(()())(()( 1 EtxtxtxtHtxgtqtxftr














 

where r  and q  are continuous functions on the interval   )(,0,, 00 trtt  is a 

positive function, 1g  is continuously differentiable function on the real line R except 

possibly at 0 with 0)(1 yyg  and 0)(1  kyg  for all ,0y f  is a continuous 

function on R  and  ,: 0tH ×R×R×RR is a continuous function such that 

)()(),,,( 1 tpygzyxtH   for all y 0  and 0tt  . Throughout this paper, we restrict 

our attention only to the solutions of the differential equation (E) which exist on some 

ray  ,0t . A solution of the equation (E) is said to be oscillatory if it has an infinite 

number zeros, and otherwise it is said to be non-oscillatory. Equation (E) is called 

oscillatory if all its solutions are oscillatory, and otherwise it is called non-oscillatory.

 
In the recent years, many studies have been written on the oscillation behavior of 

solutions of first and second order differential equations. The study of oscillation of 
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differential equations of third order has received less attention than first and second 

order equations in the literature. See for example to [1-12]. Many other studies 

dealing with oscillation for linear equations, for instance, Lazer [10], Erbe [2], G. D. 

Jones [7] and W. J. Kim [9]. For nonlinear equations, we can refer as examples to 

Erbe [3], Heidel [6], A. Tiryaki and S. Yaman [12] and I. T. Kiguradze [8].  Hanan [5] 

studied the third order linear differential equation 

)(0)()()( 1Etxtqtx 


 

and presented some sufficient conditions for oscillation of equation (E1) and showed 

that if 

,
33

2
)(inflim 3 



tqt
t

 

then every solution of equation is oscillatory. Adamets and Lomtatidze [1] studied an 

oscillatory behavior of the equation (E1) where q is an inetgrable function on 

  ,0,, 00  tt
 
which is eventually of one sign. 

Moussadek Remili [11] considered the following third order nonlinear equation 

)(0))(()()( 2Etxgtqtx 


 

and gave some sufficient conditions for oscillation of equation (E2). 

Oscillation Results: 

In this section, we give some oscillation criteria for oscillation of equation (E). 

Theorem 2.1: Suppose that 

(1)     ,0
)(

0
1

 







allfor
ug

du
 

(2)      21

)(
0 k

z

zf
k   for all ,0z  

(3)   ,
)(

01 tTallforM
sr

ds

T




 

(4)     ,)()(
)(

1
suplim   


t

T

s

Tt

dsduupuq
sr

 

where     ,0,: 0tp . Then, every solution of equation (E) is oscillatory. 
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Proof: Without loss of generality, we assume that there exists a solution 0)( tx of 

equation (E) such that 0)( tx and 0)( 


tx on  ,T for some .00  tT  Define 

.,

))((

))(()(
)(

1

Tt

txg

txftr
t 





  

This and (E3) and condition (2), we have 

.),()(

))((

))(()(
)(

1

Tttqtp
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Integrate the last inequality from T to t and also by condition (2), we have                                        

  )12(.,)()()(
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TtdsspsqT

txg

txtrk
t

T

  

Integrate (2-1) divided by )(tr  from T to t, we obtain 
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By condition (1), we obtain 
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This follows that 
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))((
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1
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sxg
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where  
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1

1
)(

inf

Tx
ug

du
A . 

Thus, the inequality (2-2) becomes 
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)(

1
11 TtAk

sr

ds
Tdsduupuq

sr

s

T

t

T

t

T

    

By condition (3) and taking the limit superior on both sides, we have 

  ,})({suplim)()(
)(

1
suplim 111 



AkMTdsduupuq
sr

s

T t

t

Tt

  

as ,t which contradicts to the condition (4).  Hence, the proof is completed. 

Theorem 2.2: Suppose, in addition to the conditions (1) and (2) hold that there exists 

the differentiable function     ,0,: 0t and 0


 such that 

(5)   ,
)()(

02 tTallforM
srs

ds

T





 

(6)     .
)(

)()(
)()()(

)()(

1
2

3 






















dsdu
u

uru
kupuqu

srs

s

TT





  

Then, every solution of equation (E) is oscillatory. 

Proof 

Without loss of generality, we assume that there exists a solution 0)( tx of equation 

(E) such that 0)( tx and 0)( 


tx on  ,T for some .00  tT  

Define 

.,

))((

))(()()(
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1
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txftrt
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This, (E) and condition (2), we have 
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Integrate the last inequality, we get 
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From the second integral in the R. H. S., we have 
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From (2-4) in (2-3), we obtain 
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By condition (2) and integrating the last inequality divided by )()( trt , we obtain 
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By using the condition (1) and as in Theorem2.1 the first integral in the L. H. S. is 

bounded and condition (5), then we get 
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As ,t which contradicts to the condition (6).  Hence, the proof is completed. 

Theorem 2.3: Suppose, in addition to the conditions (1) and (2) hold that there exists 

the differentiable function     ,0,: 0t , 0)(,0  


r  and 0)( 


r such that 
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then, every solution of equation (E) is oscillatory. 

Proof: Without loss of generality, we assume that there exists a solution 0)( tx of 

equation (E) such that 0)( tx and 0)( 


tx on  ,T for some .00  tT  Define 
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This and equation (E), we have 
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By condition (2), we have                  

  )52(.),(
)()(

))((

))((

)()()(
)()()()( 2

2

1

1

2 











Ttt
trtk

txg

txg

txtrtk
tptqtt 






Integ

rating (2-5) from T to t, we get 

  )62(.)(
)()(

1

))((

)()()(
)()()()()( 2

2
1

2   



dss
srsk

k
ds

sxg

sxsrs
ktTdsspsqs

t

T

t

T

t

T







 

Since )()( trt


 is a decreasing function, then by the Bonnet’s theorem there exists a 
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Integrating the last inequality from T to t, we get 
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By using the Schwarz’s inequality, we obtain 
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Dividing the last inequality by t and taking the limit superior on both sides, we have 
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as ,t which contradicts to the condition (9). 

Case 2: If the integral 
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we get 
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Integrating (2-5), from (2-7) and condition (8), it follows that here exists a constant A4 

such that 
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From (2-11), we get )(t is negative on  ,T . Furthermore, we choose a TT 1 such 
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Thus, for ,1Tt  we have 
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By (2-12), we get 
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From the last inequality and condition (2), we obtain 
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Integrate from 1T  to t and condition (7), we have 
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tx . This completes the proof of Theorem 
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Example2.1: Consider the following differential equation 
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All conditions of Theorem 2.3 are satisfied, thus, the given equation is oscillatory. 

We also compute the numerical solutions of the given differential equation using 

Runge Kutta method of fourth order. We have 
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with initial conditions 0)1(,1)1(,5.0)1( 


xxx  on the chosen interval  100,1  and 

finding values of the functions r, q and  f  where we consider 
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 xxxltgxxxtH  
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Table 1: Numerical solution of ODE 1 
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Figure 1: Solution curve of ODE 1 

Remark 2.1: Our theorems extend and improve obtained results by Hanan [5], 

Adamets and

 

Lomtatidze [1], A. C. Lazer [10], G. D. Jones [7] and Kiguradze [8]. 

Conclusion: 

In a conclusion, we established some oscillation theorems, which guarantee that all 

solutions of a class of nonlinear ordinary differential equations are oscillatory. An 

illustrative example of the obtained result was given 
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