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اتباع  ينبغيسلوب العلمي في كتابة البحوث والدراسات المراد نشرها، حرصاً من هيئة التحرير على استخدام الأ
 القواعد التالية : 

لكتروني ، والبريد الإن يحتوى على العنوان واسم الباحث ) الباحثين ( ، والدرجة العلمية وجهة العمل ، والدولة ، أ ينبغيالغلاف 
 وسنة النشر . 

 نجليزي ( بعكس لغة البحث لا يتجاوز ورقة واحدة.إ –المتن يشتمل على ملخص للبحث ) عربي 
جراء أتخضع البحوث المقدمة للنشر للتحكيم العلمي ، ولهيئة التحرير  ن تطلب من المؤلف بناء على اقتراح المحكمين 

 بل الموافقة على نشره .التعديلات المطلوبة على البحث ق
 :ضوابط ومواصفات البحوث المقدمة للنشر

 و الدراسة ضمن الموضوعات التي تختص بها المجلة .أن يكون البحث أ .1
خر آو يكون الباحث قد تناوله بعنوان أطروحة علمية أو مستلا من أالمجلات  ىحدإيكون البحث قد سبق نشره في  لاا أ  .2

 بهذا الخصوص . يبتعهد خطخرى ويوثق ذلك أفي وسيلة نشر 
 الأمريكيةفيما يخص البحوث العربية تكتب هوامش البحث وقائمة المراجع  وفق دليل جمعية علم النفس  .3

(APA)American  Psychological  Association   لنسبة للبحوث العربية وتكون الطبعة الخامسة 
بين  1( للنص مع ترك مسافة 11( بحجم )Traditional Arabic( بخط )A4الطباعة على وجه واحد على ورق )

 سم من جهة التجليد ،  3سم و مع ترك هامش  2.2السطور وتكون الهوامش 
للغة الإنجليزية تكتب وفق نظام ) .1 ،  MLA ) Modern Language Associationفيما يخص البحوث 

للغة العربية بين السطور مع  1( مع ترك مسافة Times  New Roman( بخط  )12بحجم خط ) وجود ملخص 
 صفحة ي يكون التوثيق داخل المتن ) اللقب ، السنة ، الصفحة ( . 11في بداية البحث بحيث لا تزيد صفحات البحث 

ن يعبر عن هدف البحث بوضوح ويتبع المنهجية العلمية من حيث أمكان و ن يكون مختصرا قدر الإأعنوان البحث يجب  .2
سلوب بحث صفحة بما في ذلك صفحات الجداول والصور  22ن لا تزيد ورقات البحث عن أعلمي ، و  يالتناول والإحاطة 

 والرسومات وغيرها .
صول البحث  .6 سلوب العرض والمصطلحات وتوثيق المصادر أوقواعده من حيث  العلمييجب على الباحث التقييد 

لكامل عن صحة النقل من المصادآوالمراجع في  ر والمراجع المستخدمة ، وهيئة التحرير غير خر البحث ، وهو المسئول 
 قد تحدث في تلك البحوث .  "دبية وعلمية أسرقات ئ "ي نقل خاطأمسئولة عن 

، ويتطلب من الباحث مراعاة العلميالبحوث المقدمة للمجلة تخضع للتقييم من قبل متخصصين بشكل يضمن التقييم  .1
 خطاء اللغوية والإملائية .سلامة بحثه من الأ

شعار الباحث بقبول بحثه تلت .8 ذا قبل إن يرسل الباحث أو قابلا للتعديل بعد التقييم  على أن كان مقبولا للنشر إزم المجلة 
 -والجامعة والكلية والقسم  –والدرجة العلمية  –مكان يتضمن الاسم الثلاثي (  مختصر قدر الإ  CVبحثه سيرة ذاتية ) 

 والهاتف . –كتروني البريد الال –وجدت  إنهم المؤلفات أو 



 
 

 ج 
 

ن عنها أدبيا و صحابها فهم المسئولأو لم تنشر ، وهي تعبر عن رأي أتعاد لأصحابها سواء نشرت  البحوث المقدمة للمجلة لا .9
لضرورة رأي المجلة .  وقانونيا ولا يمثل 

لمؤتمرات والندوات والأنشطة  .11 لمجال العلمي والبحثي وما يتعلق  كاديمية وملخصات الرسائل الأالمجلة تنشر كل ما يتعلق 
 ن لا تزيد عن خمس صفحات مطبوعة  أالعلمية ونقد الكتب على 

ن يقوم بتزويد المجلة بنسخة من البحث في على أو التعديل أضافة و الإأشعار الباحث بقبول بحثه وإرجاعه للتصحيح إ .11
 (.  CDصورته النهائية على قرص مدمج)

نتظار الطبع حسب إصدور خطاب صلاحية النشر وتحال تعتبر البحوث قابلة للنشر من حيث  .12 ولوية الدور ألى الدور 
 بحاث المحالة للنشر .وزخم الأ

 عداد المجلة التي نشر بها بحثه .   إيزود الباحث بنسخة من  .13
 

�هيئة تحرير المجلة
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 الملخص 
في هذه الورقة العلمية ، أجريت مقارنة بين تحويل الزاكي و تحويل عبود لحل بعض منظومات معادلات فولتيرا 

 التكاملية الخطية.

Abstract 
In this paper , the Elzaki transform is compared with Aboodh transform to solve 

some systems of linear Volterra integral equations. 
 
 
Keywords: Elzaki transform;Aboodh transform ; systems of Linear Volterra integral 
equations. 
Introduction 

Integral transforms play an important role in many fields of science. In literature, 
integral transforms are widely used in mathematical physics, optics, engineering 
mathematics and, few others. Among these transforms which were extensively used and 
applied on theory and applications are: Laplace transform , Fourier , Mellin, Hankel , 
Mahgoub , Elzaki , Aboodh  and Sumudu.  

 
The Laplace transform has been effectively used to solve linear and non-linear 

ordinary and partial differential equations and integral equations [15] and  is used 
extensively in electrical engineering. The Laplace transform reduces a linear differential 
equation to an algebraic equation, which can be solved by rules of algebra. The original 
differential equation can then be solved by applying the inverse Laplace transform. 
Tarig M. Elzaki and Salih M. Elzaki in 2011, showed the modified of Sumudu 
transform [6-13] or Elzaki transform was applied to partial differential equations, 
ordinary differential equations, system of ordinary and partial differential equations and 
integral equations. Elzaki transform is a powerful tool for solving some differential 
equations which cannot be solved by Sumudu transform. 
 
Aboodh Transform [1-5,14] was introduced by Khalid Aboodh in 2013, to facilitate the 
process of solving ordinary and partial differential equations in the time domain. This 
transformation has deeper connection with the Laplace and Elzaki Transform.  

mailto:meattaweel@elmergib.edu.ly
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The main objective in this article is to introduce a comparative study to solve some 
systems of linear Volterra integral equations by using Elzaki transform and Aboodh 
transform. 
 
Definitions and Standard Results 

1. Elzaki Transform 
The Elzaki transform is a newly introduced integral transform similar to Laplace 

transform and other integral transform that are defined in the time domain 0t t  , and 
for functions in the set B  defined by: 

      
� �1 2, , 0 such that ( ) , 1 [0, )j

t
jkB f M k k f t M e if t

 ½° ° � ! � � � u f® ¾
° °¯ ¿

                  (1) 

For a given function in the set B , the constant M  must be finite number ; 
1 2,k k  may be finite or infinite. 

Then, the Elzaki transform denoted by the operator [ ( )] ( )E f t T u  for function 
of exponential order and belonging to set B is defined by one of the following 
equivalent integral forms: 

    
� � � � � � � �1 20

2
1 20

[ ] , ,

( ) [ ( )] ( ) , , 0

t
u

t

T u E f t u e f t dt u k k

T u E f t u f ut e dt k k

�
f

f �

  �

  !

³
³

                                                    (2) 

1.1  Some Properties of Elzaki Transform 
1.1.1 Linearity Property of Elzaki Transform 

` If   � � � � � � � �1 1 2 2andE f t T u E f t T u  ª º ª º¬ ¼ ¬ ¼  then  

� � � � � � � � � � � �1 2 1 2 1 2E a f t b f t a E f t bE f t aT u b T u�  �  �ª º ª º ª º¬ ¼ ¬ ¼ ¬ ¼                       (3) 

Where ,a b  arbitrary constants 
1.1.2 Convolution of  Two Functions  

Convolution of two functions ( ) , ( )f t h t  is denoted by ( ) ( )f t h t  and it is defined 
by  

 
0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
t t

f t h t h t f t f x h t x dx h x f t x dx    �  �³ ³               (4) 

If [ ( )] ( ) , [ ( )] ( )E f t T u E h t W u   then 
1 1[ ( ) ( )] [ ( )] [ ( )] ( ) ( )E f t h t E f t E h t T u W u
u u

                                            (5) 

1.1.3 Elzaki Transforms of the derivatives  
If  [ ( )] ( )E f t T u  then 

1. 
1[ ( )] ( ) (0)E f t T u u f
u

c  �                                                                            (6) 
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2. 2

1[ ( )] ( ) (0) (0)E f t T u f u f
u

cc c � �                                                        (7) 

3. 
1

( ) 2 ( )

0
[ ( )] ( ) (0)

m
m m m k k

k
E f t u T u u f

�
� � �

 

 �¦                                                (8) 

 1.1.4 Multiple Shift Property  
If  [ ( )] ( )E f t T u  then  

1.  
2[ ( )] [ ( )] ( )dE t f t u T u uT u
du

 �                                                                          (9) 

2. 
2

2 4
2[ ( )] [ ( )]dE t f t u T u

du
                                                                                           (10) 

3. 
3 2

3 6 5
3 2[ ( )] [ ( )] 3 ( )d dE t f t u T u u T u

du du
 �                                                       (11) 

4. 
2 1 ( )[ ( )] [ ( ) - (0)] - [ - (0)]d T uE t f t u T u u f u u f
du u u

c                              

(12) 

5. 

2
2 4

2

1[ ( )] ( ) (0)dE t f t u T u u f
du u

ª ºc  �« »¬ ¼                                                      
         (13) 

6. [ ( )]E t f tcc                                 

                    

2
2 2

( ) ( )(0) (0) [ (0) (0)]d T u T uu f u f u f u f
du u u

ª ºc c� � � � �« »¬ ¼
                                          (14) 

7. 

2
2 4

2 2

1[ ( )] ( ) (0) (0)dE t f t u T u f u f
du u

ª ºcc c � �« »¬ ¼
                                     (15) 
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1.2 Elzaki Transform of  Some Elementary Function 
S.N. ( )f t  [ ( )]E f t  

1. 1 2u  
2. t  3u  
3. , 0nt n t  2! nn u �  

4. ate   
2

1
u
au�

  

5. att e�   � �

3

21
u
au�

  

6. sinat   
3

2 21
au
a u�

  

7. cosat   
2

2 21
u
a u�

  

8. sinhat   
3

2 21
au
a u�

  

9. coshat   
2

2 21
au
a u�

  

10. � �0J t   
2

21
u
u�

  

  NB. In the previous table a  is a constant 
2. Aboodh  Transform  

Aboodh transform is a new integral transform defined for function of exponential order 
.Consider functions in the set A  , defined by: 

                    ^ `1 2 1 2( ) : , , 0, ( ) ,vtA f t M k k f t Me k v k� � ! � d d       (16) 

For a given function in the set A , M  must be a finite number, 1 2,k k  may be finite or 
infinite. Aboodh transform which is defined by the integral equation 

       1 20

1[ ( )] ( ) ( ) , 0,vtA f t K v f t e dt t k v k
v

f �  t d d³                                   (17) 

2.1 Some Properties of Aboodh  Transform  
2.1.1 Linearity Property of Aboodh Transform 

` If   � � � � � � � �1 1 2 2andA f t K v A f t K v  ª º ª º¬ ¼ ¬ ¼  then  

� � � � � � � � � � � �1 2 1 2 1 2A a f t b f t a A f t b A f t aK v b K v�  �  �ª º ª º ª º¬ ¼ ¬ ¼ ¬ ¼                (18) 
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Where ,a b  arbitrary constants 
2.1.2 Convolution of Two Function 

Convolution of two functions ( ) , ( )f t h t  is denoted by ( ) ( )f t h t  and it is defined 
by  

 
0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
t t

f t h t h t f t f x h t x dx h x f t x dx    �  �³ ³          (19) 

If [ ( )] ( ) , [ ( )] ( )A f t K v A h t L v   then 
[ ( ) ( )] [ ( )] [ ( )] ( ) ( )A f t h t v A f t A h t vK v L v                                           (20) 

2.1.3 Aboodh Transform of the Derivatives 
If  [ ( )] ( )A f t T v  then 

1. 
(0)[ ( )] ( ) fA f t vK v
v

c  �                                                                           (21) 

2. 2 (0)[ ( )] ( ) (0) fA f t v K v f
v
c

cc  � �                                                           (22) 

3. 
( )1

( )
2

0

(0)[ ( )] ( )
km

m m
m k

k

fA f t v K v
u

�

� �
 

 �¦                                                            (23) 

2.1.4 Multiple Shift Property   
If  [ ( )] ( )A f t K v  then  

1.  
1[ ( )] [ ( )] ( )dA t f t K v K v

dv v
 � �                                                               

(24) 

2. 
(0) 1 (0)[ ( )] [ ( ) ] ( )d f fA t f t vK v vK v

dv v v v
ª ºc  � � � �« »¬ ¼

                          (25) 

3. 2 2

( ) (0) 1 ( ) (0)[ ( )] (0) (0)d K v f K v fA t f t f f
dv v v v v v� �

c c� ª º ª ºcc  � � � � �« » « »¬ ¼ ¬ ¼
 (26) 

4. 
2

2
2 3

( ) ( ) (0)( ) 2 2d K v dK v fA t f t v
dv dv v

cª º  � �¬ ¼                                             (27) 

5. 
2

2 2
2 3

( ) ( ) (0)( ) 4 2 ( ) 2d K v dK v fA t f t v v K v
dv dv v

c
ccª º  � � �¬ ¼                       (28) 

2.1.5 Aboodh  Transform of  Some Elementary Functions 
 

. .S N  ( )f t   > @( )A f t   

1. 1   2

1
v
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2. t   3

1
v

 

3. , 0nt n t   2

!
n
n
v �  

4. ate   2

1
v av�

  

5. att e�   � �2
1

v v a�
  

6. sinat   2 2( )
a

v v a�
  

7. cosat   2 2

1
( )v a�

 

8. sinhat   2 2( )
a

v v a�
  

9. coshat   2 2

1
( )v a�

 

10. 0( )J t   � �2

1

1v v�
  

            NB. In the previous table a  is a constant 
 

Applications 
 

Example 1. Solve the system of Volterra integral equations  

� � � �

� � � �

0

0

( ) 2 ( ) ( )

( ) 2 2 ( ) ( )

t
t

t
t t

f t e t x f x t x g x dx

g t t e e t x f x t x g x dx

�

�


 � � � � �ª º° ¬ ¼

°
®
°  � � � � � �ª º¬ ¼°̄

³

³
                        (29) 

Solution:  
1. Taking Elzaki transform of both sides of each equation in (29) gives 

2 3
2 2

2 3 5
2 2

2

2[ ][1 ] [ ]
1

2[ ][1 ] [ ]
1

u uE f u u E g
u

u u uE g u u E f
u

 �
� �  °° �

®
� �° � �  ° �¯

                                                    (30)  



ISSN: 2706-9087

 
 

 
(343) 

 

 

Solving this system of equations for [ ] , [ ]E f E g  gives 
2

2

[ ]
1

[ ]
1

uE f
u

uE g
u


 °° �

®
°  ° �¯

                                                                                                   (31) 

By taking the inverse Elzaki transform of both sides of each equation in (31) , the exact 
solutions are given by  
                                                 � � � �( ), ( ) ,t tf t g t e e�                                     (32)  

2. Taking Aboodh transform of both sides of each equation in (29) 
gives 

2

2 3
2

2

2[ ] [ 1] [ ]
1
2[ ][1 ] [ ]

( 1)

vA f v A g
v
v vA g v A f

v v

� � �  ° �°
® � � �° � �  
° �¯

                                                            (33)  

Solving this system of equations for [ ] , [ ]A f A g  gives 

2

2

1[ ]

1[ ]

A f
v v

A g
v v

  °° �
®
°  
° �¯

                                                                                                 (34) 

By taking the inverse Aboodh transform of both sides of each equation in (34) , the 
exact solutions are given by  
                                                 � � � �( ), ( ) ,t tf t g t e e�                                     (35)  

Example 2. Solve the system of Volterra integral equations  

� � � �

� � � �

2 3 4

0

2 3 4

0

1 1 1 1 ( ) 1 ( )
2 2 12

3 1 1 1 ( ) 1 ( )
2 6 12

t

t

t t t t x f x t x g x dx

t t t t x f x t x g x dx


� �  � � � � �ª º° ¬ ¼

°
®
° � �  � � � � �ª º¬ ¼°̄

³

³
                (36) 

Solution:  
1. Taking Elzaki transform of both sides of each equation in (36) gives 

3 4 5

3 4 5

3 2 [ 1] [ ] [ 1] [ ]
3 2 [ 1] [ ] [ 1] [ ]
u u u u E f u E g
u u u u E f u E g

 � �  � � �°
®

� �  � � �°̄
                                               (37)  

Solving this system of equations for [ ] , [ ]E f E g  gives 
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2 3

2 4

[ ]
[ ] 2
E f u u
E g u u

  �°
®

 �°̄                                                                                             (38) 

By taking the inverse Elzaki transform of both sides of each equation in (38) , the exact 
solutions are given by  
                                                 � � � �2( ), ( ) 1 ,1f t g t t t � �                             (39)  

2. Taking Aboodh transform of both sides of each equation in (36) 
gives 

� � � �
� � � �

2 4 5 4 5

2 4 5 4 5

2 3 [ ] [ ]

2 3 [ ] [ ]

v v v v A f v v A g

v v v v A f v v A g

 � �  � � �°
®

� �  � � �°̄
                                           (40)  

Solving this system of equations for [ ] , [ ]A f A g  gives 

3 2

2 4

1 1[ ]

1 2[ ]

A f
v v

A g
v v

  �°°
®
°  �
°̄

                                                                                              (41) 

By taking the inverse Aboodh transform of both sides of each equation in (41) , the 
exact solutions are given by  
                                       � � � �2( ), ( ) 1 ,1f t g t t t � �                                       (42)  

Example 3. Solve the system of Volterra integral equations  

� � � �

� � � �

� � � �

4 5

0

2 3 5

0

3 4

0

1 1( ) ( ) ( )
12 20

1 1( ) ( ) ( )
6 20

5 1( ) ( ) ( )
6 12

t

t

t

f t t t t t x g x t x h x dx

g t t t t t x f x t x h x dx

h t t t t x f x t x g x dx


 � � � � � �ª º° ¬ ¼

°
°°  � � � � � �ª º® ¬ ¼
°
°
°  � � � � �ª º¬ ¼°̄

³

³

³

                    (43) 

Solution:  
1. Taking Elzaki transform of both sides of each equation in (43) gives 

3 6 7 2 2

4 5 7 2 2

5 6 2 2

[ ] 2 6 [ ] [ ]
[ ] 2 6 [ ] [ ]
[ ] 5 2 [ ] [ ]

E f u u u u E g u E h
E g u u u u E f u E h
E h u u u E f u E g

  � � � �
°

 � � � �®
°  � � �¯

                                               (44)  

Solving this system of equations for [ ] , [ ] , [ ]E f E g E h  gives 
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(345) 

 

 

3

4

5

[ ]
[ ] 2
[ ] 6

E f u
E g u
E h u

  
°

 ®
°  ¯

                                                                                                     (45) 

By taking the inverse Elzaki transform of both sides of each equation in (45) , the exact 
solutions are given by  
                                                 � � � �2 3( ), ( ), ( ) , ,f t g t h t t t t                           (46)  

2. Taking Aboodh transform of both sides of each equation in (43) gives 
7 4 5 5

7 3 2 5 5

7 2 5 5

[ ] 2 6 [ ] [ ]
[ ] 2 6 [ ] [ ]
[ ] 5 2 [ ] [ ]

v A f v v v A g v A h
v A g v v v A f v A h
v A h v v v A f v A g

  � � � �
°

 � � � �®
°  � � �¯

                                                 (47)  

Solving this system of equations for [ ] , [ ] , [ ]A f A g A h  gives 

3

4

5

1[ ]

2[ ]

6[ ]

A f
v

A g
v

A h
v

  °
°
°  ®
°
°  °̄

                                                                                                       (48) 

By taking the inverse Aboodh transform of both sides of each equation in (48) , the 
exact solutions are given by  
                                                 � � � �2 3( ), ( ), ( ) , ,f t g t h t t t t                           (49) 

 
  
Example 4. Solve the system of Volterra integral equations  

> @

� � � �

� � � �

0

2

0

2

0

2 2cosh ( ) ( )

11 1 ( ) 1 ( )
2

1 ( ) 1 ( )
2

t

t
t

t
t

t f x g x dx

t t e t x g x t x h x dx

t t t e t x h x t x f x dx


� �  �°
°
°°� � � �  � � � � �ª º® ¬ ¼
°
°
° � �  � � � �ª º¬ ¼°̄

³

³

³

                   (50) 

Solution:  
3. Taking Elzaki transform of both sides of each equation in (50) gives 
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(346) 

 

 

> @ > @

> @

4

2

2 4

2 3 4 5

2

2 [ ] [ ]
1
2 1 [ ] 1 [ ]

1
2 [ ] 1 [ ]

( 1)

u u E f uE g
u
u u u E g u E h
u

u u u u uE h u E f
u


 �° �°

�°  � � �® �°
° � � �

 � �° �¯

                                                (51)  

Solving this system of equations for [ ] , [ ] , [ ]E f E g E h  gives 

� �

2
2

2
2

3

2

[ ]
1

[ ]
1

[ ]
1

uE f u
u
uE g u
u

uE h
u


 �°

�°
°°  �® �°
°

 °
�°̄

                                                                                          (52) 

By taking the inverse Elzaki transform of both sides of each equation in (52) , the exact 
solutions are given by  
                                � � � �( ), ( ), ( ) 1 ,1 ,t t tf t g t h t e e t e� � �                           (53)  

4. Taking Aboodh transform of both sides of each equation in (50) gives 

� �

� � � � � �

� �
� �

2

2

2

2 3

22

2 [ ] [ ]
1

2 1 1 [ ] 1 [ ]
1

1 2 1 [ ] [ ]
1

A f A g
v v

v v A g v A h
v v

v v v v A f A h
v v


 �° �°

° �°  � � �® �°
° � � �°  � �
° �¯

                                                       (54)  

Solving this system of equations for [ ] , [ ] , [ ]A f A g A h  gives 

� �

2 2

2 2

2

1 1[ ]

1 1[ ]

1[ ]
1

A f
v v v

A g
v v v

A h
v v


 �°

�°
°

 �® �°
°  ° �¯

                                                                                        (55) 
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By taking the inverse Aboodh transform of both sides of each equation in (55) , the 
exact solutions are given by  
                                � � � �( ), ( ), ( ) 1 ,1 ,t t tf t g t h t e e t e� � �                           (56)  

 
 
Conclusion 
In this paper, we have successfully discussed the comparative study of Elzaki and 
Aboodh transforms in solving systems of linear Volterra integral equations. The given 
applications in applications section show that both transforms (Elzaki and Aboodh 
transforms) are closely connected to each other, and they are both powerful and efficient 
methods. Finally, all solutions obtained in this article have been checked by putting 
them back into the original system.   
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