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A New Application of Kushare Transform for Solving Systems of Volterra
Integral Equations and Systems of Volterra Integro-differential Equations

Jamal Hassn Frjani
'Mathematics Dept. , Arts & Sciences Faculty/Mssalata ,El Mergib University , Libya

Abstract: In this paper , Kushare transform was applied to solve some systems of
Volterra integral equations and systems of Volterra integro-differential equations.
Keywords: Kushare transform; Systems of Volterra integral equations; Systems of
Volterra Integro-differential Equations.

Introduction

In recent years, integral transforms have become an essential working tool for every
applied scientist and engineer. Integral transforms are widely used to determine the
solution to ordinary and partial differential equations and some integral equations.
The basic aim of the integral transforms is to transform a given problem into one that
Is easier to solve. Due to this importance of the integral transforms many researchers
are attracted to this field and are engaged in introducing various new integral
transforms like Kamal[7,8], mahgoubl[6,8], Sawi[1], etc.

The aim of this work is to show the applicability of Kushare transform to establish
exact solutions to some systems of Volterra integral equations of convolution type and
Systems of Volterra Integro-differential Equations.

Definitions and Standard Results

1. Kushare Transform [2,3,4,5]

The Kushare transform is a newly introduced integral transform [2-5] that are defined
in the time domain t >0 , and for functions in the set B defined by:

1
:{f(t) £ )] <Qeb if te (1) x[0,50), j =1,2;(Q. Ky, k, >o)} (1)

For a given function in the set B , the constant Q must be finite number ; k,,k, may
be finite or infinite.
Then, the Kushare transform is denoted by the operator K (.) for function of

exponential order and belonging to set B is defined by the integral equation:
S(u)=K[f(t)]=u[ e f(t)dt,ue(k,k,),t>0. @)

If « =1then this transform is called "Mahgoub Transform".
If « = 2then this transform is called "Pourreza Transform".
If o =—1 then this transform is called "Elzaki Transform™.
2.Some Properties of Kushare Transform

2.1 Linearity Property of Kushare Transform [2,3,4,5]

If K[fl(t)]:sl(u) and K[ f,(t)]=5,(u) then
Kl[a f,(t)+b f,(t)]=aK[f (t)]+bK[ f,(t)]=aS,(u)+bS,(u). (3

Where a,b arbltrary constants

http://tarbawej.elmergib.edu.ly 959



ﬁ g9 Alaa
| , Journal of Educational 1.63 (ooa) il Jalaa
L‘ ISSN: 2011- 421X 753 sl

Arcif Q3

2.3 Convolution of Two Functions [5]
Convolution of two functions f (t), h(t) is denoted by f (t) *h(t) and it is defined

by
£() *h(t) = h(t) * f (t) = j; f (x)h(t = x)dx = I;h(x) f(t—x)dx. (4)
if K[ f ()] =S(u), K[h(t)] =1 (u) then

K[f(t)*h(t)]:%K[f(t)]K[h(t)]:%S(u)I(u). ©)

2.4 Kushare Transforms of the derivatives [5]
If K[f(t)]=S(u) then

e K[f'(t)]=u"S(u)—uf (0). (6)
o K[f"()]=u?S(u)—u“f(0)—u f'(0). )
. K[f(”)(t)]=u”“S(u)—nZ_1:u“(”"“”f(")(O). ®)

2. Kushare transform of some functions [3]

SN, f (t) K[f ()] = S(u)
1
1. 1 uafl
1
2. t
u2a—1
2
3. t?
u3a—1
. I'(n+1)
4, t',ne¥ W
u
5 eat -
u —a
. au
6. Ssinat
a’+u*
ua+l
7. cosat 5 5
a“+u™
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Applications [9]
Example 1. Solve the system of Volterra integral equations

' —1=j[(t—x) f () +(t—x+1)g(x) ]dx,
; " ©)

t

e —1:_[[(t —x—=1) f(x)+(t—x)g(x) Jdx.

0

Solution:
Taking Kushare transform of both sides of each equation in (9) gives
uoz+1 .
K[f]zua_l—[1+u K [g].
ua+l (10)
K[g]=———|1-u“ [K[f].
[)= 1o - [1-u" K[ f]
Solving this system of equations for K[ f], K[g] gives
u
K[f]= :
[1] u”-1
u (12)
K[gl=——-
+Uu

By taking the inverse Kushare transform of both sides of each equation in (11) , the
exact solutions are given by

(f®),g)=(e'e"). (12)

Example 2. Solve the system of Volterra integral equations

f(t) =t —étu![(t—x)z f(x)+(t—x)g(x)]dx,

(13)
3 1o t Y s
gt) =t>+ %t + E[[(t x)" f(x)—(t-x) g(x)}dx.
Solution:
Taking Kushare transform of both sides of each equation in (13) gives
2u(1-5u"") =[u* - 2] K[ f]-u“K[g], w
20 (3u* +1) =2 K[ f ]+ u’[u** +1]K[g].
Solving this system of equations for K[ f], K[g] gives
2
] (15)
Klgl= gt
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By taking the inverse Kushare transform of both sides of each equation in (15) , the
exact solutions are given by

(f®.91)=(t"t*) (16)

Example 3. Solve the system of Volterra integral equations

2 —t—2cost :j[(t —x) f(x) - (t—x)g(x) +h(x)}dx,

1—%t2 +sint —cost = :[[ f(x)—(t—x)g(x)+ h(x)]dx, (17)

—2+t+2cost = j[ f (x) = g(x) +(t = x)h(x) |dx.

Solution:
Taking Kushare transform of both sides of each equation in (17) gives

K[f]- K[g]+u“K[h]:u{2ua2_—m},
u= +1

3 5 B B u3a _1
u’K[f]-K[g]+u K[h]_u_—u“(uz“ +1)} (18)

o ou* 4l
Solving this system of equations for K[ f], K[g], K[h] gives

K[ F]-u"K[g]+ K[h] =u|1- —22 }

a+l

u
u®* +1
u

1
K[g] - ua—l T u2a +1’ (19)

a+l

u u
u? +1 u®*+1
By taking the inverse Kushare transform of both sides of each equation in (19) , the
exact solutions are given by

K[f]= i_1+
u

K[h] =

(f(t),g(t),h(t))=(1+cost,1+sint,sint—cost). (20)
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Example 4. Solve the system of Volterra integral equations

f (t) =cost —sint —1+ j[g(x) +h(x)]dx,

g(t):BCost—sint—2+_t[[f(x)+h(x)]dx, (21)

h(t) = 2cost —1+j.[ f (x) +g(x)]dx.

Solution:
Taking Kushare transform of both sides of each equation in (21) gives

—U{ u: +1}=U“K[f]— K[g9]-K[h],
u“+1

. 2a a
U “;,—“‘Z}—K[fhu“K[g]—K[h], @)
u”+1

u _”za _1} — _K[f]- K[g]+u“K[h].
u= +1

Solving this system of equations for K[ f], K[g], K[h] gives
u
u® +1

a+l

u
u2a +1’ (23)

K[f]=

K[g]l=

a+l

u u
K[h]= + .
u u®*+1 u*+1

By taking the inverse Kushare transform of both sides of each equation in (23) , the
exact solutions are given by
(f(t),9(t),h(t))=(sint,cost,sint +cost). (24)

Example 5. Solve the system of Volterra integral equations

f'(t)=1-2sint + j[cos(t —x) f (x) +cos(t—x)g(x)]dx, f (0) =1
i (25)

g'(t) =-3+2cost + j[sin(t —x) f (x) +sin(t — x)g(x)]dx, g(0) =1.

Solution:
Taking Kushare transform of both sides of each equation in (25) gives

http://tarbawej.elmergib.edu.ly 963
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u2a+1(ua +1) —U(Ua _]_) :u4aK[f]—U2aK[g];

26
(U =1) +u(u - 3) =—u“K[f]+(u* (u* +1) —u )K[g]. (29)
Solving this system of equations for K[ f], K[g], K[h] gives
1 1
KLT1= 4ot + g2t
1 1 (27)
Klg]= 0et - g2t

By taking the inverse Kushare transform of both sides of each equation in (27) , the
exact solutions are given by

(f(t),0(t)=(1+t1-t). (28)
Conclusion
In this work Kushare transform is applied to obtain the solution of some systems of
Volterra integral equations of convolution type and Systems of Volterra Integro-
differential Equations .It can be concluded that Kushare transform is very powerful
and efficient tool in solving such problems. Finally all the obtained solution are
checked by putting them back in the original systems.
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