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Some properties of Synchronization and Fractional Equations
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Abstract: In this paper we propose the definition of Mittag-Leffler stability and introduce the
stabilization of nonlinear fractional order dynamic systems. Then we provide the fractional
comparison principle. We partly extended the application of Riemann-Liouville fractional
systems by using Caputo fractional systems. An illustrative example is provided as a proof of
concept .We also studied certain properties of fractional calculus associated with Laplace
transforms

Keywords: Nonlinear dynamics, fractional calculus, fractional derivatives, stability analysis

1. Introduction
Fractional calculus is generally believed to have stemmed from a question raised in the year
1695 by L'Hopital and Leibniz [1]. It is the generalization of integer-order calculus to
arbitrary order one. Frequently, it is called fractional-order calculus, including fractional-order
derivatives and fractional-order integrals. Reviewing its history of three centuries, we could
and that fractional calculus was mainly interesting to mathematicians for a long time, due to
its lack of application background. However, in the previous decades more and more
researchers have paid their attentions to fractional calculus, since they found that the
fractional-order derivatives and fractional-order integrals were more suitable for the
description of the phenomena in the real world, such as viscoelastic systems, dielectric
polarization, electromagnetic waves, heat conduction, robotics, biological systems, finance
and so on Owing to great efforts of researchers, there have been rapid developments on the
theory of fractional calculus and its applications, including well-posedness, stability,
bifurcation and chaos in fractional differential equations and their control[2,3,4]. Several
useful tools for solving fractional-order equations have been discovered, of which Laplace
transform is frequently applied. Furthermore, it is showed to be most efficient and helpful in
analysis and applications of fractional-order systems, from which some results could be
derived immediately,the authors investigated stability of fractional-order nonlinear dynamical
systems[5,6,7]. In this paper, we will discuss the Laplace transform of the Caputo fractional
difference and the fractional discrete Mittag-Leffler functions and use the Laplace transform
method to solve another kind of discrete fractional[8,9,10].
2. Preliminaries

We first recall some well known definitions about Mittag-Leffler function similar to the
exponential function. These functions are frequently used in solving of the integer-order
equations and fractional order equations:
2.1.Definition (Mittag-Leffler Function)[11]
Mittag-Leffler function is given by:

oo

k

EE(Z]=Zm (1)

k=0
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Where a«> 0. The Mittag-Leffler function with two parameters appears most frequently to
have the following form:

E, p(2)= ;m (2)

where @> 0 and £> 0. For £ = 1, we haveE,(z)= E, ,(z). Also, E; ,(z) =e*. Moreover,
the Laplace transform of Mittag- Leffler function in two parameters is represented as follows:

L(E,, a(-t")}=%—, R(S)> |2=(3)

Where = is the variable in Laplace domain, R(s) denotes the real part of the variable =, A€R

and L{-} stands for the Laplace transform.
Corollary (2.1) : Letp,y,0,«eC, R(y) >0, R(8) >0, R(0) >0. Then

=
J; g (wtf)dt =B L a(w2f)  (4)

In particular,
J-zt}r_l Eg,(wtf)dt = z7Ep,,., (wz”)(5)
and :
J:ré-l Qy, 8; wt)dt = %ZEQ(}*,EF +Lwt) (6)

Lemma 2.1[12]. Suppose b > 0, B >0 and a(t)is a nonnegative function locally integrable on
0<t<T (some T < +wo),
and suppose u(t) is nonnegative and locally integrable on

0 <t <T with

u(t) = a(t) +|:=J. (t —s)* tu(s)ds
on this interval. Then
ul(t) < El(t]-l-Elj Eé[El(t —s)a(s)ds 0=t <T

where

_(r e o ZE , . d
g Es() = Zr(kﬁ—i-lj B (2) = — B ()

=F-
Bp(z) 2= aszﬁn Eg(zj=%ezz—>+m.

1
and Eg(z) = EEH z = +00.If a(t) = a,constant, then

u(t) < akp(6t)
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2.2. Definition (Riemann-Liouville fractional integral)[13]
The Riemann-Liouville fractional integral of the order a> 0 of a function

v:(0;1) =R, is given by:
1 [F 4
30 = s | €0 s %

Provided that the right hand side of this equation is point wise defined on (0,c2].
2.3.Definition. Suppose that : u(t, x): R, x[0,L] = R™for some m = 0, where u is of class
£,[0,L]with respect to x . Then ||.]|, ef u(t, x)is defined by

L :
lult, %)l = U llu(t,x) || 2 dx}
]
where||.|| is Euclidean norm

2.4. Definition Riemann-Liouville and Caputo fractional operators[14]
Riemann-Liouville and Caputo fractional operators as the main tools in fractional calculus.
The uniform formula of a fractional integral with ae(0,1)is defined as:

. £
070 = o [ L ©)

Where f(t) is an arbitrary integrable function _D =, and it is the fractional integral of
order @ on [a,t], and I'(-) denotes the Gamma function. For an arbitrary real number p, the
Riemann-Liouville and Caputo fractional derivatives are defined respectively as:

DPf(t) = ﬁa—[ p=(Fl=r* 1 £(1)] )

and

|5!,,+_

c —([p]-
DIF(E) = 0, T S 0] (10)
where[P] stands for the integer part of p,D,and D are Riemann-Liouville and Caputo

fractional derivatives, respectively. Some of the properties of the Riemann-Liouville
fractional operator are recalled below [Podlubny, 1999 a,b, Xu and Tan, 2006]:
Property (2.4.1):

T(1+wv)
D (t—t)' = ———(t—t,)"F
wherep€eR and v>-1.
Property (2.4.2):
t‘?’
DPH(t) = ——
oD B =50

where H(t) is the Heaviside unit step function.
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Property (2.4.3):
2 q ptg . g—j (t - tﬁj_p_}.
DF (DEF() = o DY F®) — ) [,D] fOle=, t 7=
i=1 —P—- .]]
wherep, g ER nEZ,and , n—1<g<n.
Property (2.4.4):

—1 (kD) _ —p—1 k)
DD:(tkE+E 15.-1,,[? (ﬂ,tﬂ:j)—tkﬂﬁg ¥ lga,ﬁ—y(j'tﬂ:j

) k
wherey € R,k € Z\ Z~ and E™ (y) =:? E(y) .

Definition 2.5[15]. A function f on 0 <t <o is said to be exponentially bounded if it satisfies
an inequality of the form

If(x, )l < eMe®*

for some real constants M >0 and c, for all sufficiently large t.

3. Dimensionless Dynamical Systems

Let us consider the master chaotic system in the form of:

ri'xxm _
e T om
ri'x_','l _
dtam - zm (ll)
ri'xzm
B = (X — Vo — Zom + F(X))
and the slave chaotic system is assumed to represented by:
d%x
drlxs = -
d%y,
T2 (12)
"-"'Ixz.s —
gt T a(_xs — V. T I + f(xs:]:]

where 0 <a< 1 is a numerical parameter for the both master and slave systems f(x,,) and
flx,).
The synchronization errors for each state variables for the systems are defined as:
€y = X — Xg
€y = Vim — Vs (13)
e,=z,—=2
and the error dynamical system is expressed as:

=

d%ey _

gt~ Cy
d% ey,
— ¥ _
ar® = IE5’(14')

o
i’ 8

- = _ﬂ’(ex + £y + €z — f(xmj - f(xsjj

3.4 . Fractional Bifurcation
Consider the system:

ri'x_','
dt®

= Ay + f (y(t).t) (15)
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where A is real matrix with the characteristic roots all having negative real parts, f is real-
valued continuous function. For small [[¥ll and t = 0 ,and||f(v,t) Il = =llyl

Proof:
According to El-Borai [16], we can write:

y(t) = f y(0)E, (8)e*?" do +

i)

. oo
.:xf J.EEE (8)(t— 5)* 1e*® =9 Fdg ds
o
]

since the real parts of the characteristic roots of A are negative, there exists a positive
constants 4 such that:
||EAEE'G:|| = o= A8t"

Then

Iy (Ol < f Iy (O)E, (6)e—" dg +

a [l [ 68, (8)(t — 5)* te I f||d6 ds (16)

Iy ()l < f Iy (O)IE, (6)e—=" dg +

: oo
cst f 0F, (8)(t — )= e =% y(5)||d8 ds
o
o
Where [~ 8¢, (8)e (=) dag = m

@ < I¥(0)IIE, (~At%) + &M f (t =) ly(s)llds

Iyl < Iyl + =M f (t — )= ly(s)llds(17)

Where y(t) = e x(t),
t
e ()l = llx(0)Il + EMJ (t—5)*te” |lx(s)llds
o
The last inequality yields:
e |l x()l < e (lx(0)l
or

()l = == |x(0) || (18)
For sufficiently small £ == 0,we get:
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lim [[x(0)[l = 0
t=oc

5. Fractional Differential Equations
We are concerned with the fractional nonlinear differential equation of the
form: °D%x = Ax(t) + f(x(t),t), with the initial condition:
x(0) = x, (19)
where 0<a=1

and the differentiation °D%x is of Caputo type. We assume that f:[0,00) X R = R is

continuous. Under the continuity condition, one can show that (19) is equivalent to the
Volterra fractional integral equation:

d¥ x

dr®

IEC

= x(t) —x(0) (20)
I1*[Ax + f] = x(t) — x(0)
(N — Nx(0) Il < llx(2) — x(0)l = 17 [Ax + £l

ﬂllf‘“flxllJrllf‘ﬁfIIﬂ% f (t — 5)= Ax(s)ds|| + I1%F
n]
1 S _ o
Em!(t—sj 1||,£1x(5]||ds—|-M||I x||

1 [ .
IOl - =)l < Mz x||+mj(r—sj lax(s)llds

Ix(@1l < lx (01l + Mll%x] +% f (t =)= Hlax()llds  (21)

x(0) = x, t=0
Where I' is the gamma function.Equation (21) have a wide range of applications to the real-

world problems. We observe that the equation (21) is a singular integral equation with a
convex kernel. The classical example of the equation (19) is:

‘D%x = Ax(t) + f(x(t),t) (22)

x(0)=x, , 0<a=<1
Where A is the real matrix with the characteristic roots all having negative real parts,
f:[0,00) x R — R is continuous. Using the solution of equation (22) is given by:

oo

x(£) =Jx[uj¢; (6)eet"dp +

o
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.:xf J.EEE (8)(t— 5)= 1e®e=9" F4g ds
o
o

where||e46<% || < ¢=#¢°

(Ol < f Ix(0)1IZ, (8)e—%" dg +

aftf 6 (6)(t— 5)= e =% £|ld6 ds
0 o
Ix(D) < f 1x(0)IZ, (6)e~2" dg +
[}

mf[ 6%, (6)(t —5)* 1 =% ||x(s)l|d ds
¢ o

Where:
7 ¢, (0)e™%"do = B, (—At%)
and

==

| 6. @ee%d0 = B, (-2t - )9

o
r

lx(t)]l < [lx(O)IE_(—At™) + rxsj E, (—A(t —5)%)(t— )= |x(s)llds
o

WhereE, isMittag-Leffler functions, E, . is Mittag-Leffler functions with two parameters

[17].

Note that the solution of the ordinary differential equation:
dx

= =Ax + f(x(t),t) , x(0)=x, (23)

dt =
can be expressed as:
t
Ix@1 < Ix(@lle™ + & | 7 Ix()llds
o
In the following, we discuss the Laplace transform of the fractionalmethod .

6. Laplace transform of the fractional
We now consider the equation

‘D%x = Ax(t) + f(x(t), t) (24)
x(0) =x, , 0<a=<1 t=0
6.1. Laplace transform of the fractional integral[18].

L7 f () = o [ (-0 @ (25)

whereR(ea) > 0.
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Application of convolution theorem of the Laplace transform gives

x—1

r(aj}amr};s} =R (26)

L{ oI %f(x);s} =1L {t

where$k(s) > 0, R(x) > 0.
6.2. Laplace transform of the fractional derivative[19]
If n €M, then by the theory of the Laplace transform, we know that

{f; fi 5} = s" F(s) — Zpzg st £ (0,)(27)
n—1
=5" F(E:] — ..'S'k fl:n_k_ﬂ[ﬂ+:] ,[:ﬂ.— 1< < ﬂ.:]

whereR(s) > 0 and F(s) is the Laplace transform of f(t).By virtue of the definition of the
derivative, we find that

T

L{ ,DZf;s} =L {;x JA7TEf; s}

=5”L{ oli " .5'} Z e c.fn “f(0.)

= s%F(s) — Z sk DER1F(0,),(D = )
— OF(s) — Z s*=1pekf(0,)(28)

whereR(s) > 0.
6.3. Laplace transform of Caputo derivative
Definition 6.3.1
The Caputo derivative of a casual function f (t) ( that isf (t) = 0 for
t <0 ) with &> 0 was defined by Caputo (1969) in the form
Cy L5f(x) = I;"I
= "”‘“}f”(x](z 1.12)

_ i _ aym—a—1rn _

=g _['E (x t] fA(t)dt (n—1<a <n)(29)
where neM. From (25) and (29), it follows that

L{Cy DS (s)is}=s~" %) L{f(1)}
On using (27), we see that

L{CDE xf[:sj E}_E (n=a)

SF(s) - nz_ls”-k-lfktuu]

k=0
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=5 —yrlse® 1k (0, ) (n—1 < a < n)(30)
whereR(s) > 0 and R(ez)> 0.

Theorem 6.1. Assume (24) has a unique continuous solution x(t), if f(x(t),t) is continuous

on [0,0) and exponentially bounded,then x(t), and its Caputo derivative ,Dfx(t)are both

exponentially bounded, thus their Laplace transforms exist.
Proof. Since f(x(t),t) is exponentially bounded, there exist positive constantsM, ¢ and

enough large T such thatll f(x,t) |l = eMe®for all t > T .It is easy to see that Eq. (24) is
equivalent to the following integral equation

E

x(t) —x(ﬂ]—kr[ ] (t — 1) (Ax(7) + f(x(1),7))dr

0=t<ow (31)

For =T ,(31) can be rewritten as

x(t) = x(0) + — f[t — 1) Y Ax (1) + f(x(1),1))dr

I(a)

1 3 -1
+m!(f — 1) (Ax(1) + f(x(7),7))dr

In view of assumptions of Theorem3.1,the solution x(t), x(0) = x, is unique and continuous
on [0,:0), then (Ax(t) + f(x(z),7)) is bounded on [0, T ], i.e., there exists a constant K >0 such
thatll (Ax () + f(x(7),7))I< K. We have

1@ < Xl + —— j (t —1)"1dr

o jfﬂ‘-‘ =14l |x(D) | de

r[ )J(t — ) f(x t)lldz

Multiply this inequality bye™“*and note
thate ™™ < e~ , ™ < e 7, ||f(x, t)ll = eMe”(t>T) to obtain

et lx (D)l < e-ff||x(nj||+1‘f;xf(r ) lds
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+F[ﬂj!(t —Tj"-"‘_ |IJ£1|I ]_"[ajr [:I' —‘I.'jﬂ:_ ||f[:X,t:J||d1:

e” " lx(0)Il + oI (a)

K(t* — (t—T)% )

|I |I a—1 —OT
1"[ ]J.( — 1) Hx(z)lle™""dz

1"[ ]J(t — 1) f(x t)lle™ " dr

e 7 ||x(0)|l + cxl:[:x] K(t*—(t—-T)% )
I—jf T]E_1||RIET]||E ETdT_"mJ-(t —T]E_l F(T— r}dr
e ] —EI—K
e IIx(ﬂJII+ﬁ
4l a1 x(z)|le" " dz a-lg=osdr
r(jf(t—] el d+r(j :
—at TEE_ETK IA” _ x—1 “(TWle T dr _
e X (Ol + o + jf( O @) e~ dr +
Denote
= e~ lx(0)ll + ot + 2 b=l (=@l
we get
r(t) = E|—|-|:=J (t —T]'I_lr[’r:] dr
By Lemma 2.1,

o h o k ka
K(f) < aEE[Et]=Z% £

Recall that the Mittag-Leffler function is defined as
E _(t)= —_—
=) D
k=0

r(t) < akE_(bT (a)t®) t=T (31)
It is known that (see [20], p. 21) the Mittag-Leffler type function E,(wt*}satisfies the
following inequality

Then

E, (0t%) < Ce“*t>0, 020, 0<0<2, (32)
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where C is a positive constant.With (31) and (32), we have

r(t) < aC g (BT (e))at t=T

Then

lx(O)l € a € ®r@a+adey =
From Eq. (24), we obtain

| 22| < NANNXON + £ (x (D, D)1l < llAlla € (BT @&+l 4 opppot

< (llAlla € + eM)e(®r (@&+a)y = 7

Taking Laplace transform with respect to t in both sides of (24), we obtain
x(s) = s7H(s% — A) 7 x(0) + (5% — A)THf(x(s),5)  (33)

Taking The inverse Laplace transform (33) we obtain
E

x(t) = x(0)E, (At™) + J E’EJE(.-’-I(J_“ —s)%)(¢t —S]E_lx[r:]dr (34)
]

The Laplace transform method is suitable for constant coefficient fractional differential

equations, but it demands for forcing terms, so not every constant coefficient fractional

differential equation can be solved by the Laplace transform method.
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