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Abstract 

     In the present paper we obtain Fekete-Szegö inequalities and sharp bounds for certain 

classes of analytic and p-valent functions in the open unit disk involving certain fractional 

derivative operator.  
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1. Introduction and Preliminaries  

 Let      denote the class of functions defined by 

            ∑    

 

   

                                                                   

which are analytic and p-valent in the open unit disk    {  | |   }. 
 

     Let      and      be functions analytic in  , we say that the function      is 

subordinate to     , if there exists a Schwarz function     , analytic in  , with        

and |    |          , and such that       (    ) for all     . 

    This subordination is denoted by       or           . It is well known that, if the 

function      is univalent in  , then           if and only if           and       
    . 

 

   Let      be an analytic function with                 and                
  , which maps the open unit disk   onto a region starlike with respect to 1 and is 

symmetric with respect to the real axis . Ali et al. [1] defined and studied the class     
     

to be the class of functions           for which 

       
 

 
,
 

 
 
      

    
  -                          { }                      

and the class         of all functions for which 
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,   

       

     
-                          { }             

    Note that      
           and             , The classes were introduced and 

studied by Ma and Minda [4]. The familiar class       of starlike functions of order   and 

the class      of convex functions of order         are the special cases of     
     

and        , respectively, when 

     
         

   
  

Let                be the Gauss hypergeometric function defined for     by, (see 

Srivastava and Karlsson [9]). 

                ∑
         
       

  

 

   

 

where      is the Pochhammer symbole defined, in terms of the Gamma function, by 

 

      
      

    
 {

                                                                       
                                 

              

for               . 

 

We recall the following definitions of fractional derivative operators which were used 

by Owa [6], (see also [8]) as follows: 

 

Definition 1.1. The fractional derivative operator of order   is defined by 

  
      

 

      

 

  
∫

    

      

 

 

                                                  

where      is analytic function in a simply-connected region of the z-plane containing the 

origin, and the multiplicity of         is removed by requiring          to be real 

when         
 

Definition 1.2. Let      , and      . Then, in terms of the familiar Gauss’s 

hypergeometric function     , the generalized fractional derivative operator      
     

 is 

    
     

     
 

  
(

    

      
∫        

 

 

       (              
 

 
)  )        
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where      is analytic function in a simply- connected region of the  -plane containing the 

origin, with the order        | |         where    max{     }    and the 

multiplicity of         is removed requiring log      to be real when      . 

 

Definition 1.3 Under the hypotheses of Definition 1.2, the fractional derivative operator 

    
           

 of a function      defined by 

    
           

      
  

   
    
     

                                                                

Notice that 

    
     

       
                                                                    

    Amsheri and Zharkova [2], (see also [3], [10]) defined the fractional derivative operator 

    
       

     by 

    
       

     
                  

                
      

     
                 

    ∑                 
   

 

   

                                                    

for           and                                 , where 

            
                

                  
                                          

Very recently, Zayed et al. [10] defined the operator      
                        , for 

       { } and      as follows: 

                 
           

         
       

     

                  
           

         
         

     

                           
       

      
 

 
(    

       
    )

 

 

                     ∑ (
    

 
)

 

   

                
    

and (in general),  

            
           

         
         

     
             

     )    
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    ∑(
    

 
)
  

   

                
                                      

We let                 . 

 

        Motivated essentially by aforementioned works, we introduce a more general class of 

p-valent analytic functions of complex order             
     which we define in the 

following. 

 

Definition 1.4 Let      be an univalent starlike function with respect to 1 which maps the 

open unit disk   onto a region in the right half-plane and symmetric with respect to the 

real axis,        and          A function           is in the class             
     if 

  
 

 
(
    

                 
    

    
           

    
  )                      { }                 

Also, we let               
               

    .     

 

The above class             
     is of special interest and it contains many well-known 

classes of analytic functions. In particular; for         , we have 

            
         

     

where     
     is precisely the class which was studied by Ali et al. [1]. 

 

     Furthermore, by specializing the parameters            and    we obtain the following 

subclasses which were studied by various other authors: 

 

1- For         and           we get the class             
            

which studied by Ma and Minda [4]. 

2- For     and           we get the class             
       

      which 

studied by Ravichandran et al. [7]. 

3- For      and         , we get the class             
       

     which 

studied by Ali et al. [1]. 

4- For      we get the class              
                 

     which studied by 

Amsheri and Zharkova [2]. 

 

 

    The motivation of this paper is to give a generalization of the Fekete-Szegö inequalities 

obtained by Ali et al [1], Ma and Minda [4], Ravichandran et al. [7] and also by Amsheri 

and Zharkova [2]. 

 

     Let  Ω  be the class of analytic functions of the form  
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in the open unit disk   satisfying  |    |   .  

 

    In order to prove our results, we need the following results which shall be used in the 

sequel. 

 

Lemma 1.5 [1].  If    Ω, then 

|      
 |  {

                                   
                        
                                       

 

when       or     , the equality holds if and only if          or one of its rotations. 

If       , then equality holds if and only if         or one of its rotations. 

Equality holds for        if and only if 

      
   

    
               

or one of its rotations, while for     , the equality holds if and only if 

       
   

    
             

or one of its rotations . 

           Although the above upper bound is sharp, it can be improved as follows when 

      : 

|      
 |       |  |

                      

and 

|      
 |       |  |

                        

 

 Lemma 1.6 [5].  If    Ω ,  then for any complex number   ,  

|      
 |        | |   

The result is sharp for the functions          or         . 

 

2.  Coefficient Bounds  

 

By making use of Lemmas 1.5-1.6, we prove the following: 
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Theorem 2.1. Let                       max                 

{ };      and     . Further, let                
       where    ُ  are real 

with           , and 

   
[               

 ]  
 (

   
 )

  

     
      (

    
 )

                                                    

   
[               

 ]  
 (

   
 )

  

     
      (

    
 )

                                                   

   
(
   

 )
  

[          
 ]

     
      (

    
 )

                                                                    

 

If      given by (1.1) belongs to              
    , then  

      |          
 | 

 

{
 
 
 
 
 
 

 
 
 
 
 
 

     

   (
    

 )
 

(

 
 
   

     (    (
    

 )
 

   
 (

   
 )

  

)

  
 (

   
 )

    
 

)

 
 

                           

       

   (
    

 )
                                                                                                                                          

 
     

   (
    

 )
 

(

 
 
   

     (    (
    

 )
 

   
 (

   
 )

  

)

  
 (

   
 )

    
 

)

 
 

                     

   

      

Further, if          ,  then 
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|          
 |  

  
 (

   
 )

  

          (
    

 )
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     (    (
    

 )
 

   
 (

   
 )

  

)

  
 (

   
 )

    

)

 
 

|    | 
  

       

   (
    

 )
                     

If          , then 

|          
 |  

  
 (

   
 )

  

          (
    

 )
   

 

(

 
 
  

  

  
 

     (    (
    

 )
 

   
 (

   
 )

  

)

  
 (

   
 )

    

)

 
 

|    | 
  

       

   (
    

 )
                     

 

For any complex number    , 

|          
 |  

       

   (
    

 )
    

{
 
 

 
 

  |
|
     (    (

    
 

)
 

   
 (

   
 

)
  

)

  
 (

   
 )

     
  

  
|
|

}
 
 

 
 

  

      

The results are sharp. 

 

Proof.  If                   
    , then there is a Schwarz function  

              
      Ω 

such that  

                              
    

                 
    

    
           

    
  (    )                                          



 

ويــتربــلة الــمج  
Journal of Educational 

ISSN: 2011- 421X  
Arcif Q3 

5.1معامل التأثير العربي   

91العدد   

 

414 http://tarbawej.elmergib.edu.ly                                                                                         

                         

 
 

since  

   
    

                 
    

    
           

    
   

  

     
(
   

 
)
 

         

                                               
 

     
*   (

    

 
)
 

       
 (

   

 
)
  

    
 +      

We have from (2.8), 

      
       

  (
   

 )
                                                                                                  

and 

     
     

   (
    

 )
  {                

    
 }                                   

Therefore, we have 

          
  

       

   (
    

 )
  {      

 }                                              

where 

     

       (    (
    

 )
 

   
 (

   
 )

  

)

  
 (

   
 )

   
  

  
                                     

The results (2.4)-(2.7) are established by an application of Lemma 1.5 and inequality (2.7) 

by Lemma 1.6.  

    To show that the bounds in (2.4)-(2.7) are sharp, we define the functions          

       by 

    
                 

      

    
           

      
                          (   )

 
        

and the functions                  defined by 
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  (

      

    
)                   

         

and 

    
                 

     

    
           

     
  ( 

      

    
)                   

         

 

respectively, it is clear that the functions         and    belong to the class             
    . 

If       or       , then the equality holds if and only if    is      or one of its 

rotations. If          , the equality holds if and only if    is       or one of its 

rotations. If       , then the equality holds if and only if    is     or one of its rotations. If  

     , then the equality holds if and only if    is     or one of its rotations.  

 

Theorem 2.2. Let              max         ,     { }         

{ };     and     . Further, let                
       where   ُ  are real 

with          . If      given by (1.1) belongs to             
    , then for any 

complex number  , we have 

|          
 |  

     | |  

   (
    

 )
    

{
 
 

 
 

  |
|
      (    (

    
 )

 

   
 (

   
 )

  

)

  
 (

   
 )

     
  

  
|
|

}
 
 

 
 

  

       

The result is sharp. 

 

Proof. The proof is similar to the proof  of Theorem 2.1.  
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