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ABSTRACT
This study investigates the failure of cylindrical pressure vessels and examines their
integrity in the presence of cracks using von-Mises (Distortion Energy) yielding
criterion and fracture mechanics methodology. The design Code of ASME-VIII
section-2 was used to determine safe thickness and maximum allowable working
pressure. The fracture stress, the critical stress intensity factor, the critical crack length
and maximum pressure were determined. The results showed that yielding criterion
with factor of safety of "2" for materials proposed in this study are applicable to design
and construct pressure vessels under considered internal pressure and vessel size. The
study revealed that cracked pressure vessels can be fit for service under some
conditions of crack size and internal pressure. It can be concluded that pressure vessels
that are safe under yielding theories could be safe as well where the crack exists under
restricted conditions of the applied internal pressure, shell thickness, and material
property.
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1. Introduction
The continued and prolonged use of pressure vessels for power plants, nuclear reactor
vessels, storage vessels for liquefied gases such as LPG or chemical reactions, industrial
processing, and oil refineries storage tanks requires them to withstand severe conditions of
pressure, temperature, and other environments. Such environmental conditions include
corrosion, neutron irradiation, and hydrogen embrittlement. Pressure vessels are required to
operate at a temperature as high as 600 C to as low as -20C, with design pressures as low as
0.1MPa to as high as 15MPa [1]. To ensure safe design, installation, operation, and
maintenance, the pressure vessels must be in accordance with codes such as American
Society of Mechanical Engineers (ASME) Boiler and Pressure Vessel code. Therefore, great
emphasis should be placed on analytical and experimental methods for determining their
operating stresses [2]. When the pressure vessel is exposed to internal pressure, the material
comprising the vessel is subjected to stresses acting in all directions. The normal stresses
resulting from this pressure are functions of the radius and the shape of the pressure vessel,
open ended cylinder, closed end cylinder as well as the applied pressure [3].
Furthermore it also needs to understand the significance of these stresses on the structural
integrity of the pressure vessel by considering the material properties of the vessel [4]. In this
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context a major achievement in the theoretical foundation of the linear fracture mechanics
was the introduction of the stress intensity factor (SIF) as a parameter for the intensity of
stresses close to the crack tip. The stress intensity factor (Ka) is compared with the critical
stress intensity factor KIC (material fracture toughness) to determine whether or not the crack
will propagate. This fracture parameter depends on size, shape and location of the defect; the
applied load and geometry of the structure [5]. The presence of cracks on the walls of a
pressure vessel can severely reduce the strength of the vessel and can cause sudden failure at
nominal tensile stresses less than the material’s yield strength [6]. Therefore, to ensure the
integrity of a structure when a crack is present, the designer should understand and
adequately apply the mechanics of fracture, particularly the relation between applied stress,
the flaw size and the fracture toughness.
For the purpose of developing the design philosophy and the related operational limitations
of various approaches, the yielding strength of the vessel is used as the criterion of failure
[7]. In this context, failure theories of Von-Mises, Tresca, and maximum principle stress in
conjunction with software and finite element method are widely adopted to design pressure
vessels [8]. In addition, the numerical analysis of thin walled pressure vessel design
parameters, material properties and temperature are found effective tools, and the maximum
stress criteria is in good agreement with Von-Mises criteria for the failure of pressure vessels
[9]. The analysis method applied in this work is the thin-walled pressure vessels theory for a
ratio of inner radius to wall thickness r/t>10.

2. Materials
The materials selected for pressure vessels for the present work are shown in Table 1[10-11].
Table 1. Mechanical properties and chemical composition of materials used.
Material
SS 316L
A 283-GR.C
SS 304N
A106-GR.C

σuts
MPa
482
455
551
485

σy
MPa
172
207
241
276

C
%
0.03
0.24
0.03
0.30

Cr
%
16
18
0.4

Ni
%
14
8
0.4

Cu
%
0.2
0.4

Mn
%
2
0.9
2
0.67

Mo
%
2.5
0.15

Si
%
0.75
0.4
0.75
0.1

3. Pressure Vessel Design Procedure
3.1 Stresses Developed in Thin-Walled Pressure Vessels

Thin-walled pressure vessels provide an application of the analysis of plane stress condition.
The stresses developed due to the hydrostatic pressure are longitudinal stress (axial) σL and
hoop stress σh in the circumference direction. The analysis of stresses in thin-walled pressure
vessels will be limited to cylindrical pressure vessels as these are used widely and easy to
manufacture in contrast to spherical vessels. For a cylindrical pressure vessel shown in
Figure 1 with length "L", radius "r" and thickness "t", the stress σL in the axial direction of a
cylindrical vessel with closed ends is[12]:
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p.r
2.t

sL =

(1)

The hoop stress σH, acts in the vessel wall in the circumferential direction can be written as:
sH =

p.r
t

(2)

Note that the hoop stress is twice the axial stress.

σH
r

σH
σL

σL

σL
L

σH

Figure 1: Longitudinal and hoop stresses in a cylindrical closed-end vessel.
3.2 Code Selection

There are many engineering standards which give information on the design. It is
emphasized that any standard selected for manufacture of the pressure vessels must be
followed and complied with in entirety and the design must not be based on provisions from
different standards [13]. The ASME is normally followed cross the world, but other national
or international standards may also be used. For this design, ASME VIII (division 2)
"Construction of Pressure vessel Codes" are selected.
3.3 Implementation of ASME Code (section VIII-division 2)

The minimum thickness or maximum allowable working pressure of cylindrical shells shall
be the greater thickness or lesser pressure as given by (3) or (4).
1. Circumferential Stress (Longitudinal joints)

When the thickness does not exceed one-half of the inside radius, or P does not exceed
0.385SE, the following formulas shall apply [14]:
or

(3)

Where R is the inside radius, t is the shell thickness, E is the welded joint efficiency, S is the
material strength, P is internal pressure.
2. Longitudinal Stress (Circumferential joints)
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When the thickness does not exceed one-half of the inside radius, or P does not exceed
1.25SE, the following formulas shall apply[14]:
or

(4)

4. Failure Assessment Analysis
4.1 Yielding Criterion

Yielding criterion of Von-Mises is applied in order to assess the integrity of the pressure
vessels considered in this study. In von-Mises theory of failure, the yielding occurs when the
von-Mises stress σv is equal to the yielding stress [15]:
s v = s 1 2 - s 1.s 2 + s 2 2 = s y

(5)

Where, σ1=σH is hoop stress, and σ2=σL is longitudinal stress, and σy is yielding strength.
4.2 Fracture Mechanics Criterion

The cracked cylindrical pressure vessel subjected to a longitudinal crack considered for the
present work is shown in Figure 2.
σh =p.r/t

σh = p.r/t
Figure 2: A cylindrical pressure vessel with a longitudinal crack.
The corresponding fracture stress σf (MPa) required propagating the crack is [16]:

sf =

K Ic

p .a c

(6)

Where, KIc (MPa.√m) is the material fracture toughness, and "a" is the crack length. This can
also be re-written in terms of the applied stress intensity factor (Ka), and the crack
propagates when:
Ka =

p.r
. p .a ³ K Ic
t

4.3 Software Developed

(7)
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A computer program has been constructed and used to assess the integrity of cracked and
uncracked pressure vessels. The program is based on the von-Mises theory and fracture
mechanics method by considering the von-Mises stress, yielding strength, critical fracture
toughness and critical crack depths. Figure 3 shows the front window of the program where
the input data are: crack depth (a), internal pressure (p), shell thickness (t), vessel radius (r),
and (KIc). The output results are the von-Mises stress (σv) which is compared with the
yielding strength, and fracture stress (σf) as a function of the fracture toughness and crack
depth, and applied stress intensity factor (Ka).

Output

Figure 3: A view for the input and output data of the program.

5. Results and Discussion
Figure 4 shows the von-Mises stress (σv) as a function of vessel diameter for different shell
thicknesses. The figure shows very conservative results with factor of safety greater than one
(σy > σv). It is shown that the yielding does not occur for all materials considered in this
study for vessels diameters of 200 to 1000 for shell thickness 3mm to 20mm under designed
pressure varies between (14.5psi-130.5psi) 100 to 900KPa.
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Figure 4: The von-Mises stress (σv) as a function of vessel diameter and thickness.

Figure 5 shows pressure vessels yield criterion using factor of safety of 2. For shell thickness
of 5mm or greater, all used materials are safe for diameters from 200mm to 1000mm, while
vessels with shell thickness of 3 mm are safe as long as the diameter less than 800mm.

Figure 5: Pressure vessels yield criterion using factor of safety of 2.

Figure 6 shows the assessment of the pressure vessel in terms of applied stress intensity
factor (Ka) and the material fracture toughness (KIc) of SS A-F304N with material strength
of 241.2MPa and fracture toughness of KIc=119MPa.√m, for a crack length (a = 0.5 t). It is
shown that thin pressure vessels with 3 and 5 mm thickness can be run safely under a
considered pressure of (1 to 9 bar) for vessel diameters less than 600mm for a crack depth
less than 0.5t. For thicker vessels, bigger vessels can be made from this type of material.
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Figure 6: The applied stress intensity factor as a function of vessel diameter for a=0.5t.

Figure 7 shows the assessment of the cracked pressure vessel made of SS F304N of material
strength of 241.2MPa and kIc=119MPa.√m, based on a crack depth (a=0.2t). The assessment
is considered safe when values of the applied stress intensity factor (Ka) are less than the
fracture toughness of the material (kIc). Therefore, vessels with diameters ranges from
200mm to 1000mm are safe as long as their thickness is greater than 10mm. However,
thinner vessels having 3 and 5 mm thickness can be operated safely under a pressure
considered for vessel diameters less than 720mm for a crack depth less than 0.2t.

Figure 7: Applied stress intensity factor as a function of vessel diameter for a=0.2t.

Figure 8 shows the applied stress intensity factor for cracked pressure vessels of (a = 0.5 t),
made of SS316L of kIc=112 MPa.√m. It is shown that cracked vessels are safe as long as the
crack depth is less than 0.5t for specific vessel diameter and thickness. For example, cracked
vessels with diameters of 600mm are safe with thickness greater than 5mm.
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Figure 8: Applied stress intensity factor as a function of vessel diameter for a=0.5t.

Figure 9 shows the applied stress intensity factor for cracked pressure vessels of (a=0.2t),
made of SS316L with KIc=112MPa.√m. It is obvious that the majority of Ka values are
below the horizontal line of KIc which means these vessel sizes are safe except for thin
vessels (t=3, 5mm) with large vessel diameter (D=700, 1000mm).

Figure 9: Applied stress intensity factor as a function of vessel diameter for a=0.2t.

Figure 10 shows the fracture stress as a function of crack length. This figure is used in
conjunction with Figures 11 and 12 to determine the fracture stress required to propagate
the crack, critical crack length and maximum pressure. The SS304 steel vessel having
diameter of 1000mm, shell thickness of 15mm and 20mm is safe under maximum pressure
of 9bar when the crack length is less than 6mm. For vessels of 10mm thickness, the largest
acceptable crack length is 3mm. However, vessels with shell thickness of 5mm are not safe
under a pressure of 9bar, unless the pressure is reduced below 5bar for (a<2mm). For vessel
diameters of 500, the shell thickness of 5mm is safe as long as the crack length is less than
3mm at the maximum pressure used.
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Figure 10: Fracture stress as a function of crack length for steel used.

Figure 11: Hoop stress as a function in design pressure for vessel diameter of 1000mm.

Figure 12: Hoop stress as a function in design pressure for vessel diameter of 500mm.
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For SS316L, a vessel with diameter of 1000mm and the shell thickness of 5mm is safe if
pressure reduced below 6bar and the crack length is less than 1.5mm. For 10mm thickness
the largest acceptable crack length is 2mm under pressure of 9bar. However, for pressure
less than 6bar cracked pressure vessels with diameter of 1000mm and shell thickness of
15mm and 20mm are safe as long as crack length is shorter than 7.5mm and 10mm
respectively. For vessel diameters of 500 with shell thickness of 5mm is safe as long as the
crack length is less than 2mm at the maximum pressure. While for 10mm thickness the
vessel is safe as long as the crack length is less than 5mm.
6. Conclusions
This research investigated the effects of design parameters in terms of material strength and
internal pressure on the integrity of pressure vessels. Both yielding criterion of von-Mises,
and fracture stress theory were used to assess the integrity of pressure vessels. The vonMises stress (σv) method showed that all materials used in this study are safe for dimensions
and thicknesses considered and ensures factor of safety greater than one. However, for
factor of safety of 2 only a very thin vessel with t=3mm and D>800mm is subjected to
yielding. In the presence of a crack with the length of (0.2t) vessels with diameters greater
than 700mm associated with thickness less than 10mm become unsafe. However, vessels
with diameters ranges from 200mm to 1000mm with thickness of 15mm and 20mm are safe
under considered conditions.
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