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Abstract: In this paper, we study the sufficient conditions for oscillation of the
solutions of the third order nonlinear equation of the form

[r(t)f('x'(t)] LM (M) = H (L x(t), x(0), X()

and establish some oscillation theorems which guarantee that all solutions of the
above equation are oscillatory. An illustrative example of the obtained result is given.

Keywords: Nonlinear equations, Oscillatory solutions, Runge Kutta method, Third
order.

AMO (MOS) Subject Classification: 34 A 34, 34 C10.

Introduction:

In this paper, we are concerned with the problem of oscillation of third order non-
linear ordinary differential equation of the form

(r(t) f ('x'(t))j £a0)8, (X(1) = H (t, (1), X(1), X)), E)

where r and q are continuous functions on the interval [to,oo), t, 20, r(t) is a
positive function, g, is continuously differentiable function on the real line R except
possibly at 0 with yg,(y)>0 and g;(y)>k>0 for ally=0, f is a continuous
function on R and H :[t,,0)xRxRxR—R is a continuous function such that
H(t,x,y,2)/9,(y) < p(t) forall y=0 and t>t,. Throughout this paper, we restrict

our attention only to the solutions of the differential equation (E) which exist on some
ray[to,oo). A solution of the equation (E) is said to be oscillatory if it has an infinite

number zeros, and otherwise it is said to be non-oscillatory. Equation (E) is called
oscillatory if all its solutions are oscillatory, and otherwise it is called non-oscillatory.

In the recent years, many studies have been written on the oscillation behavior of
solutions of first and second order differential equations. The study of oscillation of
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/_\ $ = A A aa
Journal of Educational

1.63 auall il e
l , ISSN: 2011- 421X ‘fé);::\
| — | Arcif Q3

differential equations of third order has received less attention than first and second
order equations in the literature. See for example to [1-12]. Many other studies
dealing with oscillation for linear equations, for instance, Lazer [10], Erbe [2], G. D.
Jones [7] and W. J. Kim [9]. For nonlinear equations, we can refer as examples to
Erbe [3], Heidel [6], A. Tiryaki and S. Yaman [12] and I. T. Kiguradze [8]. Hanan [5]
studied the third order linear differential equation

x (1) +q(t)x(t) =0 (E,)

and presented some sufficient conditions for oscillation of equation (E;) and showed
that if

liminf t3q(t) >

2
t—owo 3\/§ ,

then every solution of equation is oscillatory. Adamets and Lomtatidze [1] studied an
oscillatory behavior of the equation (E;) where g is an inetgrable function on
[t,,0),t, >0, which is eventually of one sign.

Moussadek Remili [11] considered the following third order nonlinear equation
x(t) +a(t)g(x(1) =0 (E.)

and gave some sufficient conditions for oscillation of equation (E>).

Oscillation Results:
In this section, we give some oscillation criteria for oscillation of equation (E).

Theorem 2.1: Suppose that

<oo forall ¢ >0,

O<] du
isglu
(2) 0<kl<@<k2forallz¢0,
z
©) j—<|v| forall T >t,,

4) |lmSUpI Iq(U) p(u))duds = oo

t—wo T

where p:[t,,o0)— (0,0). Then, every solution of equation (E) is oscillatory.

http://tarbawej.elmergib.edu.ly 1212
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Proof: Without loss of generality, we assume that there exists a solution x(t) > 0 of

equation (E) such that x(t) > 0and x(t) > 0 on [T,0)for some T >t, >0. Define

JOLCO .
0 ((1)

w(t) =

This and (E3) and condition (2), we have

c.o(t)[MJ <p®)-q(D), t>T.
0,(X(t)

Integrate the last inequality from T to t and also by condition (2), we have

krOXO 0y ) pep)is, 2T, 2-1)
0, (X(1)) T
Integrate (2-1) divided by r(t) from T to t, we obtain
klj s _ j—s—j%j ))duds, t>T. 2-2)
T gl(X(S)) )7

By condition (1), we obtain

o i X(t) < x(T)
if X(t) = x(T)

X(t) du

(U)

—|'—o8

This follows that
LX)

T g,(X(s))

ds> A,

where A =inf j

) 91(U)

Thus, the inequality (2-2) becomes

http://tarbawej.elmergib.edu.ly 1213
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L1
I'®

T

—“—

(q(u) - p(u))duds < ”U)j%—kﬁ, £>T.

By condition (3) and taking the limit superior on both sides, we have

1
r(s)

as t — oo, which contradicts to the condition (4). Hence, the proof is completed.

(a(u) - p(u))duds < limsup{o(T)M, —k A} < oo,

t—oow

limsup

tow

—_—
— ey, 0

Theorem 2.2: Suppose, in addition to the conditions (1) and (2) hold that there exists
the differentiable function p:[t,,o)—>(0,0)and > 0such that

T ds
(5) Ip(S)I’(S) <M, forallT >t,,
Pl N p W
O || W@ )k, = T uds = o

Then, every solution of equation (E) is oscillatory.
Proof
Without loss of generality, we assume that there exists a solution x(t) > 0 of equation

(E) such that x(t) > 0and x(t) > 0on [T,0)for some T >t, >0.

Define

PO (x(1) T
0, (X(1))

o(t) =

This, (E) and condition (2), we have

K, POIOXO _Kap®rOXM) 1
0, (x(1) 02 (x(1)

o) <p(t) p(t) - p(Ha(t) +

Integrate the last inequality, we get

Mwm—] p(s)(q(s)_p(s))ds_j Ko (5) 526y ke POITO) Sy s (03
g, (x(t) T gl () 9 (x(s))

http://tarbawej.elmergib.edu.ly 1214



/-\ $ = A A aa
\ Journal of Educational

| 1.63 )l i) Jalas
l , ISSN: 2011- 421X ‘fé);j:\
| — | Arcif Q3

From the second integral in the R. H. S., we have

) j{kkm(S)r(S) oy PO -X-(S)} ;e _j[\/kklp@)r(s) s K PENTE | o

L g (x(O) 9,(x(s)) 9,(x()) 2/kk,o(s)
jp OLOM wher
4kk p(s)
<k %S' (2-4)
2
ek, = Kz .
4Kk,

From (2-4) in (2-3), we obtain
g, (X(1) " ol

By condition (2) and integrating the last inequality divided by p(t)r(t), we obtain

o2

klt .)Z(S)d_ kMdd
ng(i(s)) a 'T[P(S)r(s) I (S)r(s)f pU)(aw) - p(u))- 0

By using the condition (1) and as in Theorem2.1 the first integral in the L. H. S. is
bounded and condition (5), then we get

. 2
t

Wr()
| (S)()j P~ pW)~k; = I duds <o(T)M, —kA, <o

As t — oo, which contradicts to the condition (6). Hence, the proof is completed.

Theorem 2.3: Suppose, in addition to the conditions (1) and (2) hold that there exists
the differentiable function p:[t,,0)—(0,), p>0, (pr)" <0 and (pr)" <Osuch that

1 POI(s)

(8) liminf j p(s)(q(s) - p(s))ds > —o,

t—w

http://tarbawej.elmergib.edu.ly 1215
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(9) limsup* j jp(u) G(u) ~ p(u)Huds = oo,

t—w

then, every solution of equation (E) is oscillatory.
Proof: Without loss of generality, we assume that there exists a solution x(t) > 0 of

equation (E) such that x(t) > 0and x(t) > 0on [T, c0)for some T >t, >0. Define

ofty = POTOF O -
g, (X(1)

This and equation (E), we have

PO f (X(1)) _pOref (X)X (t)g, (X(t))
9, (x(t) 07 (x(1))

o)< p(t) p(t) - pOA(H) +

By condition (2), we have

k, POrOXY (X ()

o) <— pt)(q(t) - p(t
o(t)<- pt)(a(t) - p(t))+ 0, (xt)  erOr@)

o’ (), t>T. (2-5)
Integ

rating (2-5) from T to t, we get

J 9a(e) P9 o1 - YRR L LOLIC PNELY S TR PR
Tg,(x(9)) zTP(S)r(S)

Since b(t)l’(t) is a decreasing function, then by the Bonnet’s theorem there exists a
a, €[T,t] such that the first integral in the R. H. S. be comes

. .
[Py, ; (T)r(r)j ()
T 0,(x(8)) o

By condition (1), we have

) 0 i x(a,) < X(T),
P | 5 PN | 785 3@ 2 X0

K0 X(T)

Hence

http://tarbawej.elmergib.edu.ly 1216
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x(at
0<k2p(r)rcr)J =™ 2-7)
x(T)
h k
where A, = zp(r)r(r)(jn W
From (2-7) in (2-6), we get
Jp(s)q(s) p(s))ds <o(T)-(t)+ A, - kj ()1() o’ (s)ds. (2-8)

have two cases for the integral

w?*(s)ds.

! OIOM
Case 1: If

o0

Lo

Thus, there exists a positive constant B such that

o’ (s)ds is finite.

j »®(s)ds< B fort>T.
7 P(8)r(s)

Thus, (2-8) becomes
[ p(s)a(s) - p(s))ds <A —aft). t=T,

where A, =aw(T)+ A, +—kB/k,.

Integrating the last inequality from T to t, we get

[ L ——

[P - pw)duds <At-T)-[e(s)ds.  (2-9)

By using the Schwarz’s inequality, we obtain

http://tarbawej.elmergib.edu.ly 1217
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t t 2 ~ t a)(S) a)z(s) t

_ Ia)(s)dsg j w(s)ds| = j O Jp(s)r(s) ! IO dsI p(s)r(s)ds From (2-

<B j p(s)r(s)ds. (2-10)

10) in (2-9), we obtain

B [ ——

[ pu)(@(u) - p(u))duds <At -T) +B j p(s)r(s)ds

<A-T)+ Bp(T)r(T)(t—T).
Dividing the last inequality by t and taking the limit superior on both sides, we have

limsup = j j p(u)(a(u) - p(u))duds <lim sup{(AS + Bp(r)r(r))(1—a} < o0,

t—o0 t—>
as t — oo, which contradicts to the condition (9).

Case 2: If the integral

o0

1
L oor®

?(s)ds is infinite,
by condition gl’(;<(t)) >k, we get
91XC)) 26y ds = o (2-11)
1 P(S)r(s)
Integrating (2-5), from (2-7) and condition (8), it follows that here exists a constant A4
such that
gl(X(S)) »?
—o(t) > A + (s)ds, (2-12)
OO
where A, =ao(T)+ A, + A,.

From (2-11), we get w(t)is negative on [T,oo). Furthermore, we choose a T, > T such
that

0:(X(s ),
pE)(s) "

Ah ]

Thus, for t >T,, we have

http://tarbawej.elmergib.edu.ly 1218
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mdmm%{ +3wmm»#®$]>_mMmu%»

k,p(t)r(t) k, 1 p(s)r(s) kzgl().((t))
, _GXO)XO).
9, (x(t))
Thus
0;(X(s)) 9, (x(T,))
log — w’(s)ds | /A, >log 222
{ J PO }/ 0,(x(1)
Hence
15gi(x() 0, (X(T,))
ds> A, ———==.
P(S)F(S) @ ()os= A 91(;((0)
By (2-12), we get
PN AC ()
9, (x(t))
From the last inequality and condition (2), we obtain
k, x(t L(x(T,
X(t) <~ A0, (X(T,)) ——~— (t) o}

Integrate from T, to t and condition (7), we have

—00,aS T — oo,

. ] © . ds
k, x(t) <k -
) X(t) < | X(Tl) '6‘691()((-|-1))T1 o(s)r(s)

this contradicts to the assumption that ;<(t) > 0. This completes the proof of Theorem
2.3.

Example2.1: Consider the following differential equation

(%&aﬂ'+ﬁi?0=i(°i§“holt

http://tarbawej.elmergib.edu.ly 1219
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05 . 3 06

We have r(t)=ti4,q(t)=t“and g(>.<):x ,Xg(x)=x >O0forall x>0

and

(u) 4’

1) @) =x@) and 0<1< X g 5 goran X 20,
X(t)

x (t)sm (x(t))
t6

(2) H(tx(),x(), X(1)) =

H (t, X(t), X(t), °>Z(t)) sin (x(t))
0, (X()) t
p(t) = t2, p(t) = 21, (or)" (t) = —% <0and (pr)°(t) = —tiz <0for t > 0such that

_t = p(t) for all ;<¢ Oand t > 0. Taking

o0

®) -[ (s)r(s :;[

(4) liminf Ip(s) q(s) - p(s))ds = liminf Is ( sl jds =00 > —0,

t—o0 t—o0

t -5
(5) tli_l;f;asup%[ [p(u)(q(u)—p(u))duds

= 11n1 sup— ff u? fut —— duds-

All conditions of Theorem 2.3 are satisfied, thus, the given equation is oscillatory.
We also compute the numerical solutions of the given differential equation using
Runge Kutta method of fourth order. We have

X0 = x50, %) - VOO e,

with initial conditions x(1) = 0.5, x(1) = -1, x() =0 on the chosen interval [1,100] and
finding values of the functions r, g and f where we consider

H(t, x, %, X) = g(t) 1(x, X, X).

http://tarbawej.elmergib.edu.ly 1220
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K | X(t)

1 |1 0.5

2 | 10796 | 0.4205

3 | 11592 | 0.3414

7 117142 | -0.1621

8 | 1.9121 | -0.31

9 | 2.1099 | -0.4382

19501 | 00254
20 | 5.0592 | 0.0697
21 | 5.1084 | 0.1148

47 | 10.8023 | -0.0945
48 | 11.0638 | -0.2944
49 | 11.3252 | -0.4605

Table 1: Numerical solution of ODE 1

1.5~

-0.5+ B

o 10 20 30 40 50 60 70 80 90 100

Figure 1: Solution curve of ODE 1

Remark 2.1: Our theorems extend and improve obtained results by Hanan [5],
Adamets and Lomtatidze [1], A. C. Lazer [10], G. D. Jones [7] and Kiguradze [8].

Conclusion:

In a conclusion, we established some oscillation theorems, which guarantee that all
solutions of a class of nonlinear ordinary differential equations are oscillatory. An
illustrative example of the obtained result was given

http://tarbawej.elmergib.edu.ly 1221
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