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∆𝑢 =
1

𝑟2
𝜕

𝜕𝑟
(𝑟2

𝜕𝑢

𝜕𝑟
) +

1

𝑟2𝑠𝑖𝑛

𝜕

𝜕
(𝑠𝑖𝑛

𝜕𝑢

𝜕
) +

1

𝑟2𝑠𝑖𝑛2

𝜕2𝑢

𝜕𝜑2
= 0

𝑌( , 𝜑 + 2𝜋) = 𝑌( , 𝜑)

|𝑌(0, 𝜑)| < ∞      ,     |𝑌(𝜋, 𝜑)| < ∞  
}

 𝑚

∬𝑌2Δ ,𝜑𝑌1
Σ

dΩ  

Δ ,𝜑 =
1

𝑠𝑖𝑛

𝜕

𝜕
(𝑠𝑖𝑛

𝜕

𝜕
) +

1

𝑠𝑖𝑛2

𝜕2

𝜕𝜑2
                           

𝑑Ω = 𝑠𝑖𝑛 d dφ  
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(𝑟,  , 𝜑)

∆𝑢 =
1

𝑟2
𝜕

𝜕𝑟
(𝑟2

𝜕𝑢

𝜕𝑟
) +

1

𝑟2𝑠𝑖𝑛

𝜕

𝜕
(𝑠𝑖𝑛

𝜕𝑢

𝜕
) +

1

𝑟2𝑠𝑖𝑛2

𝜕2𝑢

𝜕𝜑2

= 0           (1)

𝑢(𝑟,  , 𝜑) = 𝑅(𝑟). 𝑌( , 𝜑)

𝑟2𝑅` + 2𝑟𝑅`` − λ𝑅 = 0       (2)

⇒ λ =
   𝑟2𝑅` + 2𝑟𝑅``

𝑅

𝑌( , 𝜑)

1

𝑠𝑖𝑛

𝜕

𝜕
(𝑠𝑖𝑛

𝜕𝑌

𝜕
) +

1

𝑠𝑖𝑛2
𝑌𝜑𝜑
`` + 𝜆𝑌 = 0                               

Δ ,𝜑𝑌 + 𝜆𝑌

= 0                                                                                                                     (3)

𝑌

𝑌( , 𝜑)

𝑌( , 𝜑 + 2𝜋) = 𝑌( , 𝜑)

|𝑌(0,𝜑)| < ∞      ,     |𝑌(𝜋, 𝜑)| < ∞  
}                                                                                 (4)
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𝑌( , 𝜑)𝑌( , 𝜑) =

𝜃( ). ∅(𝜑)

∅`` + 𝜇∅ = 0   ⟹    𝜇 = −
∅``

∅
  ,

μ < 0       , (𝜇 − 𝑐𝑜𝑛𝑠𝑡)                                  (5)

𝜃( ). ∅(𝜑 + 2𝜋) − 𝜃( ). ∅(𝜑)
= 0                                                                       

𝜃( ). ,∅(𝜑 + 2𝜋)−. ∅(𝜑)- = 0      , 𝜃( )
≠ 0                                                                   

∅(𝜑 + 2𝜋) = ∅(𝜑)

𝜑(𝜑)𝜇 = 𝑚2

cos(𝑚𝜑) , sin (𝑚𝜑) 

𝑘2 + μ = 0      ⇒   𝑘1,2 = ±√𝜇

∅(𝜑) = 𝐶1 exp(√−𝜇φ) + 𝐶2 exp(−(√−𝜇φ))

∅(𝜑 + 2𝜋) = 𝐶1 exp(√−𝜇(φ + 2π)) + 𝐶2 exp(−(√−𝜇(φ + 2π)))

∅(𝜑 + 2𝜋) ≠ ∅(𝜑)

𝜇 = 0  
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∅(𝜑) = 𝐶1 + 𝐶2φ

∅(𝜑 + 2𝜋) = 𝐶1 + 𝐶2(φ + 2𝜋)  
}            ⇒   𝜑(𝜑 + 2𝜋) ≠ 𝜑(𝜑)

𝜇 > 0  

𝑘1,2 = ±𝑖√𝜇

∅(𝜑) = 𝐶1 cos(√𝜇φ) + 𝐶2 sin(√𝜇φ)

∅(𝜑 + 2𝜋) = 𝐶1 cos(√𝜇(φ + 2π)) + 𝐶2 sin(√𝜇(φ + 2π))

⇒  cos(√𝜇(φ + 2π)) − cos(√𝜇φ) = 0                             

⇒   2s 𝑖𝑛 (√𝜇(
2φ + 2π

2
)) 𝑠𝑖𝑛 (√𝜇

2π

2
) = 0                             

√𝜇2𝜋 = 𝑘𝜋     ⇒   𝜇 = (
𝑘

2
)2 = 𝑚2

𝜃( )

𝑠𝑖𝑛2 . 𝜃`` + 𝑠𝑖𝑛 𝑐𝑜𝑠 𝜃` + 𝜆𝑠𝑖𝑛2 . 𝜃

𝜃
= μ                             

1

𝑠𝑖𝑛

𝑑

𝑑
[𝑠𝑖𝑛

𝑑𝜃

𝑑
] + [𝜆 −

𝜇

𝑠𝑖𝑛2
] θ = 0                             

          = 0    ,    = 𝜋

𝑡 = 𝑐𝑜𝑠

𝑋(𝑡)|𝑡= cos = 𝑋(𝑐𝑜𝑠 ) =  𝜃( )  

𝑋(𝑡)

𝑑

𝑑𝑡
[(1 − 𝑡2)

𝑑𝑋

𝑑𝑡
] + [𝜆 −

𝑚2

1 − 𝑡2
] X = 0        , −1 < 𝑡 < 1                       

𝜆 = 𝑛(𝑛 + 1)

𝑋(𝑡)|𝑡= cos = 𝑃𝑛
(𝑚)
(𝑡)|

𝑡= cos
= 𝑃𝑛

(𝑚)(𝑐𝑜𝑠 ) =  𝜃( )   ,     𝑚 ≤ 𝑛
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𝑃𝑛
(𝑚)(𝑡)𝑚

𝑛

𝑚 = 0         𝑌𝑛
(0)( , 𝜑) = 𝑃𝑛(𝑐𝑜𝑠 )

𝑚 = 1        𝑌𝑛
(−1)( , 𝜑) = 𝑃𝑛

(1)(𝑐𝑜𝑠 )𝑐𝑜𝑠𝜑, 𝑌𝑛
(1)( , 𝜑) = 𝑃𝑛

(1)(𝑐𝑜𝑠 )𝑠𝑖𝑛𝜑
………………………………………………………………………………….  

  𝑚 = 𝑘      𝑌𝑛
(−𝑘)( , 𝜑) = 𝑃𝑛

(𝑘)(𝑐𝑜𝑠 )𝑐𝑜𝑠𝑘𝜑, 𝑌𝑛
(𝑘)( , 𝜑) = 𝑃𝑛

(𝑘)( , 𝜑)𝑠𝑖𝑛𝑘𝜑}
 
 

 
 

    (6)

,       𝑘 = (1,2,… . . 𝑛)  

𝑛2n + 1

2n + 1 

𝑌𝑛(𝜃, 𝜑) = ∑(𝐴𝑚𝑛𝑐𝑜𝑠𝑚𝜑 + 𝐵𝑚𝑛𝑠𝑖𝑛𝑚𝜑)𝑃𝑛
(𝑚)

𝑛

𝑚=0

(𝑐𝑜𝑠 )

𝑌𝑛( , 𝜑) = ∑ 𝐶𝑚𝑛𝑌𝑛
(𝑚)

𝑛

𝑚=−𝑛

( , 𝜑)

𝐶𝑚𝑛 = {
𝐴𝑚𝑛      ,       𝑚 ≤ 0
𝐵𝑚𝑛        ,       𝑚 > 0

𝑌𝑛
(0)
= 𝑃𝑛(𝑐𝑜𝑠 )𝜑

𝑃𝑛(𝑡)𝑛(−1,+1)(𝑛 + 1)

𝑌( , 𝜑) = 𝜃( ). ∅(𝜑),          𝜃( ) = 𝑃𝑛(𝑐𝑜𝑠 )

𝑃𝑛
(𝑚)
(𝑥) = (1 − 𝑥2)

𝑚

2
𝑑𝑚𝑃𝑛(𝑥)

𝑑𝑥𝑚
,        ∅(𝜑) = {

𝑠𝑖𝑛𝑘𝜑
𝑐𝑜𝑠𝑘𝜑



 

ويــتربــلة الــمج  
Journal of Educational 

ISSN: 2011- 421X  
Arcif Q3 

1.1 معامل التأثير العربي  

91العدد   

 

432 http://tarbawej.elmergib.edu.ly                                                                                 

                                 

 
 

𝑌𝑛
(±𝑘)

= 𝑠𝑖𝑛𝑘  [
𝑑𝑘𝑃𝑛(𝑡)

𝑑𝑡𝑘
]
𝑡= cos

. {
𝑠𝑖𝑛𝑘𝜑
𝑐𝑜𝑠𝑘𝜑

𝑅(𝑟)𝑅 = 𝑟𝜎

𝜆 = 𝑛(𝑛 + 1)

𝜎(𝜎 + 1) − 𝑛(𝑛 + 1) = 0

𝜎

𝜎 = 𝑛      ,     𝜎 = −(𝑛 + 1)

𝑟𝑛𝑌𝑛
(𝑘)
( , 𝜑)

𝑟−(𝑛+1)𝑌𝑛
(𝑘)
( , 𝜑)

}        (7)

𝝀

𝜮

𝑌1 , 𝑌2

Δ  ,𝜑𝑌1 + λ1Y1 = 0     ,   Δ ,𝜑𝑌2 + λ2Y2 = 0                  (8)

∬Y2Δ ,𝜑𝑌1
Σ

dΩ 
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∬Y2Δ ,𝜑𝑌1
Σ

dΩ

=∬𝑌2 [
1

𝑠𝑖𝑛

𝜕

𝜕
(𝑠𝑖𝑛

𝜕𝑌1
𝜕
) +

1

𝑠𝑖𝑛2

𝜕2𝑌1
𝜕𝜑2

]
1Σ

sin d dφ

∫ {𝑌2𝑠𝑖𝑛
𝜕𝑌1
𝜕
|
𝜃=0

𝜋2𝜋

0

−∫ 𝑠𝑖𝑛
𝜕𝑌2
𝜕

𝜕𝑌1
𝜕
𝑑 +𝑑𝜑 +

𝜋

0

∫
1

𝑠𝑖𝑛
{𝑌2
𝜕2𝑌1
𝜕𝜑2

|
 =0

2𝜋𝜋

0

−∫
𝜕𝑌2
𝜕𝜑

𝜕𝑌1
𝜕𝜑
𝑑𝜑+𝑑

2𝜋

0

∵ 𝑌𝑛
(±𝑘)

= 𝑠𝑖𝑛𝑘  [
𝑑𝑘𝑃𝑛(𝑥)

𝑑𝑡𝑘
]
𝑡= cos

. {
𝑠𝑖𝑛𝑘𝜑
𝑐𝑜𝑠𝑘𝜑

𝑌2(2𝜋,  ) =  𝑌2(0,  )         ,       
𝜕𝑌1
𝜕𝜑
(2𝜋,  ) =  

𝜕𝑌1
𝜕𝜑
(0,  )

∴ ∬Y2Δ ,𝜑𝑌1
Σ

dΩ

= ∫ ∫(−𝑠𝑖𝑛 )

𝜋

0

2𝜋

0

𝜕𝑌2
𝜕

𝜕𝑌1
𝜕
d dφ

+∫ ∫(−
1

𝑠𝑖𝑛
)

𝜋

0

2𝜋

0

𝜕𝑌2
𝜕𝜑

𝜕𝑌1
𝜕𝜑
d dφ  

= −∫ ∫ [
𝜕𝑌1
𝜕

𝜕𝑌2
𝜕
+

1

𝑠𝑖𝑛2

𝜕𝑌1
𝜕𝜑

𝜕𝑌2
𝜕𝜑
]

𝜋

0

2𝜋

0

𝑠𝑖𝑛 d dφ  
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∴ ∬𝑌2Δ𝜃,𝜑𝑌1
Σ

dΩ

=∬[
𝜕𝑌1
𝜕

𝜕𝑌2
𝜕

Σ

+
1

𝑠𝑖𝑛2

𝜕𝑌1
𝜕𝜑

𝜕𝑌2
𝜕𝜑
]  𝑑Ω                                             (9) 

𝑔𝑟𝑎𝑑𝑢
→    =∑

1

ℎ𝑗

3

𝑗=1

du

dxj
𝑖𝑗⃗⃗       ,   ℎ𝑗 = √(

𝜕𝑥

𝜕𝑥1
)2 + (

𝜕𝑦

𝜕𝑥2
)2 + (

𝜕𝑧

𝜕𝑥3
)2     , 𝑗 = 1,2,3

𝑥1~ 𝑟    ,    𝑥2~ 𝜃       ,      𝑥3~ 𝜑    

𝑟 = 𝑐𝑜𝑛𝑠𝑡    ⇒    
𝑑𝑢

𝑑𝑟
= 0     ,    𝑟 = 𝑅 = 1   

ℎ2 = √(
𝜕𝑥

𝜕
)2 + (

𝜕𝑦

𝜕
)2 + (

𝜕𝑧

𝜕
)2     

= √𝑐𝑜𝑠2 𝑐𝑜𝑠2𝜑 + 𝑐𝑜𝑠2  𝑠𝑖𝑛2𝜑 + 𝑠𝑖𝑛2 = 1

ℎ3 = √(
𝜕𝑥

𝜕𝜑
)2 + (

𝜕𝑦

𝜕𝜑
)2 + (

𝜕𝑧

𝜕𝜑
)2     = √𝑠𝑖𝑛2 𝑠𝑖𝑛2𝜑 + 𝑠𝑖𝑛2 𝑐𝑜𝑠2𝜑

= 𝑠𝑖𝑛

𝑔𝑟𝑎𝑑𝑢
→    =

∇𝑢
→ =

𝜕𝑢

𝜕
𝑖⃗⃗  ⃗  +

1

𝑠𝑖𝑛

𝜕𝑢

𝜕𝜑
𝑖𝜑⃗⃗  ⃗

𝑥 , 𝑦 , 𝑧𝑥1, 𝑥2,   𝑥3
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∇𝑌1
→ =

𝜕𝑌1
𝜕 i



→ +
1

𝑠𝑖𝑛

𝜕𝑌1
𝜕𝜑 i𝜑
→

∇𝑌2
→ =

𝜕𝑌2
𝜕 i



→ +
1

𝑠𝑖𝑛

𝜕𝑌2
𝜕𝜑 i𝜑
→

∇𝑌1
→ .

∇𝑌2
→ =

𝜕𝑌1
𝜕
.
𝜕𝑌2
𝜕
+

1

𝑠𝑖𝑛2

𝜕𝑌1
𝜕𝜑
.
𝜕𝑌2
𝜕𝜑

∴ ∬𝑌2Δ𝜃,𝜑𝑌1
Σ

dΩ = −∬𝑔𝑟𝑎𝑑𝑌1𝑔𝑟𝑎𝑑𝑌2𝑑Ω

Σ

𝑌1, 𝑌2

𝐽 = ∬{𝑌2Δ𝜃,𝜑𝑌1 − 𝑌1Δ𝜃,𝜑𝑌2}𝑑Ω

Σ

= 0                                                                        (10) 

𝑌1, 𝑌2

Δ𝜃,𝜑𝑌1 = −λ1𝑌1       ,    Δ𝜃,𝜑𝑌2 = −λ2𝑌2

𝐽 = ∬*−λ1𝑌1𝑌2+λ2𝑌1𝑌2+𝑑Ω

Σ

= 0

                         (λ2 − λ1)∬𝑌1𝑌2𝑑Ω

Σ

= 0

λ2 ≠ λ1
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∬𝑌1𝑌2𝑑Ω

Σ

= 0

⇒       ∫ ∫𝑌1( , 𝜑)𝑌2( , 𝜑)

𝜋

0

2𝜋

0

sin d dφ = 0  

𝜆

1 

1985

2 

1971

3 

1،2

1984 

4 

1989 

5 

6 

 

7 

4422

8 
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